
File 8 H 
ISSN 0319 - 8367 8 

neLca ..... k 
THE 

ALBERTA 

•

... 
TEACHERS' . , •. 

ASSOCIATION 
MATHEMATICS COUNCIL · .  

;6789 123456789 123456789 123456'789 123456789 123456789 123456789 123456789 123456789 123456789 123466189 1234567'89 123456789 123456789 123456789 1234$789 123456789 1234567 

Volume XIX, Number 2 November 1979 
56789 123456789 123456789 123456789 123456TB9 123456789 123456789 123456789 123456789 123456789 123456789 12345§789 1 Z3456789 123456789 123456789 123456789 123456789 1234567 

NATIONAL COUNCIL OF TEACHERS 

OF MATHEMATICS 

unveils 

The Mathematics Curriculum 
of the 1980s 

FIFTY-EIGHTH ANNUAL MEETING 

April 16-19, 1980 



nelca--k TEACHERS' .· , 

THE 
ALBERTA

@ 

MATHEMATICS COUNCIL . 
ASSOCIATION I ·. I 

Volume XIX, Number 2 

Vea.n He.ndluc.k.6on 

Vou.g Pana.6,W 

National. Council oo 
T e.ac.he.Ji6 a 6 Ma;t,hematiel> 

Bonn.,i,e. H. LLtwilleJt 
and Vavid R. Vu.nc.an 

Ma!Llow E dig eJr. 

S�e.phe.n L. SnoveJr. 
and MMk A. Spikel.l 

Wil,,Ua,m A. M,ill,e,tr_ 
and Vonal.d W. Haze.kamp 

Ge.oJLg e. (1J. BILig ht 

William J. BJLu.c.e. 

November 1979 

Contents 

3 

5 

6 

7 

11 

14 

17 

21 

27 

Guest Editorial 

Holt Math Bindings 

A Position Statement on 
Calculators in the Classroom 

The Fixed Element Match Problem: 
An Illustration with Cards 

Providing for Individual Differences 
and the Mathematics Curriculum 

X = g_ - 8 
X 

, 

A Programmable Calculator Activity 

Activities: Calculator Graphin9 

Ideas 

Instructive Prime Number 
Reduction Algorithms 

32 PLUS +++ 

34 EPIE Analysts Needed 

35 Pre-Christmas Attention-Getters 

EDFR.ESS 

delta-k is a publication of the Mathematics Council, ATA. Editor: Ed Carriger, 
R.R.#1, Site 2, Box 3, Bluffton TOC OMO. Publisher: The Alberta Teachers' 
Association, 11010 - 142 Street, Edmonton T5N 2Rl. Editorial and Production 
Services: Communications Department, ATA. Opinions of writers are not neces­
sarily those of either the Mathematics Council or The Alberta Teachers' Asso­
ciation. Please address correspondence regarding this publication to the 
editor. deZta-k is indexed in the Canadian Education Index. 

1 



Mathematics Council Executive 1979-80 
1234567'89 123456789 123456789 123456789 123456789 123456789 123456789 123456189 123456789123456789 123456789 

President 
Lyle Pagnucca Res 271-0259 
14135 Parkside Drive SE 
Calgary T2J 3X3 

Past President 
Rabe/Lt HoU Res 462-1847 
4255 - 74 Street Bus 455-2008 
Edmonton T6K OWl 

Vice-President 
/UchaJtd J. Kopan Res 271-5240 
23 Lake Crimson Close SE Bus 286-5156 
Calgary T2J 3K8 

Secretary 
Vk. AILth� Jokgen.6en 
Box 2069 
Edson TOE OPO 

Treasurer 
Donald H. H,lnde 
Box 741 
Lacombe TOC lSO 

delta-k Editor and 
Publicity Chairman 

Ed C�g� 
R.R.#1, Site 2, Box 3 
Bluffton TOC OMO 

Faculty of Education Rep. 
and Monograph Editor 

Res 723-5370 
Bus 723-3815 

Res 782-6849 
Bus 782-3812 

Res 843-6138 
Bus 843-6528 

Jahn P�cevauLt Res 328-1259 
Faculty of Education Bus 329-2111 
University of Lethbridge ext. 257 
Lethbridge TlK 3M4 

Dept. of Education Rep. 
B!tuce StaneU 
Regional Office of 
Education 
4th Floor, 4814 Ross St. 
Red Deer T4N 1X4 

Res 346-7814 
Bus 343-5262 

Mathematics Representative 
Vk. Geo66key J. Butt� Res 435-1433 
Dept. of Mathematics Bus 432-3988 
University of Alberta 
Edmonton T6G 2Gl 

ATA Representative 
C.E. ConnoM 
Barnett House 
11010 - 142 Street 
Edmonton T5N 2Rl 

DIRECTORS 

Bill R. Goo-lla66 
R.R.#2 
Okotoks TOL ITO 

GaJty Hill 
1626 Lakeside Road 
Lethbridge TlK 3G8 

Klaw., Puhbnann 
Box 1580 
Edson TOE OPO 

Bus 453-2411 
ext. 283 

Res 938-7222 
Bus 246-0771 

Res 327-5601 
Bus 328-5153 

Res 723-2548 
Bus 723-4471 

Judy Stue!Lt Res 282-6593 
#203, 1608 - 20 Ave. NW Bus 276-7844 
Calgary T2M 1G8 

MM. HUMy WaJtd 
4529 - 48 Street 
Red Deer T4N 1S2 

Res 346-2739 
Bus 346-4397 

Vk. Joan E. Wa!Lth Res 482-4532 
#1001, 9809 - 110 Street Bus 429-5621 
Edmonton T5K 2J9 ext. 262 

Permission to use any part of this publication in the classroom is hereby 
granted, including reproduction. This does not include articles that have 
been published with peI'l7lission of author and noted as "not for reproduction." 

2 



A-8-C-U inSEATTLE 

(An ac..tlv.i.:ty �pon.6o�ed by The NCTM-1980 sea.me Meeti.ngl 

TOPIC: Addition and Problem-Solving 

MATERIALS: Paper and penci 1 

FORMAT: Large group working individually 

DIRE CT IONS: 

1. The teacher writes the following chart on the 
chalkboard or an overhead transparency. 

A= 1¢ E = 5¢ I = 9¢ M = 13¢ Q = 

B = 2¢ F = 6¢ J = 10¢ N = 14¢ R = 

17¢ 

18¢ 

C = 3¢ G = 7¢ K = 11¢ 0 = 15¢ S = 19¢ 

D = 4¢ H = 8¢ L = 12¢ P = 16¢ T = 20¢ 

U = 21¢ 

V = 22¢ 

W = 23¢ 

X = 24¢ 

2. The value of a word is the sum of the values of the letters. 

Examples: CAB is worth 6¢ C A B 
3¢ + 1¢ + 2¢ = 6¢ 

MATH is worth 42¢ M A T H 

NCTM is worth 50¢ 

13¢ + 1¢ + 20¢ + 8¢ = 42¢ 

N C T M 

Y = 25¢ 

Z = 26¢ 

14¢ + 3¢ + 20¢ + 13¢ = 50¢ 

3. How much is "Seattl e 11 worth? 

4. What is the value of your first name; your last name? 

5. Find the value of these words: FUN, CENTER, APRIL, YOU. 

6. Find a three-letter word worth 10¢ (BAG), a four-letter word worth 20¢ (FEED). 

7. Find a word worth 25¢, 75¢, $1, $1.25, $1.50. 

8. If the value of each letter is doubled, will the word value double? 

+ = + = + = + = + = + = + = + = + = + = + = + = + = + = + = + = + = + = + = + = + 

The Nmonal. Counul. 06 Teac.heM 06 MathemmC-6 (NCTMI unve.,ll6 "The CuJtJr..,tc.u.lu.m 06 
the 1980�" a,t, .the 58.:th Annual Mee.ting - Aplti..,l 76-79, 1980, The Sea.tile Cen.:t�, 
sea.me, WMh-lngton. 

+ = + = + = + = + = + = + = + = + = + = + = + = + = + = + = + = + = + = + = + = + 

No copyright; please plagiarize - in fact, 11CTYHC 11 (Copy To Your Heart's Content)'. 



Guest Editorial 

Popular and professional litera­
ture more and more frequently uses 
terms like "basic skills," and "mini­
mal competencies." Twenty-four states 
or more have established minimal com­
petency requirements for advancement 
in school or for graduation from high 
school. Several others have state­
wide assessment programs that try to 
determine the degree of acquisition 
of basic skills in the three Rs. The 
experience of some states has led sev­
eral organizations from the NCTM and 
the National Council of Supervisors 
of Mathematics to the Missouri, Michi­
gan, and Montana Councils of Teachers 
of Mathematics to issue position pa­
pers on "basic skills. 11 

Inevitably concern over basic 
skills, whether at the state or local 
level, gets translated into adminis­
tering some written test to determine 
whether such skills have been acquired. 
This, in turn, more often than not is 
reduced to using a standardized test 
of some kind and an interpretation 
of the normalized scores that are fur­
nished to render decisions about 
individuals. 

Once such scores are available, 
the temptation is great to assume that 
teacher effectiveness can be measured 
by changes in these scores from grade 
to grade. Terms like "accountability" 
then join "basic skills" and "minimal 
competencies." 

Three very important questions 
need thorough debate before this pro­
cess goes much farther and, through a 
need for self-preservation, teachers 
begin to teach to the tests. 

What are basic skllls? 

Memorized number facts or formu­
las? paper and pencil computations 
with whole numbers, decimals, and 
fractions? or are they thinking? 
imagining? estimating? predicting? 
inferring? sorting relevant from ir­
relevant? weighing alternatives and 
making choices? generating and test­
ing hypotheses? identifying patterns? 
creating problems, arrangements? and 
other problem-solving behaviors? 

Mathematics teachers, not text 
and test writers alone, or administra­
tors alone, or legislators alone, 
should ·help determine what "basic 
skills" are, if money will be spent 
on testing for them, remediating the 
lack of them, et cetera. 

What are minimal competencies? 

Are they skills in doing computa­
tion better done by calculators or 
computers? or mathematical literacy? 
or ability to use oraphs and tables? 
0r? Do minimally acceptable perform­
ances become the goals of instruction? 

Teachers must help determine what 
minimal performances are appropriate 
and achieveable for entry into and 
exit from educational programs. 

What do standardized tests test? 

What objectives of instruction 
are measured by commonly used stand­
ardized tests? 

What learnings are sampled by 
these test items? 
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Are single-answer responses the 
major goal of mathematics teaching? 

Are errors indicators of lack of 
skill or knowledge, or indicators of 
the state of concept development? 

Do standardized tests measure 
teacher effectiveness? 

Is the teacher the major factor, 
let alone the sole factor, in deter­
mining what children learn? 

These are not new questions, but 
they do need continual discussion by 
teachers, especially now in the days 
of increased concern by the taxpayer 
for what his dollar is delivering in 
the way of outcomes in education. 
Some helpful readings are: 

The Mathematics Teacher, February, 
1978. 

The Mathematics Teacher, March, 1978. 

BULLETIN BOARD LAYOUTS WANTED 

"The Problems of Minimalcy, " Barry 
Mitzman, Math Learning Center Re­
port, Salem, Oregon. 

Phi Delta Kappa, May, 1978. 

Phi Delta Kappa, March, 1977. 

Phi Delta Kappa, November, 1977. 

Phi Delta Kappa, December, 1976. 

"Forward to Basics," Thomas O'Brien, 
incidental paper of the Teacher 
Center, Southern Illinois U., Ed­
wardsville, Ill. 62026. 

Let's add the voices of mathemat­
ics teachers to those of administra­
tors, legislators, editors and other 
newspaper writers, textbook publish­
ers and others in the discussion of 
these issues. 

Ve.a.n Hendtuc.k.6on 

Editor 
Minnesota Council of Teachers of 
Mathematics Newsletter 

Because of the wide popularity of its Bulletin Board Ideas for 
Elementary and Middle School Mathematics, NCTM is preparing a 
similar publication aimed at the secondary school level. Your 
help is requested. Photographs or sketches of successful bulle­
tin board layouts that teachers have designed and used in their 
secondary school mathematics classrooms are needed. Here is a 
chance to help the NCTM create a useful publication by sharing 
your successful ideas. Possible topics include general mathe­
matics, algebra, geometry, trigonometry, mathematical analysis, 
probability, statistics, and consumer mathematics. Credit will 

be given for all pictures or layouts used. Materials should be sent to Seaton 
E. Smith, Jr., Route 2, Box 153, Gulf Breeze, FL 32561, U.S.A. 
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Holt Math Bindings 

The following letter sent to Mr. Bruce Stonell of the Department of Education 
will be of interest to mathematics teachers. 

Mr. Bruce Stonell 
Education Consultant 
Red Deer Regional Office 
Department of Education 
4th Floor, Royal Trust Building 
4814 Ross Street, P.O. Box 5002 
Red Deer T4N 5Y5 

Dear Bruce, 

David Durbin and I have discussed the problem of the Holt Math bindings 
with Holt's production people. We have also had the bindings tested by 
a firm in Montreal that specializes in these problems. To date, the 
findings have been inconclusive. There does not appear to be a univer­
sal problem with the bindings; some of the books are holding up well. 

However, this does not solve your problems. Clearly some of the books 
sent to Alberta have not stood up under normal use. To solve your 
problem, we will do the following: 

1. All stock of Holt Math 1, 2, 3 and 4, at the advice of the Montreal 
firm, will be strengthened by placing reinforcement tape front and 
back. This will include the inventory held at the Alberta School 
Book Branch. 

2. Defective books can be returned to Holt or to the Alberta Book 
Branch. They will be replaced. Defects in the binding are not 
widespread outside of Alberta, so we hope your problems are a re­
sult of a bad batch of glue, or some such production problem. 

I apologize, on behalf of Holt, Rinehart and Winston, for all inconven­
iences this may cause. To expedite the replacing of any defective 
copies, please address any queries to my attention at 55 Horner Avenue, 
Toronto M8Z 4X6. 

Yours very truly, 

Vou.g Pana..&.u.i 
Manager 
School Division 
HOLT, RINEHART AND WINSTON OF CANADA, LIMITED 
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National Council of 

Teachers of Mathematics 

A Position Statement on 

Calculators in the Classroom 

The National Council of Teachers 
of Mathematics encourages the use of 
calculators in the classroom as in­
structional aids and computational 
tools. Calculators give mathematics 
educators new opportunities to help 
their students learn mathematics and 
solve contemporary problems. The use 
of calculators, however, will not re­
place the necessity for learning com­
putational skills. 

As instructional aids, calculators 
can support the development and dis­
covery of mathematical concepts. As 
computational tools, they reduce the 
time needed to solve problems, thereby 
allowing the consideration of a wider 
variety of applications. Furthermore, 
the use of calculators requires stu­
dents to focus on the analysis of 
problems and the selection of appro­
priate operations. The effective use 
of calculators can improve student 
attitudes toward, and increase inter­
est in, mathematics. 

Other electronic devices, pro­
grammed to generate questions and ac­
tivities, that provide immediate feed­
back to students, are not to be con­
fused with calculators or computers. 
These devices can be used to reinforce 
computational skills through drill. 

The NCTM Instructional Affairs 
Cormnittee has identified the following 
justifications for using the calcula­
tor in the schools. 
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• The calculator can be used to en­
courage students to be inquisitive 
and creative as they experiment 
with mathematical ideas. 

• The calculator can be used to as­
sist the individual to become a 
wiser consumer. 

• The calculator can be used to rein­
force the learning of the basic 
number facts and properties in ad­
dition, subtraction, multiplication 
and division. 

• The calculator can be used to de­
velop the understanding of computa­
tional algorithms by repeated 
operations. 

• The calculator can be used to serve 
as a flexible "answer key" to verify 
the results of computation. 

• The calculator can be used as a re­
source tool that promotes student 
independence in problem solving. 

• The calculator can be used to solve 
problems that previously have been 
too time-consuming or impractical 
to be done with paper and pencil. 

• The calculator can be used to formu­
late generalizations from patterns 
of numbers that are displayed. 

• The calculator can be used to de­
e.ease the time needed to solve 
difficult computations. 



The Fixed Element Match Problem: 
An Illustration with Cards 

by Bonnie. H. U;tw-i.11,eJL and Va.vid R. Dunc.an 
Professors of Mathematics 
University of Northern Iowa 
Cedar Falls, Iowa 

In probability and statistics units, the following two problems are often 

considered. Suppose that each of n-persons is given a standard deck of 52 play­
ing cards. At a given time, each person draws at random a card from his/her 
deck. 

1. What is the probability that at least two people draw exactly the same card 
(same suit, same face value)? 

2. If a specific card is designated in advance, what is the probability that at 

least one person will draw it? 

Many students have difficulty in distinguishing between these two problems; 
let us solve both. 

1. Let a group of n-persons be arranged in some order. If each person con-

. .52 • 52 • 52 • • • 52 n secut,vely draws a card, there can result ·�---�v,....----�/ or 52 
n factors 

distinct n-tiples of cards. For each person , each of the cards is equally likely 

to be drawn. Since the n-persons are drawing their cards independently, each of 

the 52
n 

n-tiples is equally likely to occur. 

How many of these n-tiples contain no matches? Again , visualize the 

n-persons selecting their cards consecutively. The first person can select any 

of 52 cards; to avoid a match, the second person can select from 5 1 cards, the 

third from 50 cards, and so on . Finally, the nth person can select from any of 

( 52 - n + 1) cards. The number of ways that these n cards can be selected with 

no matches is thus 52 • 51 • 50 • • • · • (52 - n + 1). The probability of no 

matches is thus 52 • 51 • 50 • · (52 - n + l) the probability of at 
52

n 

least one match is therefore 1 - [52 • 51 • 50 · 

7 



2. For each draw, the probability of selecting a given card is 1/52. The 
probability of not selecting a given card is 51/52. Since the n-draws are inde­
pendent, the probability that none of the n-persons will select the given card 

,·s 51 • 51 • 51 • • • • • 51  (�)n 
�52 52 52 � 

or 52 . Consequently, the probability that 
V 

n factors 
at least one person selects the given card is 1 - (�1)n . 

The students who think the two problems are substantially the same are very 
surprised that distinctly different probabilities arise from them. Table I 
reports these probabilities for varying sizes of n. 
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n (nwnber of 
decks) 

1 
2 
3 
4 
5 
6 
7 
8 

9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 

TABLE I 

Probability of at least 
one match (Problem 1) 

0 
.0192 
.0570 
.1114 
.1793 
.2586 
.3441 
.4324 
.5197 
.6029 
.6792 
.7471 
.8055 
.8541 
.8934 
.9241 
.9475 
.9646 
.9769 
.9853 
.9910 
.9946 
.9969 
.9983 
.9991 
.9995 
.9998 
.9999 
.9999 

Probability of matching a 
_fJiven card (Problem 2) 

.0192 
.0381 
.0566 
.0747 
.0925 
.1100 
.1271 
.1439 
.1603 
.1765 
.1923 
.2079 
.2231 
.2380 
.2527 
.2671 
.2812 
.2950 
.3085 
.3218 
.3349 
.3477 
.3602 
.3725 
.3846 
.3964 
.4080 
.4194 
.4306 



n (nwriber of 
decks) 

30 
31 
32 
33 
34 
35 
36 

Probability of at least 
one match (Problem 1) 

1.0000 (rounded to 
4 decimal 
places) 

Probability of matching a 
given card (Problem 2) 

.4415 
.4523 
.4628 
.4731 
.4833 
.4932 
.5029 

Observe from the table that for Problem 1 only 9 decks are needed before the 
probability of at least one match exceeds 1/2, while to match a fixed card (Prob­
lem 2) 36 decks are needed before the probability of such a match exceeds 1/2. 

Logarithms can also be used to achieve the "break-even" value of n in 
Problem 2. Find the number of decks needed in order that the probability of at 
least one match with a fixed card exceeds 1/2. Algebraically, solve the follow-

(51)n 1 ing inequality for n: 1 -
52 > 2 • 

Equivalently: (��)n 
< 

½ 

51 1 n loge (
52

) < loge (2) 

loge (½) 
n > --�� (Since 5

52
1 

< 1, the log is negative.) 
1 (�) oge 52 
-.6931 
-.0194 n > 

n > 35.70 

Consequently, at least 36 decks are needed. 

For Problem 1 with 30 decks, the probability of at least one match exceeded 
.99995 and thus rounded to 1.0000 (4 decimal places). In Problem 2, how many 
decks are needed so that the probability of matching the fixed card exceeds 
.99995 and rounds to 1.0000? 

1 - (�}) n 
> .99995 

(��)n 
< .00005 
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n loge 
5 1  (52) < loge .00005 

loge 0.00005 
n > 

(�) 1 oge 52 

n > -9.9034876 
- .01941809 

n > 510.01 

Therefore, 511 decks are needed. 

Challenge for the reader: A well-known prabability situation involves com­
paring birthday anniversaries for each of n-randomly-selected persons. State 
problems analogous to Problems 1 and 2 in the birthday situations and construct 
an appropriate table for comparison purposes. 
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RESEARCH COUNCIL FOR 
DIAGNOSTIC AND PRESCRIPTIVE MATHEMATICS 

SEVENTH NATIONAL CONFERENCE 

HYATT REGENCY HOTEL, VANCOUVER, B,C, 
APRIL 13 -15, 1980 

The seventh annual meeting of the Research Council for Diagnostic 
and Prescriptive Mathematics will be held at the Hyatt Regency Hotel, 
Vancouver, B.C., April 13-15, 1980. Conference planners are soliciting 
proposals for presentations from potential participants who can share 
with classroom teachers, administrators, and researchers worthwhile in­
sights, information, and skills to help students who are having diffi­
culty learning mathematics. Program space is reserved for Research Re­
porting Sessions, Thematic Sessions, and Workshops. For information 
concerning proposals, contact Ian Beattie, Faculty of Education, The 
University of British Columbia, Vancouver, B.C. V6T lWS. 



Providing for Individual Differences 

and 

The Mathematics Curriculum 

by V�. Mall.low EcugeJt 
Professor of Education 
Northeast Missouri State University 
Kirksville, Missouri 

Educators have long experimented 
with numerous means to provide for 
individual differences in learners. 
Among other methods, the following 
have been utilized: contracts, sequen­
tial specific objectives, learning 
centers, prograrmied materials, pack­
aged materials, computer-assisted 
instruction, individualized reading 
and the project method. 

Teachers, principals, and super­
visors also need to study, analyze, 
and utilize recolTITlended principles 
and theories from the psychology of 
learning. Thus, pupils may be guided 
to achieve optimal development in the 
mathematics curriculum, as well as in 
other curricular areas. 

A Hierarchy of Objectives 

Robert Gagne, educational psychol­
ogist from Florida State University, 
emphasizes the importance of educato�s 
in the school-class setting determin­
ing what pupils �re to learn. The 
initial question that teachers then 
need to raise and answer in any unit 
of study is, "What do I want pupils 
to learn?" The answer to the stated 
question becomes a vital goal for pu­
pils to achieve. In order to attain 
this objective, the teacher must ana­
lyze and state specific objectives 
learners need to achieve sequentially. 

For example, a teacher may have se­
lected the following goal, among 
others, for learner achievement: 

Given the number of times a bat­
ter hits safely compared to the 
number of times at bat, the pupil 
will compute correctly batting 
averages of five baseball players. 

To attain the measurably stated end, 
the teacher needs to analyze which 
sequential specific ends pupils need 
to achieve. These sequential objec­
tives may involve understanding a 
nume:ator ratio concept such as denominator 

the number of times hit safely . 
the number of times at bat 

Pupils may also need to achieve com­
putation skills in dividing the numer­
ator by the denominator. Perhaps 
learners need to achieve skills per­
taining to checking their computations. 
Thus, the teacher needs to determine 
present achievement levels of pupils 
and arrange objectives sequentially 
to guide learners to compute accu­
rately batting averages of selected 
baseball players. Achieving specific 
objectives sequentially in a logiaal 
cur>riculwn may assist each pupil to 
develop optimally in the mathematics 
arena. 
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Jean Piaget and Stages of 
Pupil Development 

Jean Piaget, clinical psychologist 
from Geneva, Switzerland, in studying 
pupil development for over 50 years, 
emphasizes that pupils generally pro­
gress through specific stages as a 
result of maturation . 

Piaget has identified the follow­
ing general stages of individual 
development: 
1 .  Sensory-motor intelligence (this 

stage includes, approximately, 
the first 18 months of an in­
fant's life). 

2. Preoperational stage (from age 
18 months to seven years, approxi­
mately) . Pupils in this stage of 
development lack the ability to 
think logically . They perceive 
one variable only, such as the 
length of an object, or the width 
of an item . 

3. Stage of concrete operations (age 
seven through age 11, approxi­
mately) . Learners can think logi­
cally; the continued use of con­
crete materials in teaching and 
learning is important. 

4. Stage of formal operations (age 
12 and continuing) . Pupils need 
less of concrete experiences and 
benefit increasingly more from 
abstract experiences. 

Readiness for moving sequentially 
through each of the above named 
stages of development basically cannot 
be hastened . Thus, biological matu­
ration on the part of each learner is 
necessary in progressing from the 
sensory-motor stage of development to 
the preoperational stage, and ulti­
mately achieving the stage of formal 
operations. 

According to Piaget's school of 
thought in the psychology of learning, 
the teacher needs to follow criteria, 
such as the following, in ongoing 
units of study: 

12 

1 .  Learning activities must be chosen 
based on the individual pupil's 
present level of maturation. 

2. Rather heavy emphasis must be 
placed upon the utilization of 
concrete materials in teaching­
learning situations through the 
stage of concrete operations. 

3 .  Objectives emphasizing the ab­
stract may be emphasized increas­
ingly so, beginning with the stage 
of formal operations. 

4 .  The learner must actively operate 
mentally in ongoing activities and 
experiences, otherwise learning 
generally does not take place . 

The Structure of Knowledge 

Jerome Bruner, psychologist from 
Harvard University, emphasizes the 
importance of utili:ing e�act�ve 
(manipulative materials), 1con1c (sem,­
concrete experiences including pupils 
obtaining mental images of concepts), 
and symbolic (abstract) materials in 
teaching-learning situations. Thus, 
within each learning activity, enac­
tive, iconic, and abstract content 
would be stressed in ongoing units of 
study. No specific levels of matura­
tion that pupils progress through are 
emphasized by Jerome Bruner . Thus, 
readiness for learning may he hastened 
within each pupil if proper materials 
and methods are utilized in teaching­
learning situations . Jerome Bruner, 
in the well known book The Process of 
Education, states the following hy­
pothesis: We begin with the hypothesis 
that any subject can be taught effec­
tively in some intellectually honest 
form to any child at any stage of 
development (page 33). 

Thus, pupils may achieve complex 
structural concepts such as the commu­
tative property of addition and multi­
plication, as well as the associative 
property of multiplication and addi­
tion at a relatively young age in the 
mathematics curriculum. Puoils may 



achieve these structural ideas on each 
achievement level but at increasing 
levels of complexity. Jerome Bruner 
places heavy emphasis upon pupils 
learning content inductively. Thus, 
the stage needs to be set for pupils 
to achieve structural ideas through 
induction . Excitement in learning 
occurs if pupils find out on their 
own rather than hearing explanations 
to acquire facts, concepts, and 
generalizations . 

To provide for individual differ­
ences, then, Jerome Bruner recommends 
utilizing enactive, iconic, and symbol 
learnings within the framework of each 
learning activity for pupils to achieve 
key structural ideas inductively. 

Humanism and the Curriculum 

To provide for individual differ­
ences, humanism, as a psychology of 
learning, emphasizes pupils sequen­
tially choosing objectives and learn­
ing activities in a stimulating envi­
ronment . Within a flexible framework, 
pupils may then select mathematics 
experiences from among the following 
in ongoing units of study: 
1 .  Programmed learning and management 

systems of instruction . 
2 .  Reputable single or multiple 

series of textbooks. 
3 .  Contract systems and project 

methods. 
4. Mathematics laboratory approaches. 
5 .  Films, filmstrips, slides and 

transparencies. 
6 .  Learning stations and open spaces. 

To implement a humane learning 
environment, pupils need to have ample 
opportunities to choose and select 
that which is �urposeful and self­
fulfi 1 1  i ng. 

A .H .  Maslow, a leading humanist, 
emphasizes a hierarchy of needs that 
learners have which desire fulfill­
ment. These needs in ascending order 
of complexity are: 

1 .  Physiological needs, including 
adequate nutrition, rest, cloth­
ing and shelter. 

2. Safety needs, including feelings 
of security . 

3. Love and belonging needs, includ­
ing being accepted positively by 
others. 

4 .  Esteem needs, including feelings 
of being prized for abilities 
possessed. 

5. Self-actualization needs, includ­
ing the learner becoming what he/ 
she desires to become. 
The simplest needs - physiological -

must be met first, generally, before 
increasingly more complex needs are to 
be met, such as safety, love and be­
longing, esteem, and self-actualization 
needs . The mathematics curriculum may 
then assist in need fulfillment on the 
part of each pupil. Each of the above 
named needs, except physiological, can 
be met in part in stimulating objec­
tives, learning activities and evalua­
tion techniques within the framework 
of mathematics units of study. Devel­
oping feelings of security, belonging, 
importance, and realizing one's opti­
mal self may well become vital objec­
tives for pupil achievement in the 
mathematics curriculum. 
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X=- -8 1 X 

A Programmable Calculator Activity 

by Vn. Stephen L. Snoven and 
University of Hartford 
West Hartford, Connecticut 

Vn. Ma1tk A. Spikei.l 
Lesley Co 1 1  ege 
Cambridge, Massachusetts 

The authors are presenting variations of this activity in several journals in 
order to invite reader reaction and correspondence about nonstandard problems 
that can be solved with programmable calculators. 

Programmable calculators, as well 
as computers, are ideal problem-solv­
ing tools for secondary students and 
ideal teaching aids for secondary 
teachers . In  fact, programmable cal­
culators are often better devised for 
teaching and learning purposes than 
computers for several reasons, includ­
ing the following: 
1. they now cost so little (a T I  57 

is less than $50, and a HP 33 E 
less than $90) that individuals 
and schools are increasingly able 
to afford them; 

2.  they are small, hand-held, and 
can be operated from rechargeable 
battery packs for complete 
portability; 

3. they provide instant access -
there is no waiting for that one, 
always busy, terminal; and 

4. they solve many of the same kinds 
of problems handled by computers. 

The purpose of this article is to 
share one problem (activity) which 
you and your students can explore 
with a calculator. The activity has 
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two key features. First, it is non­
standard; that is, it is an activity 
that would not be easily explored 
without the use of a programmable 
calculator. Second, the activity can 
be used to motivate a discussion of 
some interesting mathematics, as will 
be noted following the statement of 
the activity. 

The Activity 

(a) Start with any number; 
(b) Take the reciprocal and multiply 

by 9; 
(c) Add -8; and 
(d) Repeat from step (b) . 

Figures 1 and 2 present flow 
charts and programs for the T I  57 and 
HP 33 E programmable calculators, 
respectively. These machines are 
chosen as they represent the least 
expensive models of the two major 
domestic manufacturers and will 
likely, therefore, be more widely 
available than other models. 



Figure 1 

Take the 00 1/x 
Reciprocal 01 X 

and Multiply 02 9 
by 9 03 = 

Add -8 04 + 06 
05 8 07 

Show 
Result 08 2nd Pause 

Loop 09 RST 

initialize: 
RST, enter any number, R/S 

Figure 2 

00 (R/S) 

Take the 01 g 1/x Reciprocal 02 9 and Multiply 03 X by 9 

04 8 

Add -8 05 CHS 
06 + 

Show 
07 f PAUSE Result 

--- Loop 09 GTO 01 

initialize: 
f PRGM, enter any number, R/S 

+/-
= 

Some relevant questions which 
might be asked about this particular 
activity include: 
1. For a given starting number, say 

19, what happens (to the value in 
the display) as the number of 
times through the loop increases? 

2. For different positive integer 
starting numbers, what happens 
(to the value in the display)? 

3. For a starting number of 0, what 
happens (to the value in the 
display)? Are there other inte-
gers which give the same result? 

4. For different negative integer 
starting numbers, what happens 
(to the value in the display)? 

5. For different non-integer start-
ing numbers, what happens (to the 
value in the display)? 

6. For what starting number(s) does 
the value in the display remain 
constant? 

Analysis 

If  you explore the activity, you 
will find that for virtually any 
starting number the value in the dis­
play tends to have the value -9 as a 
limit. We like this type of activity 
because it motivates the need for a 
technique to convince us that the 
limit is really what it appears to 
be, namely, -9. 

Interestingly, it is easy to show 
that the limit of the sequence of num­
bers in the display is really -9. 
Think of the limiting value as x; then 
x has the property that nine times its 
reciprocal plus negative eight is 
itself. That is, 

(1) x =i-s 
X 

This equation leads to 
x2 + Bx - 9 = 0, whose 
-8 ± 10 -8 

2 • The root 
value -9, which is the 

the quadratic 
roots are 
- 10 
2 gives the 
limit. 

15 



Related Activities 

How does one create activities of 
this type? Since the activity leads 
to equation (1), which can be rear­
ranged as a quadratic equation, start 
with a quadratic equation and reverse 
the proces s. For example, s tart with 
the quadratic (x - 5 ) (x + 3 )  = 0 and 
rewrite it as x2 = 2x + 15, and then 
either take the square root obtaining 
equation 

( 2 ) X = /2 X + 15 

or divide by x obtaining equation 

( 3 )  X = 2 + 12_ 
X • 

Each of these forms suggests a related 
activity which you and your students 
can explore. 

Equation (2 ) indicates the follow-
ing activity: 

(a) Start with any number; 

(b )  Multiply by 2 and add 15; 

(c ) Take the square root; and 

( d )  Repeat from s tep (b ) .  

Similarly, equation ( 3 )  indicates 
the following additional activity: 

(a) Start with any number; 

(b ) Divide it into 15; 

(c) Add 2; and 

(d ) repeat from step (b ) .  

What happens when you explore 
these activities? . . .  similar activi­
ties derived from other quadratic 
equations? . . .  activities derived from 
other equations such as cubics? 

Conclusion 

Hand-held programmable calculators 
offer an inexpensive alternative to 
computers as a tool for solving a va­
riety of nonstandard problems. Much 
s tudy, research, and classroom experi­
mentation is needed to find suitable 
problems (activities ) and ways to use 
these powerful calculators to enhance 
the teaching and learning of mathe­
matics at the pre-college level. The 
authors would enjoy corresponding with 
persons who are using or know of non­
standard problems which can be solved 
at the secondary level with program­
mable calculators, particularly the 
TI 57 and HP 33 E ( or their predeces­
sors, the TI 56 and HP 25 ) .  Please 
direct any correspondence to Profes sor 
Spikell at 20 Pinebrook Road, Wayland, 
MA 01778. 
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Calculator Graphing 

by  Wil..Uam A. MilleJL and Vona.td W. Haze.k.amp 
Central Michigan University 
Mount Pl easant, Michigan 

Reprinted with pemrission from the Mathemati cs Teache r ,  December 1978 (Vol. 7, 
No. 9, pp. 678-682),  copyright 1978 by the National Council of Teachers of 
Mathematics . 

Teacher's Guide 

Grade level: 7-1 2  

Materials: One set o f  activity sheets and 
a hand-held calculator for each student . If 
you do not have an adequate supply of 
calculators, students may work in pairs. 

Objectives: To provide experience in us­
ing calculators to compute squares, recip­
rocals, and square roots. Experience also is 
gained in rounding num hers to the nearest 
hundredth, in plotting points, and in draw­
ing graphs. 

Directions: Distribute the activity sheets, 
one at a time, to each student. Have the 
students complete sheet 1 before beginning 
sheet 2 .  

Sheet 1 .  This initial activity familiarizes 
students with using a calculator to compute 
squares of numbers from zero to one and in 
rounding off these numbers to the nearest 
hundredth. A nice extension is to graph the 
curve y = x3 in the same interval. Some 
students may be bothered by the fact that 
the cubes of 0.00, 0.05, 0. 1 0, and 0. 1 5  are 
each 0.00 when rounded off to the nearest 
hundredth. 

Sheet 2. This activity provides more 
practice in using the calculator, in rounding 

off, and in graphing. If your calculators do 
not have the reciprocal function, these val­
ues can be computed by using the d ivision 
function (y = I + x). 

Sheet 3. This activity requires calculators 
with a square-root key. It may be helpful to 
have your students graph the curve y = vx 
in the interval O s x s 1 before working on 
this sheet. In completing this activity, have 
your students round off .x2 to the nearest 
hundredth. The corresponding values of 
v'f'='x2 are sufficiently accurate when com­
puted from that data. With students who 
have the appropriate background, you may 
wish to develop the relationship between 
the equations x2 + y2 = l and y = ✓I - x2 • 

For further study, students may be inter� 
ested in comparing the graphs of y = 
✓ 4 - x2 or y = ✓9 - x2 on the correspond­
ing intervals O s x s 2 or O s x s 3. For 
these graphs, change the horizontal scale so 
that ten to twenty points are generated. 
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SHEET 1 

Graphing y = x2 

1 .  Use your cal culator to comple te the following table . Round off your 
answers to the nearest  hundredth . 

y ::: 

. 00 

. 0 5  

. 10 

.15  

.20  

. 2 5  

. 3 0 

. 3 5  

. 4 0  

.4 5 

. 50 

. 5 5  

. 6 0 

. 6 5 

.70 

. 7 5  

. 80 

. 8 5  

. 90 

. 95 

1 . 00 

X 
2 

y 

1 . 1  0 l---+--+---4-+--+--+--+-+--+---t---+----1r--t---+--+---t-t----t----t----t--: 

1 .05 1-+---1---1-+---1---1-+---1-+--+---l-+--+--t-+--+---t-+--+--+--; 

1.00 1--+--+--+-+-+---+-+�l---+--+--+-----l-+--+--+--+-+--+--t---+---t 

0.9 5 l--+--+--+-+-+--+--+____jl---+--+--+-----l-+-+--+--+-t--+--t---+---1 

0.90 �-+---+-+----+---+-+----+--+-+----+---+-�--+---+-�-+---+-+--t---+----1 

0.85 l---+--+--+-1--+--+--+-----lc--+--+--+---4-+--+--+--+-+--+---+--t--i 

0. 80 l--+--+--+----4-+--+--+--+---+-l--+--+--+--+-----l-l--+--+--+--t----1 

0. 7 5 1---+--+--+----4-+--+--+--+--+-l-+--+--+---+-----l-l--+--+--+--t----1 

0. 70 l----1----l--+-1----1-----+-+�l---+--+--+---4-+---+--+--+-+--+---+--t--i 

0.65 l----1----+---l-+-+--+-+�l---+--+--+-----l-+----+--+--+-+---+--+---+--, 

0.60 l-+--+-+-+-+--+--+____jl-+--+--t-----l-+---+--+--+-t--+--+--+----1 

0. 5 5 l-+--+--+-+-+--+--+-1---+--+--+-----l-+----+--+--+-+---+--+---+--i 

0. 50 l--+--+--+-+---1-----+-+-1---+--+--+-----l-+----+--+--+-+---+--+---+--i 

0. 45 1-----+---+-+---+---+-+---+---+-+--+---+-�-+---+-+--+---+-+--t---+----1 

0. 40 l---+---+-+---+----+-+---+----+--1--+---+--l-+--+-l-+--+-t--+--+--i 

0.35 l--+--+---4-+--+--+--+-l---+--+--+-----l�+-+--+-+-t--+--t--+---1 

0. 30 l----1----l----l-�--1-----+-+�l---+--+--+---4-+--+--+-+-+--+--+--+­

o .2 5 l-----1----+--+-l---+--+--+-----l-+---+--+-+-t-+---+--+----1r-+----t--r----, 

0 .20 l---+--+--+-l---+--+--+-----l-+-+--+-+-t-+---+--+----1r-+----t--r----, 

0. I 5 l---+--+-+-l---+--+--+-----l-+--+--+--+-t-+---+--+----1r-+-+--+----1 

0 . 1  0 l-+--+---4-+--+--+-l--+--t----4-+-+--+-+--+--+--+-t--+----t---1 

0 .05 l--+-+-+--+---+--1--+--+--l-+--+-l-+--+-l---+--+-t--+--+---i 

l._...J.__....J..___L.._____l_L.._...J.__....J.._____L___..__L___.__....1.......�___._____,__L-.....__..J___._--'-___, X 0 0 1 0. 2 0.3 04 0.5 0.6 0.7 0.8 0.9 1 .0 

2 .  After you have comple ted the table , graph the ordered pairs 
(x  , y ) • 

3 .  Connect the points with a smooth curve to complete the graph . 
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SHEET 2 

Graphing y = � from 1 to 2 

1 .  Use your calculator to complete the following table . Round 
off your answers to the nearest hundredth. 

y = -
X 

1 . 00 

1 . 0 5  y 

1 . 10 1 . 1 0 

1 . 1 5 
1.05 

1.00 

1 . 2 0 
0.95 

1 . 2 5  0.90 

1 .  3 0  0.85 

0.80 
1 . 3 5 

0.75 

1 . 40 0.70 

1 . 4 5  0.65 

0.60 
1 . 5 0 

0.55 

1 .  5 5  0. 50 

1 . 6 0 0.45 

1 . 6 5 
0.40 

0.35 

1 .  7 0  
0.30 

1 .  7 5  0.25 

1 . 8 0 
0 .20 

0. 1 5 
1 . 8 5 0.1 0 
1 . 90 0 05 

1 . 9 5 1 .0 1 . 1  1 .  2 1 . 3 1 . 4 1 .6 1 .7 1 .8 1 9 

2 .  0 0 

2 .  After you have completed the table , graph the ordered pairs 
(x I y ) • 

3 . Connect the points with a smooth curve to complete the graph .  

2 .0 X 
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SHEET 3 

Graphing x2 + y2 - 1 

1 .  use your calcu lator to complete the fol lowing table . Round 
o f f  you r answers in e ach column to the nearest hundredth . 

2 1-x 
2 

y� X X 

. 00 

. 0 5 

. 10 

. 1 5  

. 2 0 

. 2 5  

. 3 0 

. 3 5 

. 40 

. 4 5  

. 5 0 

. 5 5 

. 60 

. 6 5  

. 7 0 

. 7 5 

. 80 

. 8 5 

. 90 

. 95 

1 . 00 

y 
1 . 1 0 

1.05 

1.00 

0.95 

0.90 

0.85 

0.80 

0.7 5  

0.70 

0.65 

0.60 

0.5 5  

0. 50 

0.45 

0.40 

0.35 

0.30 

0.25 

0 .20 

0. 1 5 

0. 1 0 

0.05 

0 0. 1  0 .2  0.3 0.4 0.5 0.6 0.7 0.8 

2 .  After you have completed the table , graph the ordered pairs 
(x  , y ) . 

J .  Connect the points with a smooth curve to compl ete the graph . 
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Prepared by Geo�ge W. BJught 
Northern Illinois University 
DeKalb, I llinois 

ldaa) 

Reprinted with permission from the Arithmetic Teacher, December 1 9 78 (Vol. 26, 
No. 4) , copyright 1978  by the National Council of Teachers of Mathematics. 

Ideas for this month provides ac­
tivities to build the concept of area 
measure . Considerable experience with 
the idea of comparing and measuring 
areas seems to be needed for students 
to understand area measure fully . The 
introduction of units of area measure, 
nonstandard or standard, should be de­
layed until students are able to com­
pare regions directly and to put such 
regions together to cover a larger 
region . Only then will the repeated 
use of a single unit be meaningful. 
Finally, a standard unit and formulas 
for area can be used. 

IDEAS for Teachers: 
Levels K, 1 ,  2 

Objective: To practice comparing and 
ordering areas. 

VJ.Aectiono no� tea�heJto : 
1. Give each student a copy of the 

worksheet and scissors. 
Read the directions to the 
students . 
You may want to have students 
paste the figures on sheets of 
construction paper. 

4 .  When everyone is finished, con­
duct a discussion with the class. 
Ask students to explain why they 
ordered the figures as they did. 
Help the students use the words 
bigger (larger) and smaller . 

IDEAS for Teachers: 
Levels 2, 3, 4 

Objec.:tive : To practice covering re­
gions to illustrate addi­
tivity of area. 

VJ.Aec.:tiono no� tea�heJto : 
1. Give each student a copy of the 

worksheet and scissors . 
2. You may want the students to 

paste the two shaded regions on 
each black region. 

3 .  In exercises 3 and 5 ,  the shaded 
regions have to be rotated before 
they wi 1 1  fit. 

AnoweJto : 

1 .  2 .  3 .  4. 5. 

[S] 0@[5] CD 
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Going 6u.Jr.,theJt: 

Ask students to make up puzzles 
like these. 

IDEAS for Teachers: 
Levels 3, 4, 5 

0bjec.tive: To measure areas b y  cover­
ing regions with a non­
standard unit. 

V.vtec.tion1.i 60� teacheM : 
1. Give each student a copy of the 

worksheet and scissors. 

2 .  Be sure students understand that 
some of the diamonds may need to 
be cut into pieces in order to 
cover the figures completely. 

3 .  Some students may prefer to work 
in small groups . 

A nJ.iWeJL6 : 

1. 4 
4 .  1 

Going 6u.Jr.,theJt: 

2 .  2 
5 .  12 

3.  6 
6. 4½ 

Ask students to make a figure that 
could be covered with five diamonds , 
10 dtamonds, or 20 diamonds. 

IDEAS for Teachers: 

Levels 6, 7, 8 

0bjeilive: To practice measuring in 
centimetres , computing 
areas , and computing 
rati os. 
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V.vtect.lon1.i 60� teacheJL6 : 
1 .  Give each student a copy of the 

worksheet and a rul er marked in 
centimetres. (Measuring in cus­
tomary units will produce numbers 
that are too complex for students 
to h andle. ) 

2. Be sure students know the formula 
for the area of a triangl e, A =  
½ bh.  

3 .  The pattern students should see 
is th at th e ratio of areas is the 
square of the ratio of length (or 
width or base or height). 

AnJ.iWeJ!.,6 : 

ratio of ratio of 
7,engths (base) areas 

1. 4 :  1 or i 16 : 1  16 or -1 1 

2 .  2 : 1  2 4 :  1 
4 or  r or -1 

3 .  2 : 1  2 or  r 4 : 1  
4 or  r 

4. 3 : 1  3 9 : 1  
9 or - or -1 1 

5 .  3 : 2  o r  1 9 : 4 9 or -
2 4 

Going 6u.Jr.,theJt: 
Ask students to check their gen­

eralizations by drawing their own 
pairs of similar figures and measur­
i ng areas_. 



[]J�[E][l][S] Name _ _ _ 

Levels K, I, 2 

Cut out the figures in each box. 

Put them in order from smallest to largest. 

□ 

From the Arithmetic Teacher 
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1 .  

Name 

Levels 2, 3, 4 

In each row, choose two shaded regions that exactly cover the black region when you 
put them together. 

Check your answers by cutting out the two shaded regions and laying them on top of 
the black region. 

□ □ 

2 . .-----------.-----�-
I 

-. \---1 

\_7 
3. 

p 
4. 

D b  SJ 
5. 

C> 
From the Arithmetic TeacheP 
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Name ____________ _ 

Levels 3, 4, 5 

How many of these will cover each figure? 

r�.�-- -- -- -- -- -- -i 
Write the number in the blank. 
You may want to cut some of the diamonds into pieces. 

4. 

6. 

From the Arithmetic Teacher 
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Name 

Levels 6, 7, 8 

Complete each table. Use a centimetre as the unit of measure. 

What pattern do you see? 

1 .  a. 

a. 
2. 

3. a. 

4. 

5. a. 

b 

b.
CJ a 

b 

b. � 
a 

b 

b
� I a 

b 

ratio of 
length length 

ratio of 
length length 

ratio of 
base base 

ratio of 
base base 

ratio of 
length length 

From the AI'ithmetic Teacher 
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ratio of ratio of 
width width area area 

ratio of ratio of 
width width area area 

ratio of ratio of 
height height area area 

ratio of ratio of 
height height area area 

ratio of ratio of 
width width area area 



Instructive Prime Number Reduction Algorithms 

by William J .  BJw.ce 

The purpose of this article is to provide teachers of elementary through high 
school with a collection of algorithms that are suitable as source material. 
These can be used either for practice with the simple arithmetical operations 
alone or can be used as an introduction to graphical representation, flow charts, 
and computer programming. 

Certain types of algorithms that utilize only prime numbers as elements for 
reduction are possible, but not always easy to design, let alone prove. In each 
one, the purpose is to design an algorithm on the set of integers N, such that 
N � 2, in which the first chosen operation is always division by one or more 
prime numbers . Also, these algorithms must reduce every integer, N � 2, to 
unity. Furthermore, in this reduction, they must succeed only with the inclu­
sion of the first named operation and fail, otherwise . 

The following set of such algorithms has been designed by the author, ex­
cept where otherwise indicated:  

1 .  N/2 
Odd 3N + 1 
Even N/2 

3 .  ( a )  N/5 
Odd 3N - 1 
Even N/2 

( d )  N/5 N/3 
Odd N + 1 
Even 2N + 1 

4 • ( a ) N/7 N/ 5 
Odd N - 1 
Even 2N + 1 

( b )  N/7 N/5 
Odd 3N + 1 
Even N/2 

5. N/11 N/5 
Odd 3N + 1 
Even N/2 

6 .  N/13 N/5 
Odd N - 1 
Even 2N  + 1 

2 .  (a) N/3 ( b) N/3 
Odd N - 1 Odd (N + 1)/2 
Even 2N + 1 Even 3N - 1 

( b) N/5 (c) N/5 
Odd ( N  + 1 )/2 Odd (N + 1 ) /2 
Even 3N - 1 Even 2N + 1 

If  N/5 is deleted, failure occurs for N = 6 .  

If  N/7 is deleted, failure occurs for N = 34 . 

If N/7 is deleted, failure occurs for N = 27. 

If N/11 is deleted, failure occurs for N = 27 . 

If  N/ 13 is deleted, failure occurs for N = 34. 
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7. 

8. 

9. 

10 . 

N/ 17 N/5 
Odd N - 1 
Even 2N + 1 

N/19 N/5 
Odd ( N  - 1 ) /2 
Even 3N + 1 

N/23 N/5 
Odd N - 1 
Even 2N + 1 

N/29 N/11 N/5 N/3 
Odd 2N - 1 
Even N + 1 

If N/17 is deleted, failure occurs for N = 34. 

If N/19 is deleted, failure occurs for N = 4. 

If N/23 is deleted, failure occurs for N = 34. 

If N/29 is deleted, failure occurs for N = 19. 
If N/11 is deleted, failure occurs for N = 31. 
If N/5 is deleted, failure occurs for N = 67. 
If N/3 is deleted, failure occurs for N = 21. 

In each step, the operations given in the first row are to be performed 
first, in any order . If these operations are not possible, the separate instruc­
tions for odd and even integers are to be used, followed by another attempt to 
apply the operations of the first row, and so on. 

For each algorithm for which deletion of the first named operation causes a 
failure, a sample value of N for which this failure occurs is given. In order 
that the algorithm be valid for the first named operation, it must fail for the 
other first-row operation ( s )  taken separately. 

Algorithms 1 and 2 ( a) have been considered separately in two previous pa­
pers by the author . After some attempts by P. Erdos ( Member of the Hungarian 
Academy of Science ) ,  algorithm 1 has not been proven yet . Proofs by A. Meir 
( Professor of Mathematics, University of Alberta) and by the author have been 
found for 2 ( a ) .  So far, algorithms 3 ( c )  and 3 ( d ) are the only other ones listed 
for which proofs have been completed. This proof by Meir is by induction in­
volving arithmetic mod 15 and proceeds as follows: 

We want to prove that the algorithm, namely, N/5 and/or N/3, if possible, 
otherwise, if N = odd + N + 1 

if N = even + 2N + 1, 
reduces any given integer, n � 2, to 1. 

Suppose that we have proved that this theorem is true for 1 < n < m. We 
shall show, then, that it is true also for n = m. Since 15 is the lowest common 
multiple of 5 and 3, we shall use m mod 15. Then, either m is divisible by 5 
and/or 3 or it is off by some integer 1 to 14, inclusive. Therefore, we distin­
guish 15 cases according to the remainder of m mod 15 and apply the algorithm to 
each of these cases as follows: 

1 .  15k < � = odd + 30k + 3 + 10k + 1 < m. m = + 1 
= even + 15k + 2 + 30k + 5 + 6k + 1 < m .  

2. 15k + 2 < �  = odd + 15k + 3 + 5k + 1 < m. m = 
even + 30k + 5 + 6k + 1 < m. = 
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3. m = 15k + 3 + Sk + 1 < m .  

4 15k + 4 < k = odd + 15k + 5 + 3k + 1 < m .  · m = k = even + 30k + 9 + 10k + 3 < m .  

5. m = 15k + 5 + 3k + 1 < m. 

6 .  m = 15k + 6 + 5k + 2 < m. 

7. 

8. 

m = 15k + 7 < � 

15k + 8 < � m = 

= odd + 30k + 15 + 6k + 3 < m. 
= even + 15k + 8 + 30k + 17 + 30k + 18 + 10k + 6 < m .  

= odd + 15k + 9 + 5k + 3 < m. 
= even + 30k + 17 + 30k + 18 + 10k + 6 < m. 

9 .  m = 15k + 9 + 5k + 3 < m. 

10 .  m = 15k + 10 + 3k + 2 < m. 

1 1 .  m = 15k + 1 1  < t = odd + 30k + 23 + 30k + 24 + 10k + 8 < m. 
= even + 15k + 12 + 5k + 4 < m .  

12 .  m = 15k + 12 + 5k + 4 < m .  

13. m = 15k + 1 3  < � = odd + 30k + 27 + 10k + 9 < m .  
= even + 15k + 1 4  + 30k + 29 + 30k + 30 + 6k + 6 < m .  

14 . m = 15k + 14 < t = odd + 15k + 15 + 3k + 3 < m .  
= even + 30k + 29 + 30k + 30 + 6k + 6 < m .  

15. m = 15k + 1 5  + 3k + 3 < m .  

After a few steps in each case, the number obtained on the right-hand side 
is smaller than the initial m. Thus, if the theorem is true for 1 < n < m, it 
is true also for n = m .  But simple checking establishes that it is true for 
n = 2 .  Hence, by  the principl e  of induction, the theorem is true for al l 
integers n � 2.  

For N = 55, the tabulation for this algorithm becomes: 

Step Nwnber 

0 
1 
2 
3 
4 
5 
6 

Procedure 

n/5 
n + 1 
n/3 

2n + 1 
n / 3  
n/3 

n 

55 
1 1  
12 
4 
9 

3 
1 

A simple form of a flow chart for algorithm 3(d) for any i nitial N, and based on 
the language of the Fortran program, might be as shown in Figure 1 With minor 
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changes, the flow charts for the other al gorithms are easily constructed. The 
Fortran programs are similar to those previ ously used by the author and require 
very li ttle experience to wri te . All of the li sted algori thms have been computer 
checked for 2 � N � 500. 
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FIGURE 1 
Flow Chart for Chain with Initial N. 

Yes 

Write 
Kount , J 

Yes 

>-----� 

Yes 
>----� J + J/3 

J + (2xJ) + l  . I---< 

No 

J + J + 1 

Kount = (Kount + 1 )  

No 

Yes 

Write 
N ,  Kount , J 
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For those who want to start with a very simple prime number reduction algo­
rithm, E. Phibbs (Professor Emeritus of Mathematics, University of Alberta) 
suggests: 

N/5 
Odd N + 1 
Even 2N  + ½ d, where d is the last digit of the previous number obtained. 

It is easy to see why this one always works. Try it. 

The author has not attempted to design reduction algorithms for prime num­
bers greater than 29. 
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Algebra Holiday Quis 

Here is a quiz for the Christmas holiday season. U R  2 solve for the value 
of (x) in each of the equations below. Place your answer in the space provided 
at the left. When you have solved all the equations, unscramble the letters to 
get the message. 

---

---

x + M = 2M 

3x - s = 2s 

vt2 vxt 
= --

g g 

swx = swh 

___ pr = xp 

� = 1 --- a 

7 + ax = ay +7 

---

---
---
---

bx + be = 2be 

2x - 2s = 0 

Si + x = 6i 

x - b = -b + C 

Sx - 2r = r + 2x 

8x + mv = 8r + mv 
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P L U S + + +  

The following material is reprinted from Issue No . 2 of Plus + + + , a short mag­
azine informing mathematics educators across Canada about important events, re­
search, curriculum development and items of national interest. 

Canadian Mathematical Society 
Winter Meeting 

(Ottawa , December 14- 16 ,  1979 ) 

Part of the program of the C . M. S .  
Winter Meeting will be devoted to 
matters of interest to secondary 
school teachers as well as university 
mathematicians. A keynote speaker 
will be Professor Peter Lancaster of 
the University of Calgary ,  who will 
discuss the role of C.M.S. in promot­
ing the teaching of mathematics and 
problem-solving in the applied sense 
in secondary schools. Professor Ed 
Williams of Memorial University will 
chair a session of six 15-minute 
talks on contests and other resources. 
Professor Ed Barbeau of the University 
of Toronto will chair a panel , includ­
ing a teacher and a professor, on the 
mathematician's role in assisting 
schools . All those events are planned 
for Saturday , December 15 , 1979 , in 
Ottawa. For further details , write to 
Professor D .A .  Dawson , C.M.S. Winter 
Meeting , Department of Mathematics , 
Carleton University , Ottawa , Ontario 
KlS 5B6. 

Samuel Beatty Mathematics 
Essay Contest 

The Beatty Essay Contest is open 
to Canadian elementary and secondary 
school students. Sponsored by the 
Samuel Beatty Fund , established by 
University of Toronto graduates of 
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mathematics and physics , the first 
contest was held in 1978-79 with a 
first prize of $200 going to Doug 
Bonn , a Grade XIII student of North­
ern C. I .  and V .S. in Sarnia , Ontario . 
Topics and rules for the second con­
test are obtainable from E. J.  Barbeau , 
Secretary , Samuel Beatty Fund , Univer­
sity College , B201 , University of 
Toronto , Toronto , Ontario M5S lAl. 
Deadline for submissions: March 31 , 
1979. 

Waterloo University Contests 

Entry deadlines: Gauss contest -
May 1 ,  1980; Euclid contest - March 9 ,  
1980. For reprints of previous Gauss , 
Euclid , and Junior contests , write to 
the secretary of the contest at the 
Faculty of Mathematics , University of 
Waterloo , Waterloo , Ontario N2L 3Gl. 
Cost: Gauss - $1.25 for bundle of 10; 
Euclid , Junior - $1 for bundle of 10. 
Contests are administered through pro­
vincial chairman. 

Mathematical Association of America 
Mathematics Examination 

The sponsors of this contest are 
the M.A .A., Mu Alpha Theta , Society 
of Actuaries , N .C . T . M .  and the Casu­
alty Actuarial Society. For informa­
tion about local arrangements , write 
to the executive director at the 
Mathematics Department , 917 Oldfather 
Hall , University of Nebraska , Lincoln , 
Nebraska 68588 , U .S .A. 



Fourth International Conference on 

Mathematical Education 

and level of in terest { elementary, 
secondary, college, teacher training, 
supervision, university) . 

(Berkeley, August, 1980) 
Canadian Mathematics Education 
Study Group ICME will be held at Berkeley, 

California, from August 10 to 16,  
1980. The scientific program examines 
problems in education at all levels 
and for every type of learner. Topics 
of emphasis: universal primary educa­
tion, research, technology, applica­
tion s, �rofession of teaching, rela­
tionship of languages and mathematics. 
For further information, write to 
ICME IV, Mathematics Department, Uni­
versity of California, Berkeley, 
California 94720, U . S.A. Specify your 
language (English, Espanol, Fran�aise) 

In Jun e, 1979, the C . M. E. S.G.  met 
for the third time at Kingston , On­
tario - to discuss preservice and in­
service teacher education, mathemati­
zation, an d research in hand. The 
group has become more formally organ­
ized with an advisory committee and a 
secretary, Professor Joel Hillel, 
Departmen t of Mathematics, Concordia 
Un iversity, S.G.W. , Montreal, Quebec 
H3G 1M8, to whom requests for a report 
on the proceedings should be sent. 

Power Play! A Hockey Math Book 

Power Play! A Hockey Math Book 

by Don Fraser. Toronto : Collier Macmillan Canada Ltd. , 
1125B Leslie Street , Don Mills , Ontario M3C 2K2. 122 pp . 
Paperback 02991180X $2. 75 

There is a hoary j oke about a real estate agent who tells a southern belle , 
"This is a house without a f law , "  only to have the puzzled lady respond , "Mah , 
what do yewall walk on? "  The story comes to mind because it would appear that 
Professor Don Fraser of the Faculty of Education at the University of Toronto 
has written a book "without a flaw. " 

Included in the book are 60 fascinating units all built around some aspect 
of professional hockey. The first 15 units (First Period) deal with the addi­
tion , subtraction , and multiplication of whole numbers . In the Second Period , 
the mathematical ideas considered in the 23 units include division , fractions , 
decimals , percent, averages and simple probability . The Third Period treats 
some elementary aspects of data presentation in 12 units , and in Overtime , 10 
units of review are given. The 15-page Appendix includes Game Summaries ( 1978 
01 05-18) , and Team Rosters. Answers to exercises and an index constitute the 
last four pages of the book . 

Reprinted from Ontario Mathematics Gazette , Vol . 1 7 ,  No . 2 ,  December 1978 . 
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REPRODUCE THIS ORNAMENT ON STIFF PAPER. 

1. Cut out al ong solid lines . 
2 .  Make a crease along each broken 

l ine . 

I 
I 

I 
I 

\ I 

\ I 
\ I 

\ I 
3 .  Fol d sides together to form 

an octahedron (eight-sided 
fi gure) . 

4 .  Glue each flap under proper 
triangular face. 

You can use a bent paper cl ip 
to make an ornament hanger. 

I 

I 
I 

I 

I 
I 

I 
I 

I 
I 

I 

I 
I 

I \ I 
\ I 

\ I 
\ I 

\ I 
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\ I 
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\ I 
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\ . --------------�--- ---------------
\ I 
\ I 

\ I 
\ I 

\ I 
\ I 

\ I 
\ I 

\ I 
\ I 

\ I 
\ I 

\ I 
\ I 

\ I 
\ I 

\ I 
\ I 

\ / 

Geometry and Christmas ! 

This idea for a Christmas ornament 
comes from Let 's Celebrate Math 
by Geer , Geer , Geer and Gast . 
Publ i shed by Modern Math Materi al s. 

35 



He lp  Santa Get to Rudo lph 

Using the point of a pencil and a paper clip to complete the s pinner, thump 
th e paper clip to see which player gets the larger number to go fi rst. Each 
player in turn thumps the paper clip and moves th e number of s paces s hown on the 
s p i nner . Player then gives the factors of the number landed on . (One is not 
us ed a s  a factor .) I f  player mi s s es, he  must go back to his la st stop . The 
first player to get to Rudol ph is th e winner. 

Start � 

I Z  

4 2  

3 b  

2 0 

2 1  

/ 5  Lf 8 

The book Holiday Math by 
Latellya Smi th, publis hed 
by Educational Teaching 
Aids, is the source of this 
Christma s idea . 
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TOPI C :  
MATERI ALS: 

NUMBER OF  

SEATTLE SPIN  

(An ac;ti_vdy �pon.6 01te.d by The. NCH{- 1 9 8 0  Se.a.ftle. Me.e:ti..ng ) 

Simple addi tion and s ubtraction facts 
1 Seattle Spinner 
1 gameboard for each pl ayer 

10 markers for each player 

PLAYERS: 2 to 5 

HOW TO PLAY: 1 .  A player spins the Seattl e Spinner twice and places a marker on 
the sum or difference of the 2 numbers . 

2 .  I f  the s um and difference are already covered , the pl ayer loses 
that turn . 

3. When II SEATTLE II is spun ,  the pl ayer may choose it to be any num­
ber 1 to 5 .  I n  other words: 1 1 Seattle is wild ! ! "  

WHO W I NS: The first player to cover al l of his numbers is the winner . 

S E A T T L E  

S P I N 

G A M E B O A R D 

3 �01 6 
I I 

4 2 '7' 5 

1 9 8 0 

S E A T T L E  S P I N N E R  

± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± 

The. Na;ti_onal. Council 06  Te.ac.he,Jte, 0 6  Ma;thema,;ti_� (NCH{ ) unve.ili "The. Cwvuc.ui.,um 0 6  
the. 1 9 80� " a;t the. 5 8th Annual Me.rung - Ap'1J 1 6- 1 9 , 1 9 8 0 ,  The. Se.a;ttle. Ce.nte.Jt, 
Se.a.ftle., OJMh-lngton .  

± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± ± 

No copyright; please plagiarize - in fact , "CTYHC" (Copy To Your Heart ' s  Content) ! 



EPIE Analysts Needed 

Alberta Education has need of individuals with valid Alberta teaching cer­
tificates who are interested in analyzing educational materials in the areas of 
science and mathematics at a Grade I -X I I  level. The individuals must undertake 
a three-day workshop in Edmonton to be presented at a date yet to be determined. 
This workshop will provide these individuals with the background knowledge nec­
essary for an examination leading to their certification as analysts for EPI E  
(Educational Products Information Exchange). 

Those educators who become certified will be eligible for contracted assign­
ments at prevailing fees to analyze materials for Alberta Education. If you are 
interested in becoming a certified analyst, please register now, using the fonn 
below. Registration is limited to 30 participants. 

EPIE REGISTRATION FORM 
(Please print) 

Name Home phone ----------------------- ------
Address Bus. phone 

Postal Code ------------ -------

School District ------------------
Name of Superintendent ---------------
District Office Address 

--------------

Postal Code ------------ -------

Phone no . 

-----

Grade level presently teaching ----------------------

Subject area assignment 
Other grades recently taught -----------------------
0th er subjects recently taught ----------------------

Please send this form to: Rod E. McConnell 

34 

Audio Visual Services Branch 
Department of Education 
2nd Floor, West Wing, Devonian Building 
11160 - Jasper Avenue 
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