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A Position Statement on ... 

Career Education 

In recognition of the prime importance of work in our 

society and the role that mathematics plays in the lives of 

all individuals, the National Council of Teachers of 

Mathematics supports the position that Career Education 

should be a major goal of all who teach and learn mathe­

matics. 

For the purposes of this statement, Career Education is 

defined as the composite of all learning experiences, class­

room and nonclassroom, that promote these goals: 

1. The learner's understanding of the values of the work 

ethic and how these values contribute to his or her per­

sonal development 

2. The learner's awareness of the nature of various careers 

and of how mathematics is used in those careers 

3. The learner's attainment of mathematical concepts and 

skills, with the ability to apply that knowledge to the 

solution of career-related problems 

Career Education may be achieved by increasing the 

emphasis placed by schools on career awareness, explora­

tion, decision-making, and planning. Teachers, parents, 

and guidance counselors should encourage each student to 

pursue the study of mathematics to the highest level of his 

or her ability, making it clear that the value of the knowl­

edge and skills so gained cannot always be judged on the 

basis of immediate need or use. 

The National Council of Teachers of Mathematics, 

recognizing that the incorporation of concepts and ap­

proaches to Career Education into the school curriculum 

requires that teachers develop special knowledge and skills, 

recommends that Career Education be given special and 

immediate attention in the training of mathematics teach­

ers at both preservice and in-service levels. 

(September 1977) 

M National Council of 
� Teachers of Mathematics 

The National Council of Teachers of Mathematics has for its 
object the advancement of mathematics teaching in elementary 
schools, junior and senior high schools, two-year colleges, and 
teacher-education colleges. All persons interested in mathematics 
or the teaching of mathematics are eligible for membership. 

Brochures describing services of the NCTM and listings of its 
current publications are available free on request from the Head­
quarters Office, 1906 Association Drive, Reston, Virginia 22091 
(703/620-9840). 

Permission to use any part of this publication in the classroom is hereby 

granted, including reproduction. This does not include articles that have 

been published with permission of author and noted as "not for reproduction." 
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The Editor's Page 

Our new CAG representative is Mr. Bob Robinson, 57 Skyline Drive, 
Dundas, Ontario L9H 3S3. Bob was a contributor to our February 1978 
issue of Delta-K by way of introduction. Thank you Joan Routledge for 
the service you have given for the past three years. We look forward 
to having you return to Alberta as a guest speaker and/or as a guest 
participant in the audience in coming years. We are looking forward 
to having three good years with Mr. Robinson as we know him to be an 
able leader. 

We are looking forward, as well, to our next mini-conference. 
Our Calgary team is going to Lethbridge ( may have already gone by 
this time), and a full report will be forthcoming in Vol. XVIII, No. l, 
September 1978. 

The 1978 ARA referred this resolution for study and report at the 
1979 Annual Representative Assembly. Members of the Mathematics 
Council, ATA, are asked to react to the motion by early fall. 

129£/78 (Directive for Action): 

BE IT RESOLVED, that The Alberta Teachers' Association 
request the Department of Education to allow the use of 
calculators in all physics, chemistry and mathematics 
examinations issued by the Department of Education. 

Please send your reactions to the editor or to Dr. M. Jarnpolsky, 
Assistant Executive Secretary, The Alberta Teachers 1 Association, 
11010 - 142 Street, Edmonton T5N 2Rl. 

Ed CaJUugVt. 
Editor 
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Estimating Roots of Quadratic Equations 
by Templet and Grid 

Wiluam J. 8'1.uc.e. 

Consider any quadratic function defined by the equation 
2 

y = x + ax +  b, 

and assume that it is known that the graph of this equation is a parabola. In 

order that our proposed device be operable, it is essential that the given 

quadratic equation be uniquely determined by knowing the axis of symmetry of 

the parabola and one point on the Y-axis. This is shown easily. 

Let (O,y1) be the coordinates of a point on the Y-axis and let x = h 

be the equation of the axis of symmetry of the parabola. Because of this 

symmetry, (2h,y
1

) are the coordinates of another point on the parabola? 

Substitute the coordinates 

obtain b = y 1 so that 

into the equation 

The coordinates (2h,y1) are substituted next to give 

or 

4h2 + 2ah = 0 

4 

2 y = x + ax+ b and 



from which we find, since h � 0, that a = -2h. Finally the quadratic 

equation becomes uniquely 

2 
y = x - 2hx + y

1
• 

For any quadratic equation 
2 

y = x + ax +  b, it is obvious that the 

point with coordinates (0,b) lies on the graph. Complete the square and 

obtain 

2 2 y = (x+a/2) + b - a /4 

from which we have that 

X = -a/2 

is the equation of the axis of symmetry of the parabola. For example, if 

2 
y = x - Sx + 6, we find that (0,6) are the coordinates of the point on 

the Y-axis and x = 5/2 is the equation of the axis of symmetry. 

Since neither horizontal nor vertical translation change the shape of a 

2 
parabola, all parabolas represented by the equation y = x + ax+ b have the 

same shape. Because 2 y = X is the simplest form of this equation, it 

suffices to cut a templet by using a truncated portion of the graph of this 

equation. All other parabolas referred to can be drawn by shifting such a 

templet, without rotation, on a Cartesian grid and tracing along the parabolic 

boundary. Figure 1 illustrates how to obtain a pattern from which this 

templet can be cut. Note that equal scale units are used but are not essential. 

The smaller graph shown is that of 
2 

y = x drawn with considerable accuracy. 

Included is a larger graph of 
2 y = x made possible by simply shifting the 

origin downward on the grid to allow for the plotting of more points. If a 

higher degree of accuracy is needed, the parabolic plots can be done by 

computer. 
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A templet can be prepared in the following manner. Place a piece of 

fairly rigid cardboard behind the graph chosen, and with a long sharp pin with 

a beaded head carefully punch along the parabola at frequent intervals. One 

extra punch will be needed to locate the axis of synnnetry if this is desired. 

In using the templet it will be found that it is not absolutely necessary to 

have the axis of symmetry as long as the vertex is accurately punched and 

the p0rabolic region is truncated on a line perpendicular to the axis of 

symmetry. Carefully cutting along the pin-pricked path, one can produce a 

reasonably accurate templet. 

In order to use a templet to solve quadratic equations of the form 

2 
x + ax+ b = 0, we shall need a square grid ruled on a durable sheet of 

cardboard, plastic or wood. This grid must be prepared so as to match the 

parabolic templet. Coordinate axes might be pre-marked or could be omitted 

for greater flexibility and chosen where needed. Some device for marking the 

axes in the latter case would be necessary. The size of the templet and the 

grid can be chosen as needed. Standard page size for the grid likely would 

be adequate for most purposes. Figure 2 shows a grid that might be used. 

The following examples illustrate how to use the templet with a grid to 

estimate the roots of a quadratic equation. At first we shall restrict these 

examples to equations that have real roots. Figure 2 is used in each case. 

(1) Solve x
2 

- 4x + 4 = 0. 

Let y = x
2 

- 4x + 4. This is of the form y = x
2 

+ ax+ b so 

that b = 4 is the y-intercept while x = -a/2 = 2 is the 

equation of the axis of symmetry. Place the templet on the grid 

so that its edge cuts the Y-axis at 4 and so that its axis of 

symmetry lies on the line represented by x = 2. In this case the 

7 
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(2) 

vertex of the parabola touches the X-axis at 2. If and 

are the roots of the quadratic equation, we have that r
1 

= r
2 

= 2. 

Solve 
2 6x + 5 = O. 

Let y = x
2 

- 6x + S. Here b = S is the y-intercept and x = 3 

is the equation of the axis of sy,nmetry. Place the templet on the 

grid carefully and note that its edge crosses the X-axis at 1 and 

s. Hence r = 1 1 and are the roots. 

(3) Solve x
2 

+ 3x - 10 = 0. 

Let 
2 

y = X + 3x 10. Here b = -10 is the y-intercept and x = -3/2 

(4) 

is the equation of the axis of symmetry. Place the templet on the 

grid so that its edge cuts the Y-axis at -10 and so that its axis 

of symmetry lies on the graph of x = -3/2. The parabola cuts the 

X-axis at -5 and 2. Hence r1 = -5 and r
2 

= 2 are the roots. 

Solve 
2 

X + 7x + 4 = 0. 

Let y = x
2 

+ 7x + 4. Here b = 4 is the y-intercept and x = -7/2 

is the equation of the axis of symmetry. In this case the templet 

doesn't cut the X-axis at integral values so we have to estimate 

the roots more carefully than in the previous examples. These appear 

to be approximately r
1 

= -6. 4 and r
2 

= -0. 6. 

For equations with leading coefficients that are not unity, it is sufficient 

to divide by this coefficient at the outset to get an equivalent equation 

and then solve the latter as before. If the templet doesn't cut the X-axis, 

this will indicate that the roots are not real, in which case they cannot be 

found by the method described above. For such nonreal roots, the method of 

completing the square can be used to form the well-known quadratic formula. 

9 



The presence of a negative discriminant in the latter also indicates that the 

roots are nonreal. 

There are two ways by which one might prepare a broader templet. One of 

these is to shorten the vertical scale units. For example, the ratio of 

vertical to horizontal scale units might be taken as 1 to 2. Of course, 

both the templet and the grid must conform to the same units in all cases. 

Another way to accomplish this is to retain equal scale units on both scales, 

but to use a fractional multiplier for the quadratic function. For example, 

one might produce the templet from the graph of 
1 2 

y = -x 
2 

and always write 

1 2 
the equation in the form 2 (x +ax+b) = 0 so that the graph would be that of 

1 2 
y = 2 (x +ax+b) when the templet is shifted about on the grid. The roots 

of the quadratic equation will not change if variations such as these are 

used. 

50 PUZZLES IN ALGEBRA 

What a collection! Here are 59 cross-number puzzles that cover practi­
cally everything you'll want to do in first-year algebra! 

The puzzles can be used along with your present textbook, assigned as 
homework, used for extra credit, as tests, or as recreation for your more ven­
turesome students. The students can check their own answers easily, since, in 
each puzzle, the numbers going down must check with the numbers going across. 

■ 

Each puzzle is all set up for you on a quality 8 1/2" x 11" spirit master 
which you can use on your school duplicating machine. Introduction on how to 
use the puzzles and a complete set of solutions are in a separate booklet. 

All on spirit masters, with a teacher booklet. 

$18. 95 per set 

Publisher: J. Weston Walch 

Canadian Distributor: Western Educational Activities Ltd. 
10234 - 103 Avenue, Edmonton, Alberta 

10 



1978 Alberta High School Prize Examination Results 

Prize 

Canadian Mathematics 
Congress Scholarship 

Nickel Foundation 
Scholarship 

Third Highest 

Fourth Highest 

Highest Grade 12 

student (below first 

Highest Grade 10/11 

student (below first 

District No. Amt. 

$50 

$50 

$50 

$50 

4) 

4) 

.Amt. Student School 

$400 FISHER, Douglas Strathcona Composite High 
Edmonton, Alberta 

$400 DEWAR, Alan Sir Winston Churchill High 
Calgary, Alberta 

$150 JENSEN, Lawrence Queen Elizabeth Jr.-Sr. High 
Calgary, Alberta 

$150 WONG, Eric Ross Sheppard composite High 
Edmonton, Alberta 

Special Provincial Prizes 

$ 75 LAM, Kay Harry Ainlay Composite High 
Edmonton, Alberta 

$ 75 LEUNG, Henry Bonnie Doon Composite High 
Edmonton, Alberta 

District Prizes 

Name 

BANTEL, Darald 

WU, Willy 

KOCH, Peter 

NORTON, Duane 

School 

Hillside Jr. Sr. High School 
Valleyview, Alberta 
Paul Kane High School 
St. Albert, Alberta 
Salisbury Comp. High School 
Sherwood Park, Alberta 
Camrose Lutheran College 
Cam.rose, Alberta 

1 

2 

3 

4 

5 

6 

No Award Made. 

7 (1) 

7 ( 2) 

8 (1) 

8 (2) 

$50 

$50 

$50 

$50 

$50 

RODRIGUES, Ivan 

BAUDER, Bob 

TROFIMUK, David 

HEWITT, Mark 

GORDON, Karen 

Medicine Hat High School 
Medicine Hat, Alberta 
Harry Ainlay Comp. High School 
Edmonton, Alberta 
McNally Comp. High School 
Edmonton, Alberta 
Sir Winston Churchill High School 
Calgary, Alberta 
Sir Winston Churchill High School 
Calgary, Alberta 
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356 students from 60 schools in Alberta and the Northwest Territories 
wrote the 1978 examination. The following students took the first 16 places 
and are nominated for the Canadian Mathematical Olympiad: 

Student 

BAUDER, Bob 
CHAMBERLAIN, Martin 
DENOI'TER, Gordon 
DEWAR, Alan 
FISHER, Douglas 
GORDON, Daren 
HARTWIG, Karen 
HAYWARD, Geoffrey 
HEWITT, Mark 
JENSEN, Lawrence 
LAM, Kay 

LAMOUREUX, Mike 
LYNCH, William 
TROFIMUK, David 
WILLIS, Ron 
WONG, Eric 

School 

Harry Ainlay Composite High School, Edmonton 
Harry Ainlay Corap:,site High School, Edmonton 
M. E. Lazerte Composite High School, Edmonton 
Sir Winston Ch11rchill High School, Calgary 
Strathcona Composite High School, Edmonton 
Sir Winston Churchill High School, Calgary 
Jasper Place Composite High School, Edmonton 
Old Sc�na Academic High School, Edmonton 
Sir Winston Chu�chill High School, Calgary 
Queen Elizabeth Jr. -Sr. High School, Calgary 
Harry Ainlay Composite High School, Edmonton 
Archbishop Macdonald, Edmonton 
Lord Beaverbrook Sr. High School, Calgary 
McNally Coraposite High School, Edmonton 
St. Francis Xavier Ccmposite, Edmonton 
Ross Sheppard Composite High School, Edmonton 

The following students placed 17-30: 

Henry Baragar (Old Scona Academic High School, Edmonton), Catherine Clelland 
(Eastglen Composite High School, Edmonton), Wallace Chow (Dr. E. P. Scarlett 
Sr. High School, Calgary), John Haugen (Jasper Place Composite, Edmonton), 
Mark Herman (Sir Winston Churchill High School, Calgary), Dean Karlen 
(Jasper Place Composite, Edmonton), Kok Kwan (Eastglen Composite High School, 
Edmonton), Agnes Lee (Ross Sheppard Composite, Edmonton), Ming Lee (McNally 
Canposite, Edmonton), Henry Leung (Bonnie Doon Composite High School, Edmonton), 
Mark Salzyn (Harry Ainlay Co�posite, Edmonton), Glynn Searl (St. Francis High 
School, Calgary), Kenneth Tsang (Strathcona-Tweedsmuir School, Okotoks), 
Fred Woslyng (Harry Ainlay Composite, Edmonton) 

The following students placed 31-50: 
Janice Bodnarchuk (Austin O'Brien High School, Edmonton), Cathy Brown (Ross 
Sheppard Composite, Edmonton), John Chmelicek (Str�thcona Composite High School, 
Edmonton) , Stephen Crowe (Ernest Manning High School, Ca.lgary) , Dane Douglas 
(Jasper Place Composite, Edmonton), Rick Eykelbosh (Louis St. Laurent. Edmonton), 
Duane Foote (F. P. Walshe School, Fort Macleod), Guy Fortier (J,H. Picard High 
School, Edmonton), Lewis Kay (Ross Sheppard Composite, Edmonton), Yeon Kim 
(Forest Lawn Sr. High School, Calgary), Gordon Lee (Eastglen Composite High 
School, Edloonton), David Macpherson (Ross Sheppard Composite High School, Edmonton), 
Simon McClure (Strathcona Composite High School, Edrr,onton), Bob McCreight 
(Sir Winston Churchill High School, Calgary), Andrew McIntosh (Bishop Carroll 
High School, Calgary), Robert Morewood (Medicine Hat High School, Medicine Hat) , 
Duane Norton (Camrose Lutheran College, Cu.:n.rose), Karl Pierzchajlo (St. Francis 
Xavier Composite, Edmonton), Ivan Rodrigues (Medicine Hat High School, 
Medicine Hat), Michael Whitney (Strathcona Ccmposite High School, Ed.'"l)Onton), 
Paul Yarema (Archbishop Macdonald, Ed.'TIOnton). 
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Part I Time: 60 Minutes 

ANSWER SHEET 

To be filled in by the Candidate. 

PRINT: 
Last Name First Name Initial 

Candidate's Address Town/City 

Name of School 

Grade 

ANSWERS: 

1 2 3 4 s 6 7 8 9 10 

11 12 13 14 15 16 17 18 19 20 

To be completed by the Department of Mathematics, University of Alberta: 

Points Points Correct Number Wrong 

1 -20 5 5 X = 1 X = 

Totals C = w = --- ----
SCORE = C - W = 

13 



1 .  
Do all problems. Each problem ie worth five points. 

Which of the fol lowing inequalities are true for al l positive 

numbers x? 

(A) 1 2 ( B) 
1 2 X + - > X + - <  

X X 

(C) X + .!.. � 2 (D) X + .!.. � 2 
X X 

(E) none of the preceding are true for all  positive numbers x .  

2 . A steamer was able to go twenty mi les per hour upstream and twenty-five 

mi les per hour downstream. On a return trip the steamer took two hours 

longer coming upstream than it took coming downstream . The total dis­

tance travel led by the steamer was 

3 .  

4. 

1 4  

(A) 1 00 mil es (B) 200 mil es 

(C) 400 miles (D) 800 miles 

(E) 1 50 miles . 

I f  n is a positive integer . then 2 n + 3n + 1 is 

(A) always a perfect square (B) never a perfect square 

(C) sometimes a perfect square (D) sometimes an even integer 

(E) none of the preceding . 

The solution set of the inequality 

(A) an interval (B) 

(C) a point (D) 

(E) al l real numbers . 

2 2 
X (X - 1 )  � 0 is 

two intervals 

an interval and a point 

j 



A 

5 .  In the diagram, fiABC is an equilateral 

triangle ,  tiBCD is an isosceles triangle , 

C 

(A) 45 ° (B) 90° 

(E) none of the preceding . 

and the angle 

Then the angle 

(C) 120° (D) 

COB is a right-angle. 

e is 

135° 

6 .  Given the binary operation * between two positive integers m ,  n 

such that m * n = mn + 1 (mn is the usual multiplication of m and n) , 

which of the following does not hold : 

(A) commutative law 

(C) rn * n is a positive integer 

(B) associative law 

(D) m * n <!:: 2 

(E) rn * n is odd whenever m is even. 

7 .  Label the four quadrants of the (x , y) -plane as follows : 

. Y  

I I  I 

------,0,,..+------- X 

I I I  IV 

Then the solution set of the simultaneous inequalities 

2 2 x + y < 1 lies entirely in quadrants 

(B) I I  and I I I  (C) I I I  and IV 

2 X - y < 0 ,  

(A) I and I I  

(D) I V  and I (E)  none of the preceding are correct . 

1 5  



8 .  

9 .  

If f(n) 2 where is  integer , then = n , n an 

f (f (n+l) ) - f (f (n- 1 ) )  
equals 

f (n+l) - f (n-1)  

(A) 
2 (B) 

2 
(C) 

2 + 1 (D) 4 + 1 n 2n + 2 n n 

(E) none of the preceding . 

Which of the following inequalities hold for all pairs of real 

numbers x, y? 

(A) /x2 + /  � X + y (B) /42 + /  2 2 � X + y 

(C)  /42 + /  � xy (D) /x.2 + /  s l x l  + I Y I  

(E)  none of the preceding are true for all real numbers x,  y. 

10 . Two similarly proportioned boxes have their surface areas in the 

ratio 4 : 1. Their volumes are in the ratio 

11 . 

(A) 9 :  1 (B) 8 :  1 

(E) none of the preceding. 

(C) 3 :  1 (D) 2 : 1  

The roots of the quadratic polynomial 

Which of the following are impossible? 

2 2x + kx + 1 are r and s. 

(A) r = s (B) r • s "' 1 (C) r + s = 1 

(E) all of the pr�ceding are possible . 

(D) r + s = 0 

12. A hat contains three slips of paper, of which one bears the name John , 

one bears the name Diana and the other bears both names. If John and 

1 6  



Diana each draw a slip, the probability that they each draw a slip 

with their own name on is 

(A) 1 9 (B) 1 6 (C) 1 4 (D) 
1 3 (E) none of the preceding . 

13. The value of k such that 

14 . 

(A) 1 

6 4 2 x - kx + kx - kx + 4k + 6 is divisible by x - 2 is 

(B) 5 (C) 7 (D) 11  

(E)  there is no such value of k. 

(A) 1 
2 

A 

(B) 1 (C) 2 

�ABC is an equilateral triangle inscribed 

in a circle of diameter 1. If AD is 

a diameter of the circle ,  then the 

length BD is 

(D) (E) 

15 . The equation of the line through the point (1 ,1) that is perpendicular 

to the line y = -2x - 3 is 

16. 

2 1 
(A) y = 3 x  + -

3 

(C) y = 2x - 1 

(E) none of the 

If  log b = c ,  a 
(A) be 

preceding . 

then C log (b ) = a 
(C) C 

C 

(B)  

(D) 

1 
y = - x  

3 

1 
y = - x 2 

(D) 
2 C 

2 
+ -

3 

1 
+ -2 

(E) 2c. 
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17 . A circle and a square can never intersect in 

(A) one point 

(D) four points 

(B) two points (C) three points 

(E) all of the preceding are possible .  

18. a1 , a2 , a3 , · · ·  is a sequence of real numbers such that the sum of the 

first n of them is n + n .  Then a n 

(A) n (B)  2n - 1 (C) 2n + 1 

(E) none of the preceding . 

is equal to 

(D) 1 

19 .  The domain of  the function 

f(x) =JI -JI - x
2 

is 

(A) a single point 

(C) a finite interval 

(E) none of the preceding. 

(B) an infinite interval 

(D) an infinite interval with a point 

deleted 

20 . A polynomial which passes through the points ( - 1 , 7 ) , ( 1 ,0) , (2 ,0)  is 

MtVLfu. 

20  

1 8  

(A) x + 8  (B) 
2 

X - 3x + 2 

(E) none of the preceding . 

Part II 

(C) 
2 

X + 9 (D) 
3 2 

X - X + x - 1  

Time: 110  Minutes 

1 .  Determine a l l  angles 9 with O s  9 s 2� such that 
. 69 39 sin + cos = 1 .  



5 

1 5  

20  

20  

20 

20  

2 .  (a) A corner reflector consists of two straight lines , perpen-

3. 

4. 

5. 

6. 

dicular to each other , which are assumed capable of reflecting 

a ray of l ight which is in the same plane as the l ines . I f  a 

ray of light reflects successively off each of the l ines , 

prove that the exit ray is paral lel in the opposite sense to 

the entering ray . 

(b) (3-dimensional version] . This time the corner reflector con­

sists of three plane mirrors which are mutual ly perpendicular . 

I f  a ray of light reflects successively off each of the three 

mirrors , in any order ,  prove that the exit ray is parallel in 

the opposite sense to the entering ray. 

S is a finite set of positive integers , not necessari ly different 

from each other , such that for any three members a ,b , c  of S ,  

a +  b is divisible by c .  Classify all  possible such sets S .  

Let i be a square root of - 1  and for real numbers x , y ,  write 

the complex number X + ir + 1 in the form a +  ib , where a ,  b are 
X + iy - 1 

real numbers . Find the set of points (x , y) for which a � 0. 

Prove that for any integers 4 4 is divisible  by 30 .  m ,  n ,  mn (m -n )  

For which values of k do the polynomial equations 

6 5 4 3 2 3k 0 X + X + X + X + X + X = 

6 5 4 3 2 k 0 X - X + X X + X X - = 

have a common root? 

1 9  



2 0  7 .  3 6  points are placed inside a square whose sides have length 3 .  

Show that there are 3 points which determine a triangle of area 

no greater than 1 
2 ·  

2 0  8 .  You are given a set of 2 1  dominoes IB where a and b are 

20 

integers from 1 to 6, each pair occurring once (note IB 
is to be considered the same as � ) . Any number of dominoes 

can be j oined to form a chain if they have matching numbers at each 

j oin . For example ,  a 3 -chain is given by IB � � · 
Show that it  is !!£!_ possibl e  t o  form a 2 1 -chain . 

Solutions to Part I 

C C B A D B A 8 n B 

l 2 3 4 5 6 7 8 9 10 

B E C A n (} E F. C E 

1 1  12 13  14 15  16  17  18  19  20 



Solutions to Part II 

1 S .  I . I 1 t I 8 I 1 h . 60 30 ' 2e 2
0 . 1nce sin 8 s anc. cos s • we ave sin + cos s sin + cos • l ,  

with equality only if sin e =  ± 1  an<l cos e = 0 ,  or sin 8 = 0 and 

cos e = 1 .  For O s e s 21r,  this gives e = 0 ,  11k , 37{2 . 2,r . 

2 .  UsinR vectors , let !., j_ be unit vectors perpendicular to the two mirrors , 

and let the incident ray have the direction ai + bj_. Reflection at the 

first Mirror wi l l  cause the ray to have direction -a!_ + bi., then reflection 

at the second mirror wi l l  change this to -a!_ - bj_, i . e .  the exit ray is  

parallel  in the opposite sense to the enterinP. ray. This argument is  

3 .  

easily extended to the 3-dimensional situation . 

I f  a , b , c  I: s with a s b < C or a <  b s c ,  then a + b < 2c . Now 

a + b is divisible by c ,  and so we must have a + b = c .  I t  fol lows 

that s cannot have four distinct integers , for if a ,h , c , d  E s with 

a < b < c < ct ' we would have a + b = c ,  a + h .. d ,  i . e .  C = d .  So 

s has at most three rlistinct integers . 

Case (i). S has three distinct integers a ,  b ,  c ,  with a <  b < c .  

I f  d i s  any other member of S ,  it !lltlst he equal to one of a ,  b ,  c .  

But d = a impl ies d + a =  b = c ;  rl = b implies a +  d • b ,  i . e .  

a =  O ;  d = c implies b + c = d ,  i . e . h = O .  All of these are 

impossible and so there can be no other member of S .  

Now a <  b < c implies a +  b = c ,  ancl b < a +  c = 2a  + h < 3b . Since 

a +  c is divisible by b ,  we must have a +  c = 2b . a +  b = c and 

a +  c = 2b imply that c = a +  b = 2b - a ,  i . e .  b = 2a ,  c = a +  b = 3a. 

So the only sets S with three distinct integers are of the fom S s {a , 2a , 3a} . 

2 1  



4 .  

s .  

22 

Case (ii) . S has two distinct integers a ,  b with a <  b .  If  c is  

any third member of  S ,  we have a =  c < b or  a <  c = b ,  and so 

a +  c = b .  So c must equal a ,  and the only sets S with two 

distinct intej?ers are of the form S = {a ,a , • • · , a , 2a } . 

Case (i ii) . Finally, S may be of the form {a , a , • • • , a} . 

Note that X + iy + 1 
x + iy - l is  undefined for x = 1 ,  

X + �y + 1 = (X + �y + 1) (X - �y - 1) 
X + 1y - 1 X + 1y - l X - lY • 1 

2 2 1 2 ·  = x + Y - - iy 
= a + ib, where 

(x- 1 ) 2 + y2 

2 2 
a = x +y - 1 

2 2 ' (x- 1 )  + y 
b = -2y 

2 2 . 
(x- 1 )  + y 

y = 0 .  

a .,,. O � x
2 + y2 .,,. 1 and ( ) .J. ( 1 0) "' .,. x ,y  ,. , · , i . e .  the set of points (x ,y) 

for which a s  O is  the circle ,  center (0 ,0) , radius 1 ,  with the 

point ( 1 , 0) removed . 

4 4 2 2 2 2 2 2 mn (m -n ) = mn (m -n ) (m +n ) = mn(m-n) (m+n) (m +n ) .  To show divisibility 

by 30 ,  we need to show rlivisibil ity �y each o f  the prime factors 2 ,  3 ,  5 .  

Divisibi lity by 2 :  Either one of m ,  n is divisible by 2 or their sum 

is divisible by 2 .  

Divisibility by 3 :  Either one of m ,  n ,  m+n i s  divisible by 3 ,  or 

two of them leave the same remainner on dividing by 3 .  In the latter case ,  

the difference of these two integers will  be divisible by 3 ,  which implies 

that one of the integers M ,  n ,  m-n is divisible by 3 .  



Divisibility by 5 :  I f  neither m nor n is divisible by 5 ,  then 

each of them has a remainder 1 ,  2 ,  3 or 4 when divided by S ,  and 

their squares wil l  have a remainder 1 or 4 .  These remainders are either 

the same , in which case 

. h . h 2 2 1n w 1c case m + n 

2 2 m - n is  divisible by 5 ,  

i s  divisible by S .  

or they add up to s ,  

6 . x6 + x5 + x4 + x3 + x2 + x • 3k - (1 )  

1 .  

6 5 4 
X - X + X 

3 
- X 

2 + x  - x •  k 

Subtracting (2) from ( 1 )  gives 

4 2 k • x (x +x +l)  - (3) . 

- (2) . 

S 3 
2x + 2x + 2x • 2k ,  i . e . 

Multiplyin1t (2)  by (3) and 

which �implifies first to 

4 2 

• 6 S 4 3 2 subtracting ( 1 )  gives 2x - 4x + 2x - 4x + 2x - 4x • O ,  

2 4 2 4 2 2x (x +x +l)  - 4x(x +x +l)  • 0 and then to 

x (x-2 ) (x +x +l) • 0 ,  i . e .  

x • 0 or 2 ,  4 2 or x + x + 1 = O .  

The first and third of  these options give k • 0 (using (3) ) ,  the second 

gives k = 4 2 .  

greater than 1/2 . 

Subdivide the large square into 9 squares of side 1 .  

Since there are 36 ooints ,  at least one of the small 

squares wil l  contain 4 (or more) )'l<>ints . These 4 

points determine at least 2 non-overlapping triangles 

lying inside the small square . Since the small  square 

has area 1 ,  one of the triangles must have area no 
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8 .  Except at the extreme ends of a dominoe chain , each time an integer is 

introduced into the chain , it Jl'IUSt he "paired" by the next dorTlinoe placed 

in the chain. Therefore eac� of the inte�ers 1 through 6 must be 

used an even n\Dllber of t imes , except possibly those occurring at the ends 

of the chain . However , each integer occurs seven times in the coMplete 

24 

set of 21 dominoes and so at least four integers cannot he used up in any 

chain,  which means that at least two oominoes wi l l  not be used . Thus a 

19-chain is  the lonp,est possih le (and this can be achieveo) . ■ 

MATH U PDATE 
FOR ELEM ENTARY AND SECON DARY TEACHERS 

The 
MATH EMATICS EDUCATION DEPARTMENT 

of the 
FACULTY OF EDUCATION 

University of British Columbia 
offers graduate and undergraduate courses 

in Mathematics Education for both ELEMENTARY 
and SECONDARY teachers. 

Cou rses can be taken on a part- time or ful l-t ime basis du ring s ummer 
or winter sessions . 

M . Ed .  programs can be compl eted through part- time s tudy during winter 
s es sions or 3 consecutive summer sessions . M . A .  programs can be com­
pleted through part-time s tudy du ring winter sessions . 

For information about courses and programs , contact :  
Dr .  Dougl as T .  Ov1ens 
Chairman , Mathematics Education 
Facul ty of Educat i on ,  University of Britis h Columbia 
Vancouver , B . C .  V6T lW5 

Check Uni versity of Britis h Col umbia Calendar for recent changes in 
admis sion req u i rements . 



An Advisory Exam in Mathematics for Students at the 
University of Alberta 

Bti.uc.e A.tlL6 on 
Department of Mathematics  
U niversi ty of  Alberta 
Edmonton 

In September 1977, the University of Alberta Mathematics 

Department gave an advisory exam to a l l  students enrol led in an intro­

ductory calculus course. (A similar exam was given in 1976 and a report 

on that exam appeared in the May 1977  issue of Delta-K. ) The purpose of 

the exam was :  

(a) t o  give the Math.  Dept . an indication of  the incoming students '  

background . 

(b) to advise the students of  possible areas of  weakness in their 

precalculus knowledge 

The exam was divided into two parts.  The first 18  questions examined algebra 

and the l ast 1 2  examined trigonometry . The questions are l isted below 

along with the percentages of students answering each question correct ly. 

Part I Time: 30 Minutes 

can be simpl ified to obtain : 

a) b )  24/3 

35/2 c) d)  (44%) 
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2. 

3. 

4 .  

i- 3
9 is  

53 

a) 6
54 

� 

e) (2
3

/) 
1 2 s 

IT - + -
3 6 

a) 1 
3 

equivalent to : 

3 

-21(22/)  
3 

has value: 

b) 
4 c) 21 

4 !  has value : 

a) 1 b )  32 

s 

12 

� 

S .  1 - 3x > 7 i s  equivalent to : 

a) 1 x < 2 

e) none of these 

b) 1 X > 2 

615 2 • 3 
12 

c) d) (-) 
� 

5 

__il 
1 e) none of these 
4 

24 d) 16 e) 4 

� X < -2 d) x > - 2 

6. Which of the following pairs does not sat isfy the inequality 

l x l - f y f � 1 ? 

7 .  

26 

a) X = - 3, y = 1 

c) X = - 1 , y = 0 

e) X = 2 , y = 0 

2 3 (x +1)  (x -x+l) is 

a) s 3 2 
X + X + X -

.£2. s 2 
X + X - X + 

e) none of these 

equal to : 

1 

1 

b) x = - 3, y = 2 

__il X = 0 ,  y = - 1  

b) xs 
+ 2x3 - x + 1 

d) xs - x3 + 2x2 - x + 1 

(61%) 

(83%) 

(84%) 

(56%) 

(89%) 

(85%) 



8 .  

9 .  

1 0 .  

4 - 1 is  equal to : X 

a) 

c) 

� 

3 
X + 

a) 0 

2 2 (x- 1 )  (x+ l )  

2 2 (x- 1 )  (x + 1) 

2 (x- l ) (x+ l ) (x + I )  

2 Sx + 13x + 2 1  

b)  2 1  

divided by 

c)  7 

The next two questions involve 

a) y 

X 

(0 , - 1 )  �-----

c) 
y 

X 

b) (x- 1 )  4 

d)  3 (x- 1 )  (x+ l )  

X + 3 is  2 + 2x + 7 with X 

d)  7x + 2 1  e )  X 

five possible answers : 

b) I 
y 

(O J l )  

X 

1 ,0) X 

2 The graph of y ;  -x + 1 looks l ike : (Ans. (b) ) 

remainder : 

(63%) 

(89%) 

(73%) 
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11. The graph of y2 
= - (x- 1 ) 2 + 1 looks like: (Ans . (e) ) (46%) 

1 2. 

13. 

n (n+ l )  I f  you wish t o  show that (1+2+ . . . n) = 
2 

for every positive 

integer value of n ,  it would be enough to : 

a) Show t he formula is true for n = 1 

b) Show (a) and that (1+2+ . . . n+n+ l )  = 

of n 

(n+ l )  (n+2 ) 
2 for some val ue 

(54%) 

_.£2. Show (a) and that if the formula is true for some arbitrary value of 

n ,  then it wil l  al so be true for the value n + 1 .  

d) Show the formula is true for t he first 100 val ues of n .  

e) Show (d) and that (1+ 2+ . . .  n+ l )  (n+ l )  (n+2 ) for some value of n .  

log 

a) 0 b) . 1  c)  1 e) none of these (35%) 

14 . If log 2 = x and log 7 = y ,  then log 56 = 
1 0  1 0  1 0  

a) 

1S. If  

a)  

d )  

28 

3 
X y 

f (x)  = 

1 

...El 3x + y 

1 

2 + 1 X 

2 h2 
X + + 1 

2h2 
X + 

1 

x + h + 1 

c )  

f (x+h) 

b) 

3 
X + y d)  3xy e) none of these (2 2%) 

= 

1 c) 1 
2 

+ 1 
2 (x+h) X + h 

(71 %) 

� 
1 

2 h2 + 1 X + 2xh + 



16. If  2 + 2bx + 2c = 0 then X , 

a) -b :t /22-4c b) = -b : 2� X = 
2 X 

(42%)  

/42 -4b I 2 c) X = -c  + d )  X = -c : 2 ✓c - 2b e) none of these 

17 .  Writt en in  the form 2 the equation 2 - 6x + y = a (x-h) + b, y = 3x 5 

becomes : 

a) 2 + 8 _El 
2 

2 c)  2 
2 y = 3 (x- 1)  y = 3 (x- 1 )  + y = 3 (x+l )  + 

(54%) 

d) 2 e) none of these y = (x- 2 ) + 8 

18. The so lution of the equation 1 1 2 is -- + 
2 X + 3 X - X - 1 

(51%) 
a) 11 � 

11 c)  13 d) X = 4 e) - 11 
X = X = 3 X = X = -

Part II Time: 20 Minutes 

19 . tan (0) is equal to 

a) infinity _El 0 c) 1 d)-1-
Ii 

e) none of these (55%) 

20 .  5 cos (-rrr) is equal to 

1 b )  1 c)  1 d) 0 e) none of these (62%) a) - - + --

Ii rz 
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21.  s in (1) is equal to 

22. 

23. 

a) 0 b) 1 
12 

1 
c) 2 d)  13 

- 2 e) 13 

1 In t he right triangle shown below, cos (9 )  = 
3 

The value of y is 

/ 
/ 

// 
/) 

1 
a) J X £1 3x 

d) 3 e) none of these 

�- X 

sin 1T 

c2 - 9 ) is equal to 

a) -sin (9)  b)  cos (e )  c)  sin (9)  d)  -cos (6) 

e) none of these 

24. The radian measure of each angle of an equilateral triangle is 

1T 
a) 

60 
60 b) 2'ir c) 60 

1T d )  6 � none of t hese 

25. tan(6) - tan (9 )  sin2 ( 9 )  is  equal to  

sin  (9)  cos ( 9 )  b) - cos (9)  c) -sin (8) cos (9 ) sin(9 )  

d) cos (9 )  
e) none of these sin (9)  

30 

(62%) 

(43%) 

(45%) 

(39%) 



26 .  The function y = S cos("I) has period 

a) S b) 1f d) 21r 

27 .  The isosceles triangle shown below has area 

,/',,_ 
/ ', a)  2b  sin (6 )  

� / c) 1 
,.__ 2 b tan (6 )  

e) none of these 

1 2 � 4 b tan (6)  

d )  ¼ b2sin (6 )  

/e< (e'.__ e) none of t hese 

28 . 

29 .  

3 0 .  

b 

sin (6+1/J) is equal to 

a) sin (6)  sin (ij,) b )  sin (6 )  + sin (l/1) 

� sin (6) cos (1/1 )  + cos(a)  sin (i/1) d )  ½(sin (6+1j,) + sin (6-ij, ) )  

e) none of these 

I f  6 

3 

3 is an acute angle and sin (6) = 5 , cos (6)  equals: 

a) 4 b )  s 

3 
2 c )  5 

The solution set for t he equation 

0 :5 

� 

d )  

e :,; 27T is 

7T 5 
{4 , ,rr }  

1f 3 s 

{4, rrr •  rrr ,  

b) {.:!!.} 4 c) 

7 
rrr} e) 'Tr 

{4, 

d) i - 5  

tan (6)  = 

3 
{� 

7 
J � }  

3 } rrr 

e) none of t hese 

1 on the interval 

(38%) 

(27%) 

(2 5%) 

(59%) 

(42%)  
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Resutts 

Distribution of Scores : Separate scores for the two parts of the exam 
were computed for each student. These scores were obtained by subtracting 
1/4 of t he number of incorrect answers from t he number of correct answers 
and then rounding up to the next integer . The distributions were as fol l ows : 

Algebra Part 

Score 0 - 3 4 - 6 7 - 9 10 - 11 13  - 15 16 - 18 

% of  Students 7 . 1  1 3. 8 2 3 . 6 3 1 . 4  14 . 9  8 . 7  

Trigonometry Part 

Score 0 - 2 3 - 4 S - 6 7 - 8 9 - 10 1 1  - 12  

% of  Students 39 . 9  1 7 . 4 20. 4 9 . 3 9 . 6  3 . 1 

Some Conclusions : As was pointed out in the report on last year ' s  exams , 
several factors must be taken into account when analyzing the al gebra scores . 
For example,  the students had been away from their studies for several 
mont hs or more. (The enrol lment in the introductory courses includes 
many students who have been away from school and mathematics for several 
years . )  Several of the questions examined material covered long before 
the last year of high school or in the case of at least one question 
(#12)  material no longer in the high school syllabus .  Taking these 
factors into account , the algebra scores seem quite reasonable.  

Trigonometry questions were not included on the 1 976 exam and so the 
large number of low scores on the second part of this year ' s  exam was 
surprising . Again one must take into account several factors when consider­
ing these scores . Trigonometry, more than algebra , invo lves memorization 
of formulas that are easily forgotten if not regularly used. As there 
are two units of measure commonly used for angles, t he consistent use of 
the radian measure on the exam may have placed some students at a disadvan­
tage. Al so ,  the recent increased use of pocket calculators has probably 
reduced the number of students who have the sine and cosine of common 
angles at t heir fingertips . 

The Advisory Exam and the distribution of trigonometry scores were 
discussed at a get-together this winter of representatives of the U .  of A .  
Math. Dept . with some mathematics coordinators from Edmonton high schools . 
One point t hat was made at that meeting by some of the high school teachers 
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was that the amount of t ime devoted to trigonometry in the high school 
mathemat ics program has been falling over the years and that this trend 
has in the past been encouraged by the U .  of  A .  Math .  Dept . .  It  may well 
be worth considering now whether this trend has gone too far . 

During the fall and winter terms, the Math .  Dept . offered short 
remedial programs (about 3 weeks each in durat ion) in both algebra and 
trigonometry. Students who did badly on the advisory exam were advised 
to enroll in one or both of these programs . About 12%  of the students 
in the calculus courses enrolled in the algebra program and about 23% 
enrolled in the trigonometry program. Comments about the programs were 
solicited from these students .  They generally thought that both programs 
were beneficial and provided much needed review .  We were interested to 
discover that over 60% of the students attending the algebra classes had 
been out of school for over a year and that these students were glad to have 
the opportunity to fill in forgotten areas in their mathematical backgrounds .  

We would be happy to hear from any high school teachers about their 
reaction to the Advi sory Exam. As was pointed out in the report on last 
year ' s  exam , the exam was not formulated with the intention of evaluating 
or crit iciz ing the t eaching of mathematics in the secondary schools . The 
intent ion of the exam was rather to help us determine what to expect from 
our incoming students and to help the students know what is  expected of 
them .  ■ 

50 DUPLICATOR MASTERS FOR BASIC MATH 

These 50 spi ri t master worksheets wi l l  s uppl ement your teaching  and re­
vi ew in  all areas : add i t i on, s ubtracti on, multi p l i cati on, and d i vi s i on ;  wei ghts 
and meas ures ; fracti ons and dec imal s ;  areas, peri meter, vol ume, and so on . Each 
sheet i s  complete on one 8 1 /2" x 1 1 " mas ter, ready to use  at a moment ' s  not i ce .  
A great way to save you t i me and effort and to g i ve s tudents sol id  practi ce i n  
understandi ng bas i c  mathemati cs . 

$18 . 95 

Publ i sher : J .  Wes ton Walch 

Canadi an Di s tri butor : Western Educati onal Act i vi t ies Ltd. 
1 0234 - 103  Avenue , Edmonton, Alberta 
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Graph of the Month 

Ha.1to.td Ma.lt..e.nU-6 
9th Grade 
Van Nuys Jun i or Hi gh 
Van Nuys , Cal i forn i a  

Reprinted from THE CALCULATOR , Volwne 1 ?, Nwnber ?, April 1 9 ?? 

Contemplate Decimalized Measurements 

Connect ,  i n  orde r ,  the fol l owing  coordinate poi n ts .  
pape r ,  hori zontal ly .  

-
0 

N 
0 

( 36 , 0 )  

34 

1 .  ( 9 , 1 4 )  
2 .  ( 7 , 1 4 ) 
3 . ( 7 , 9 )  
4 .  ( 5 ,  9 )  
5 .  ( 5 , 1 4 ) 
6 .  ( 3 , 1 4 )  
7 .  ( 3 , 1 6 )  
8 .  ( 9 , 1 6 )  
9 .  ( 9 ,  9 )  

1 0 . ( 1 1 , 9 )  
1 1 . ( 1 1 , 1 2 )  
1 2 .  ( 1 3 , 1 2 )  
1 3 . ( 1 3 ,  9 )  
1 4 .  ( 1 9 ,  9 )  
1 5 .  ( 1 9 , 1 2 )  
1 6 .  ( 2 1 , 9 )  
1 7 .  (25 , 9 )  
1 8 .  ( 25 , 1 2 )  
1 9 .  ( 2 7 , 9 )  
20 . ( 29 , 9 )  
2 1 . ( 2 7 , 1 2 )  
22 . ( 29 , 1 6 )  
23 .  ( 27 , 1 6 )  
24 . ( 25 , 1 3 )  
2 5 .  ( 25 , 1 6 )  
2 6 .  { 2 1 , 1 6 )  
2 7 .  ( 2 1 , 1 3 )  
28 .  ( 1 9 , 1 6 )  
29 . ( 1 3 , 1 6 )  
30 . ( 1 3 , 1 4 )  
3 1 . ( 1 1 , 1 4 ) 
32 . ( 1 1  , 1 6 )  
3 3 .  ( 9 , 1 6 )  

Li ft penci 1 --- 59 . 
beg i n  aga i n  at : 60 . 
34 . � 1 5 ,  1 6  � 6 1 . 
35 . 1 5 ,  9 62 . 
L i ft penci l --- 63 . 
begi n aga i n  at : 64 . 
36 .  ( 1 7 ,  1 6 )  65 . 
37 , ( 1 7 ,  9 )  66 . 
Li ft penci l --- 67 . 
beg i n  aga i n  at : 68 .  
38 . { 23 ,  1 6 ) 69 . 
39 . ( 23 ,  9 )  70 . 
Li ft penci l --- 7 1 . 
beg i n  aga i n  at : 72 . 
40 . ( 7 ,  8 )  73 . 
4 1 . ( 5 ,  8 )  74 . 
42 . ( 4 ,  6 )  75 . 
4 3 .  ( 3 ,  8 )  76 . 
44 . ( 1 , 8 )  7 7 .  
45 . ( 1 , 1 )  78 .  
4 6 .  ( 3 ,  1 ) 79 . 
47 .  ( 3 ,  5 )  80 . 
48 . ( 4 ,  3 )  81 . 
49 . ( 5 ,  5 )  82 . 
50 . ( 5 ,  1 )  83 . 
5 1 . ( 1 2 ,  1 )  84 . 
52 . ( 1 2 ,  3 )  85 . 
5 3 .  ( 9 ,  3 )  86 . 
54 . ( 9 ,  3½) 87 . 
55 . ( 1 1 ,  3½) 88. 
56 . ( 1 1 ,  5½) 89 . 
5 7 .  ( 9 ,  5½) 9 0 .  
58 . ( 9 ,  6 )  9 1 . 

Use 1 /4-inch  graph 

( 1 4 ,  6 )  
( 1 4 ,  1 )  
( 1 6 ,  1 )  
( 1 6 ,  6 )  
( 1 8 ,  6 )  
{ 1 8 ,  l )  
( 20 , 1 )  
( 20 , 3 )  
(22 , 1 )  
( 24 , 1 )  
( 22 , 3 )  
( 23 , 3 )  
( 24 , 4 )  
( 24 , 1 )  
( 26 , 1 )  
( 26 , 2 )  
( 2 7 ,  1 )  
(30 , 1 )  
( 31 , 2 )  
( 3 1  , 4 )  
( 29 , 4 )  
(29 , 3 )  
( 28 , 3 )  
( 2 8 ,  6 )  
( 29 , 6 )  
( 29 , 5 )  
( 3 1  , 5 )  
( 31 , 7 )  
( 30 , 8 )  
( 2 7 , 8 )  
( 26 , 7 )  
( 26 , 8 )  
(24 , 8 )  

L i  ft penci l ---
begi n aga i n  at : 
92 . ( 24 , 7 )  
93 .  ( 23 , 8 )  
94 . ( 7 ,  8 )  
Li ft penci l 
beg i n  aga i n  at : 
95 . { 7 ,  8 )  
9 6 .  { 7 ,  l )  
L i ft penci l ---
beg i n  aga i n  at : 
9 7 .  ( 1 2 ,  8) 
98. ( 1 2 ,  6 )  
Li ft penci l ---
beg i n  aga i n  at : 
99 .  ( 1 8 ,  8 )  
1 00 .  ( 1 8 ,  6 )  
Li ft penci l ---
beg i n  agai n at : 
1 01 . ( 24 ,  7 )  
1 02 .  { 24 ,  4 )  
Li ft  penci l ---
beg i n  aga i n  at : 
1 03 .  ( 2 6 ,  7 )  
l 04 . ( 26 , 2 )  
Li ft penci l ---
beg i n  aga i n  at : 
1 05 .  ( 2 0 ,  6 )  
1 06 . ( 20 , 5 )  
1 0 7 .  (22 , 5 )  
1 08 .  (22 , 6 )  
1 09 .  (20 , 6 )  
--- THE END ---



Ideas for the Primary Class 

Reprinted from The Mani toba Mathemati cs Teacher, VoZwne IV, No. 4, June 1976 

Chi ldren's gi ft wrap i s  a re lati ve ly i nexpensi ve source of  i denti cal pi ctures 
for maki ng pi ctographs. 

Staples  used on  mate ri al s  ( cardboard or  paper) can be used on  the magnaboard 
rather than usi ng ma gneti c stri ps. 

- H. [•Ja.Jtd 
Lynn Lake , Mani toba 

Travel Around the Planets 

Objecti ve :  Travel around the planets. The fi rst one to rea ch Pl uto wi ns. 

Concept: Mult i pli cat ion  ( or  any other operat ion) 

Fi rst person rolls di ce. He mul ti pli es the two numeral s; i f  the answer  i s  o n  
"Mercury, " he may place hi s counter on  i t. If not,  he does not get on  
"Mercury. 1 ' Conti nue. 

T H E 

SrART 

� IB 
Z.9 

- two di ce 
- each chi ld has marker ( 2  - 5 pl ayers) 

- Colleen Yak--te.la6hek 
Grade III 

Happy Thought School 
East Selki rk, Mani toba 

� 

1 �} 
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Multiplication 

Take an egg carton and put the numbers from 1 to 12 in the egg holders. Vary 
the numbers, for example, 1 7 and so on. Put two coins in the carton. 

12 3 
It can be used for multiplication, subtraction, or addition. Shake the con­
tainer. Multipl y, add, or subtract whatever two numbers the coins fall in. 

Happy or Sad Face? 

If y o u  were one of the peop le  In the p icture , would you be h a p p y  Q o r  tad @P 
Draw a face In the circle t o  sho w how you would feel , 

' --
, • 1 

Nflr; 

0 

0 
Circle the  number of 
Clrcle the number o f  

h a p p y @ face s .  
t a d  Q f a c t s . 
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0 

o f, -
I 2 3 4 5 6 7 

I 2 3 4 5 6 7 

8 9 

8 9 

0 

0 
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Ideas for the Intermediate Class 

Reprinted from The Man i toba Mathemati cs Teacher , Volume IV, No . 4, June 1976 

tic-tac-toe 

The acti vi ties can be adapted to vari ous grade l evel s ,  and can be expanded to 
i ncl ude the other three bas i c  operations of s ubtraction , mu l ti pl i cati on , and 
di vi s i on ,  as wel l as fracti on s . I hope that at  l east one of  these acti vi t i es 
i s  enjoyed by you and your cl ass . 

Equ ipment :  

1 .  s tr i ps of mas k i ng  tape on the fl oor to make a 
t i c -tac -toe game wi th spaces l arge enough for 
a pupi l to s tand i n .  

2 .  a pi l e  of fl ashcards , pl aced face down , w i th 
appropri ate equati ons : 

( 1 7  + 8 = ; 9 + = 1 8 ,  and so on ) 

3 .  a way o f  marki ng fi ve pupi l s  as  " O "  and fi ve pupi l s  a s  1 1 X "  ( cards pi nned 
to s h i rt or hat ; 1

1 0 1 1  pupi l s  stan d ,  " X "  pupi l s  s i t ,  and so  on ) 

Di recti ons : 

l .  Deci de wh i ch team s tarts . 

2 .  Fi rst member of s tarti ng team pi cks top fl as hcard , answers questi ons , and ,  
i f  answer i s  correct , the pupi l chooses a s pot on the t i c -tac-toe game . 
I f  the answer i s  i ncorrect , the pupi l does not choose a s pot , and he goes 
to the end of h i s  team . Th i s  pupi l coul d keep the fl ashcard to memori ze .  

3 .  Fi rs t member of  the second team does the  same as descri bed i n  number 2 .  

4 .  Game cont inues unt i l  a team forms a s tra i ght l i ne  of three "O ' s "  o r  three 
" X ' s "  as i n  a regul ar game of ti c -tac-toe . 

Carefu l : 

Make s ure the pupi l s  know how to pl ay t i c -tac -toe . 

37 



A Backwards Graph 

9 

8 

7 

6 

5 

4 

3 

2 

1 

j 

I 

I 

I 

I 

,e.  

D 

L '  5 

0 

R M 

A C 
• 

N y 

0 1 2 3 4 5 6 7 8 9 

This i s  a backwards graph . 
Once you f i nd  a word , 
turn it around . 

Exampl e : � �  � I  

T E A M 

H 

(8 , 3) (4 , 8) (6 , 3) (8 ,7) (6 , 8) (6 , 3) (3 , 4) TJ-:n (l ,l) (3 , 6) (3 , 4) (6 , 6} 

T6,3'f (3 ,4) � (2 , 9) (3 , 4) (l , 3) (3 , 6) (6 , 8) (7 , 2) (9 , l )  (l , l ) . 

Answer :  On l y  Martians can read this .  
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Rounding to the Nearest Hundred 

If " hundred' s" place is: 

l - color th e space red 
2 - color blue 
3 - color green 

4 - color brown 
5 - color yellow 
6 - color orange 

7 - color black 
8 - color purp l e 
0 - don' t col or 

■ 
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A Teacher's Opinion 

Reprinted from The Man i toba Mathemati cs Teacher, VoZwne IV, No . 4, June 1976 

Assignment: Give a short description of what you would do to change mathematics 
and mathematics instruction in Grades VII to XII. 

Th i s  s hort paper wi l l  con s i s t  of i deas i n  three parts : province-wide changes , 
d i v i s i onal  or school thoughts , and course i deas for mathemat i cs . 

F i rst , l et ' s  dea l  w i th the province of Man i toba as a whol e .  A key concept 
whi ch needs to be expressed regards the di v i s i on of mathemat i cs from Grade IX  up 
i nto three di sjo int  areas or doma i n s . These i nc l ude soci al  mathemat ics , techn i ­
cal mathematics , and academi c mathemat ics . The soc i a l  doma i n  wou l d  i nc l ude a l l  
mathemat ics important to personal  bei ng and ci t izensh i p  i n  soci ety and wou l d  
cover such sk i l l s  as  read i ng , use o f  symbol s ,  ari thmeti c cal cu l ati ons , measure­
ment , rat io , estimat ion , graph i n g ,  data i nterpretat ion , i ntui ti ve geometry , 
metri cation and l og i cal  t h i nk i ng .  Preparat ion for l ei s ure t ime s houl d a l so be 
part of soci al  mathemati cs . Techn i ca l  mathemat ics wou l d  i ncl ude the use and cal ­
cul ati ons neces sary for various s ki l l ed jobs and profess i ons . Topi cs might i n ­
cl ude the ratio  approach to tri gonometry , s ca l e  drawi ngs and measurement ,  access 
to computer programs and some on -the-j ob tra i n i n g .  Academic  mathemat ics wou l d  
cons i der mathematics a s  a formal system to be s tud i ed i n  and o f  i tsel f .  Thi s 
program woul d be for those s tudents capabl e of and i nterested i n  a theoretical  
s tudy of mathema ti c s . 

A bas i c  s tandard i zed curri cul um across Canada wi th prov 1 s 1 ons for provi nc ia l  
and  di v i s i ona l l y  insti tuted options at  each grade l evel wou l d  sati sfy the tradi ­
ti onal and the modern teacher .  

The publ i c  school system needs regul ati ons regard ing  attendance and promo­
t i on .  An a i d  to a wel l -di sci pl i ned school system woul d be a governmental l ower­
i n g  of the compul sory attendance schoo l age to fourteen . Expu l s i on s hou l d be 
rare , but a s tudent  who does noth i ng  and who i s  not i n terested in any aspect of 
academi c l earn i ng  shoul d termi nate h i s  rel ations wi th the publ i c  school s as a 
favor to h i msel f and soci ety . The school and soci ety s houl d then arrange a job 
for thi s s tuden t .  

Duri ng  the fi nal year o f  h i gh school , each student cou l d be awarded a s ub­
ject grade by h i s  school . He s hou l d a l so have the opti on of wri t ing  a fi nal 
exami nation , set and marked by a chosen commi ttee . The commi ttee s hou l d con s i st 
of representati ves from Red Ri ver  Communi ty Col l ege , Man i toba ' s  three un i vers i ti es , 
and a number of representati ves from vari ous di vi s i ons . An attempt s hou l d be 
made to keep the commi ttee together for a three-year period .  

Quest ions wh i ch ought to  be cons i dered on a provi nci a l  bas i s might i ncl ude : 

1 .  Shou l d  11new 1 1  techni ques be tested under control l ed condi t ions?  

2 .  I s  a s tabl e  per iod of  three or four  years wi th few content changes neces sary? 

3 .  Are renewab l e  fi ve -year contracts o r  compul sory moves from one d i v i s ion to 
another after seven years usefu l ? 
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4. Should sabbatical leaves for all teachers be  awarded for the purpose of full­
time study in education? This would necessitate the elimination of all sum­
mer and evening programs for a Master of Education degree. Courses could 
still b e  taken in summer in order to - change grant ratings or to improve ex­
pertise in a certain field. 

5. Should the budget for books and materials to aid individualization b e  
increased? 

Next, let us consider some needed changes at the divisional and school levels. 
There should be a removal of unsatisfactory teachers and administrators from the 
system, although several pertinent questions need to be  answered here. Who is un­
satisfactory? Why are they unsuitable? Who decides? 

A student should have free choice as to which course he will attempt, b ut in 
order to remain in that level he should have to maintain a 1 1 C11 or 60  percent grade. 

Evaluation should b e  based on knowledge, manipulation, the understanding of 
concepts and processes, the abil ity to solve mathematical problems, sound reason­
ing, the use and appreciation of mathematics. What is the value of any subj ect 
which cannot be  used or at the least cannot b e  appreciated for some intrinsic 
value? 

Other concerns at the divisional level are: 

l. the possibility of some form of streaming in j unior high ( why does every-
thing happen in Grade X? ) ; 

2. more guidance for those teachers who need or want it; 
3. a reintroduction of the work ethic for both students and staff; 
4. the use of inspection teams to evaluate staff and school; 

5. some stress on retention and drill; 

6 .  an end to continuous promotion after Grade VII; 
7. an increased interest in mathematics contests and puzzles; and 

8. discussion with mathematics teachers both above and below one ' s own level. 

Finally, let us turn our attention toward the mathemactics course content. 
This has been dealt with briefly already b ut other changes which could be in­
cluded are: 

l .  two courses at the Grade IX level ( these courses would be in the areas of 
social and technical mathematics); 

2. academic courses would b egin in Grade X ;  
3. geometry taught in one full course and as an option; 
4. changes in the Algebra 100 course content; 

5. a full course in trigonometry; and 

6 .  the same 24 percent time allotment for Math 300 as for English 300. 
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The conservative reactionary feelings s eemingl y expres s ed in this paper may 
not be really mine. The devil made me do it! ( Author's name withheld. ) 

Note : The foregoing is a response provided to the above assignment by a student 
in course 81 . 701 Seminar in Mathematics Education. A response would be 
welcome . - A . M. MacPherson ■ 

42 

ANNUAL NCTM REGIONAL CONFERENCE 

SEPTEMBER 28-30, 1978 
CHEYENNE, WYOMING 

Name-of-Site Convention Presents 
A Cure for Mathemyopia 

WaUe1r. Radek and Chwtine Ivey 
Publ i ci ty 

1 978 NCTM Reg i onal Conference 

The 1 978 National Counci l of Teachers of Mathema ti cs ( NCTM) Reg ional  Con­
ference to be hel d September  28 to 30 i n  Cheyenne . Wyomi ng  promi ses to be a very 
speci a l  one . 

INTERFACE i s  the key word for thi s conference . Read i n g ,  s c i ence , and 
math are a l l  brought together in over 1 1 8 workshops and sectional s in a 
true i n terdi sci pl i nary effort.  Host i ng parts of thi s conference . in  addi ­
t ion to the NCTM . are the Nat ional  Sci ence Teachers Associ at ion ( NSTA ) . and 
the I nternati onal Readi n g  Assoc i at i on .  

There i s  n o  danger that th i s  conferen ce wi l l  be a grim affa i r .  Wi th Dr .  
Haro l d  Jacobs . the featu red s peaker from Van  Nuys . Cal i forni a ,  there is  a promi se 
of a good s hare of i nsi ght and en tertai nmen t . Dr .  Jacobs wi l l  be s pea k i ng on 
s uch top i cs as " The Cl ock That  Had Ra i s i n s  i n  I t" and "Of Ostri ch Eggs , Rotati n g  
Pyrami d s ,  and Hershey Bar Graphs . "  Dr .  Jacobs i s  a con tri buting author to 
Freeman Press  and has wri tten, among many thi ngs , a book Mathematics : A Hwnan 
Endeavor. The book i s  a s u re cure for those of  you who are " s i ck and ti red" of 
ma th . 

Secti onal s and workshops wi l l  cover Grades K-1 4 i n  math/read i ng , math/sci ­
ence . and sci ence/read i ng as wel l as each area a l one . A few of the concerns to 
be covered are : " Math Among Other Th i ngs " ; "Why Debb ie  Can ' t  Vi sual i ze" ; "What 
S tudents Say About Readi n g  Sci ence and Math " ; "Teach i ng Re l uctant Readers in the 
Secondary School " ;  " Appeti zers For Learn i ng . " The offeri ngs are chock-ful 1 of 
humor . hard facts , and new i deas to st imu l a te i n teres t i n  top i cs that may have 
grown dry and di ffi cul t to s tuden t and teache r .  

Pres i d i ng wi l l  be Dr . Dorothy S tri ckl and ( I RA) . D r .  Shi r l ey Hi l l  ( NCTM) , 
and Mr .  John Akey ( NSTA ) . As many as 1 500 educators are expected from the 
Rocky Moun ta i n  area to a ttend thi s ' 78 conference i n  Cheyenne , Wyomi ng .  Mark 
your cal endar for th i s  fa l l  extravaganza , September 28-30 . Joi n i n !  Thi s  con­
ference i s  a w inner ! 



Ideas for the Junior High Class 

Reprinted from The Mani toba Mathemati cs Teacher , Volume IV, No. 4, June 1976 

Outdoor Metrics 

Now that the n i cer weather i s  here , you might want to take your cl as ses out 
for some metri c fun . Th i s  can be done in  the schoolyard , but , more i mpre s s i ve 
from the s tudents ' v i ewpo i n t ,  i s  a tri p to a l arger park . The workshop s houl d 
i nvol ve l i near measurement only and , wi th 25 to 30 s tudents , wi l l  ta ke an enti re 
morn i n g  or afternoon . The students shoul d work i n  pai rs to check out each 
other ' s  fi ndi ngs . Some c l a s sroom work i n  the metri c  system , and especi a l ly  con­
vers i on from one metri c uni t to another ,  i s  a must before such a workshop i s  
attempted . 

The necessary equi pment can eas i ly be made i n  cl assrooms i n  some cases , or 
the l arger pi eces can be borrowed from resource centers or other school s ,  For 
each workshop i nvol v i ng 25 students , the fol l owi ng are neces sary :  

1 .  sma l l metri c tapes made i n  the cl assroom from seam bi ndi ng , and so forth , 
about l to 2 metres i n  l ength ; 

2 .  20 to 30 cm rul ers , e i ther manufactured or made from l i no s tri ps and c lear-
l y  marked i n  the c las sroom ; 

3 .  about 4 trundl e whee l s for l ong d i s tances ; 

4 .  l onger tapes - 50 , 60 metre s i ze from your phys . ed . department ;  

5 .  cl i nometers wh i ch can eas i ly be made i n  the cl assroom ; 

6 .  metre s ti cks ; 

7 .  s topwatches for runn i ng events , which add to the fun ; and 

8. centimetre graph paper .  

I f  the works hop acti vi t ies  are d i v i ded i n to three secti ons , the scrambl e for 
equi pment i s  el imi nated . Keep the acti vi ti es i nvol vi ng the l imi ted pi eces i n  one 
secti on so that only a few s tudents wi l l  need them at  one time . Here are a few 
suggestions for acti v i ti es , most of whi ch came from the Department of Educat ion 
through Bob Mak , Area 3 1 s consul tant  i n  Winni peg Di vi s i on #1 . 
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Math in the Out-of-Doors 

1. ( a) Practice your metric measures! By placing stakes in the ground , esti­
mate the following distances; then check by  measuring with a metric tape o r  
trundle whee l. Record your results in the chart . 

Estimated Distance Actual Distance 

l Metre 

10 Metres  

100 Metres 

1000 Metres 

( b)  Count the number of paces it takes you to walk 100 metres. Calculate 
the length of each pace . 

2 .  How far do you think you can walk in one minute ? Estimate , walk, then mea­
sure ( stopwatch needed). 

Estimate: metres  per minute -------------------
Actual: metres per minute -------------------

3 . Choose three pairs of obj ects within your view. Estimate the distance be­
tween each pair. Measure to check. Record your data. 

Objects Estimated Distance Apart Actual Distance Apart 

4. How many blades of grass is it necessary to stack together to be the thick­
ness of  a centimetre? Estimate first , then measure . Calculate the average 
thickness of  one b lade of  grass. 

5. Choose three different trees. Measure their circumference and diameters. 
Record data. Calculate the ratios. C/D for each. What mathematical rela­
tionship have you discovered? 

Circumference C Diameter D 

Tree #1  

Tree #2 

Tree #3 

6 .  Mark out an area of  l square metre ( lm2 ) using stakes. 
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7. Mark out with stakes each of the fol l owing: 

( a) a square of area 16 m2
• What is its perimeter? 

( b) a rectangle of area 16m2 • State the dimensions of three other rec­
tangl es which would each have area of 16m2

• Find the perimeter of 
each. 

( c) a triangle of area 16m2
• Find th e perimeter. 

8. Using grid paper ( cm2 ) ,  count the number of squares covered by each of five 
different obj ects found in the environment. Record data. 

Obj ect Area ( cm2 ) 

9. Make a list of things that you can find in nature or in your immediate environ­
ment ( out-of-doors) which have geometric shapes or properties such as tri­
angle, rectangle, circl e, sphere, spiral, pol ygon, paral l el l ines, perpen­
dicular lines, planes, symnetry. 

Obj ect 

10. Find height of obj ects: 

Shape or Property 

( a) Have a person whose height is known stand by the obj ect to be measured. 
This person is the "u nit of measurement. " 

Hold a stick ( or pencil) at arm ' s length. Sight over the top of the stick 
to the head of the " unit of measurement. " Place the thumbnail on the stick 
where the l ine of sight meets the foot of the person. 

Determine the number of "u nits of measurement" fitting onto the obj ect 
being measured by moving the stick upwards a u nit at a time. 

( b) The I sosceles Right Triangle Method: 

Back away from the obj ect ( for exampl e, tree) until an imaginary l ine from 
your eye to the top of the tree forms a 45 degree angle to a horizontal 
line from your eyes to the tree. Use a cli nometer ( vertical protractor) 
to hel p determine the correct angle. 
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In  a 45 degree ( isosce les right)  triangle,  the two sides are equal in l ength ; 
hence distance A is equal to distance B .  

*To find the height of the object, measure the distance from you to the ob­
ject and add this amount to the height  of your eyes from the ground . 

A Desperate Student's Prayer 

Now I sit me down to cram, 
The night before my Math 10 exam . 
With notes in hand and books on the fl oor 
My mind ' s a b l an k ;  my eyes are sore . 
The formu l as and proofs I can hardly recal l ;  
How wil l  I ever remember them al l !  
"A  triang le  has 160 degrees . . • " 
No, that ' s  not right !  Lord, hel p  me PLEAS E !  
The midnight  hour is drawing near; 
The dreaded day is al most here ! 
I ' m panicky, I ' m sick, I ' m fu 1 1  of remorse ;  
O h  Lord , why did I ever take this course? 
So, tomorrow, Lord, hel p me survive . 
Al l I want is a 65. 

- Be.veJtle.e. and Ge1ta,lcU_ne. H,U,,t 
New York 

■ 



Ideas for the Senior High Class 

Reprinted from The Manitoba Mathematics Teacher, VoZu.me IV, No . 4, June 1976 

The Difference of Two Squares - A Discovery Approach 

Cecil. Gil.ant 

Can students be led to discover that a2 
- b2 is equal to ( a+b) ( a- b) ?  It is 

my bel ief  that they  can. The development of a concept by the use of the discov­
ery method is not always a practical approach for the regul ar classroom teacher 
when time is of the essence. However, as a change from the regular l ecture -type 
presentation, the discovery method used at different points in the program can 
be an enh ancing feature . 

What I now describe is one of a th ree -part unit which I used in developing 
the concept that a2 

- b2 is equal to ( a+b) ( a-b) with a Grade X class. 

I began by writing the following problems on the chalkboard and asking 
students to supply the answers to them :  

32 - 22 = 72 - 52 = 

42 - 32 = 82 - 72 = 

52 - 42 = 92 - 82 = 

52 - 52 = 1 02 - 92 = 

As expected ,  the solutions given by al 1 the students were the following: 

32 - 22 = 9 - 4 = 5 72 - 52 = 49 - 36 = l 3  

42 - 32 = 16 9 = 7 82 - 72 = 64 - 49 = 15 

52 - 42 = 25 16 = 9 92 - 82 = 81 - 64 = 17 

52 - 52 = 36 25 = 1 1  102 - 92 = 100 - 81 = 19 

By appropriate questions, the students were led to see that the answers 
to the above problems can also be obtained in the following way: 

32 - 22 = 3 + 2 = 5 72 - 52 
= 7 + 6 = 13 

42 - 32 = 4 + 3 = 7 82 - 72 = 8 + 7 = 15 

52 - 42 
= 5 + 4 = 9 92 - g2 = 9 + 8 = 17 

52 - 52 = 6 + 5 = 1 1  102 - 92 = 10 + 9 = 19 

At this point, the rule appeared to be a2 
- b2 = a +  b. 
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The fo 11 owi ng quest ions were then g i ven : 

42 22 = 72 52 = 

52 32 = 82 62 = 

62 42 = 92 - 72  = 

The s tudents were asked to provi de the answers for these ,  fi rst by us i ng 
the above ru l e  and then by u s i ng the method i n i ti a l l y  empl oyed wi th the fi rst 
set of probl ems . The res u l ts were as fol l ows : 

Probl em 

42 22 = 
52 32 = 

62 42 = 
72 52 = 

82 62 = 

92 72  = 

Answer by Rul e  

4 + 2 = 6 
5 + 3 = 8 
6 + 4 = 1 0  
7 + 5 = 12 
8 + 6 = 14 
9 + 7 = 16 

Answer by i n i ti a l method 

16 - 4 = 12 

25 9 = 16 
36 16 = 20 

49 25 = 24 
64 36 = 28 
81 49 = 32 

The s tudents readi ly  noti ced that the answers obtai ned by the i n i t i a l  meth­
od , wh i ch were the correct answers , were twice the answers obtai ned by the ru l e .  
The rul e  wou l d  y i el d the correct answers to the second set of probl ems i f  i t  were 
changed to a2 

- b2 = ( a +  b )  x g_. 
The s tudents were now asked to compare the i n i t ia l  ru l e  wi th the modi fi ed 

ru l e  and to l ook for cl ues as to why i t  was neces sary to modi fy the former for 
the second set of prob lems . One s tudent q u i ckly poi nted out that the i n i ti a l 
rul e cou l d  wel l be wri tten as a2 - b2 = ( a  + b )  x 1 ,  where " l " was the di ffer­
ence between the n umbers used i n  the fi rs t set of probl ems . I n  the second set 
of prob l ems , the di fference was 2 ,  and so the rul e  became a2 

- b2 = ( a +  b )  x 2 .  

I t  di d not take l ong after th i s  s tage to have the s tudents di scover that 
a 2 - b2 = ( a +  b ) ( a  - b ) . 

It's a Puzzlement?? 

When 44444 4 4 4  i s  wri tten in deci mal notati on , the s um of i ts di g i ts i s  A .  Let 
B be the sum of the di gi ts of A. F i nd the s um of the di gi ts of B .  ( A ,  B are 
wri tten i n  decimal notati on . )  ■ 
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