
The "Inner Stars," "_ Pictures" and "-Games," 

A Contribution to Refonn 
in i\1athe111atics 
cn1d A rt Teaching - Part 1 Re,inha.t1.d LdrneAt 

Di l l i ngen/Saa r ,  Wes tern Germany 

Th i s  arti c l e  dea l s  wi th modern and  extens i ve geome tri c a l  fi g u res 
d i s covered by th e auth o r .  I n  h i s  opi n i on , thei r  appropri a te trea tmen t  
i n  l es s ons  of geometry and/or art cou l d  con tri b u te to a n  e s senti a l  reform 
i n  the i ns truc ti on of these  s ubjects . 

T h e  f i g ures a re c a l l e d  " i n ner-s tars , "  " - p i cture s "  a nd  " - games . "  The 
" i n ne r-s tars " are l ayered geome tri ca l  su rface des i g ns . They a re wel l s u i ted 
as s c reens for ma k i ng es th e ti ca l ly a ttrac ti ve  p i c tures , f i xed or chang i n g .  
Th ese are the " i n ner- p i c tures " a nd  the " i nner- games . "  Th e s i mp l er " i nner­
s ta rs "  and " - p i c tures " can be des i gned and exami ned  wi th s i mp l er mea ns . 
They s eem s u i ted for i mprov i ng and  e n l a rg i ng the i n troduc tory as we l l as t he  
advanced i ns truc ti on i n  mathema ti cs a nd  a r t .  

The i mportan ce of  the fi g ures exceeds the i n teres t of  s choo l  i n­
s truc t ion . For cogent reasons the " i nner- s tars , "  as they form s ca l es of  a 
future l umi nous  mus i c ,  are s u i ted to ach i eve th e s ame effects as the s ca l es 
for mus i c  ( i n c l u d i n g  the twel ve- tone s ca l es ) . Th i s  v i s u a l  mus i c  i s  not  to 
be a tone mus i c  ma de v i s i b l e ,  b u t  a n  i n dependen t art , the works o f  wh i ch , 
as a ru l e ,  a re fi l ms wi thout  speci a l  s ub jects . I n  the fo l l owi ng , we exami ne 
sq uare " i nner-s tars " and  " - p i c tures " of the n umber of  extens i on 3 .  

P i cture 2 ; 1  s h ows one l a rge squa re ( l ayer 0 ,  to be con cei ved as a n  
a rea ) , 9 smaller areas ( l ayer 1 ) ,  8 1  s ti l l  smal l er a reas ( l ayer 2 ) , a nd  729 
sma l l es t  areas ( l ayer 3 ) . We i n troduce para l l e l coord i n a tes . The  center 
i s  the poi n t  ( 0 ; 0 ) , th e cen ter of the ri g h t  s i de of the l a rge s q u are i s  
( l / 2 ; 0 ) , the center of th e upper s i de i s  ( O ; l / 2 ) . I n  our  though ts , we add  
f i rs tly  th e f i ner l ayers 4 ,  5 . . .  a nd  s econd l y  we i mag i ne the  f i g ure ob­
tai ne d  th us conti n ue d  beyond the borders of the l arge square over the who l e  
p l ane . Th i rd ly , to the f i g u re ob ta i ned  i n  th i s  way we add  i n  our th oughts 
the coarser l ayers - l , - 2  . . . The tota l f i gure wh i ch now exi s ts i s  
ca l l ed the sq uare l ayered " ce l l - s tar "  of the n umber o f  extens i o n  3 ,  o r  C3 . 
The s q ua res are c a l l ed i ts " ce l l s . "  

For n = 0 ,  :_1 , +2  . . .  ��e ca l l  th e cen ters o f  the " ce l l s "  of  l ayer n 
the " s trong-po i n ts "  of  l ayer n .  Ea ch " s trong- poi n t" of l ayer n i s  at  the s ame 
t ime a l s o  a " s tron g -poi n t" of a l l fi ner  l ayers ( n+ l ) ,  ( n+2 ) . The cen ter of th e 
p i c ture , a nd  on ly  i t , i s  the "s trong- poi n t" of a l l  th e l ayers . The " s trong­
poi n ts "  of  l ayer O have  coord i n a tes wh i ch are wh o l e  n umbers , th ose  of l ayer 1 
have  coord i n a tes wi th the denomi n a tor 2 1 , and s o  on . we ca l l  a " s trong- po i n t" 
of l ayer n ,  wh i ch i s  not  a t  th e s ame time a "s trong- poi n t "  of the next  coarser 
l ayer ( n- 1 ) ,  a " s trong- poi n t i n  a n ew p l a ce "  of l ayer n; every other ,  a " s tro ng ­
poi n t  i n  an  o l d  p l a ce . "  The to ta l f i g ure , cons i s ti ng of  a l l  the " s trong-po i n ts , "  
i s  ca l l e d  the square " poi n t-s tar" o f  the n umber of ex tens i on 3 ,  o r  P 3 .  

Copyri gh t o f  text a n d  i l l us tra ti ons reserved by the auth o r .  
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2 ; 4  

Picture 2 

" M , "  1 39 of layer 3 forming the stylized l etters " L I CHT-MUSI K , 1 1 and 241 of l ayer 
4 forming five rows of ornaments . The pictures are colored according to the fol­
lowing l aw :  border lines are black ;  where "base-figures " in odd numbers cover 
the area the color is white ; in even numbers it i s  black . 

For n = 0 ,  .:!=_l , :!::_2 . . . A straight l ine passing through at l east two , 
and therefore through infinitely numerous " strong-points " of layer n ,  is cal led 
a " s trong line" of layer n. A " s trong- line" of l ayer n which is not at the 
s ame ti me " strong-line" of the next coarser layer (n-l ) , i s  cal led a " strong­
l ine in a new p l ace" of layer n ;  every other ,  a " s trong-line in an -::ild place . "  
Every s egment of a " s trong- l ine" is cal l ed a " strong-s egment. " 
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For n = 0 ,  !l , !2 . . .  The s tra i gh t  l i nes d i v i d i n g  the p l ane  s e ctor 
between two nei ghbor i n g  " s trong- l i nes " of  l ayer n i n to f eq u a l  p arts , a re c a l l ed 
" fi e l d- l i ne s "  of l ayer n a nd  of th e n umber  of di v i s i on f .  As s uch n umbers of 
d i v i s i on f a l l na tura l n umbers from 2 onward are poss i b l e  s o  far as they h ave no 
common d i v i s or wi th the n umber  of e x tens i on e .  I n  the presen t arti c l e  e = 3.  A 
" fi e l d- l i ne "  of l ayer n wh i ch i s  not  a t  th e s ame time " fi e l d- l i ne "  of the next  
coarser  l ayer ( n- l ) ,  i s  c a l l ed a " fi e l d- l i ne i n  a new p l a ce "  of l ayer n ;  every 
o th e r ,  a " fi e l d- l i ne i n  a n  o l d  p l a ce . "  Every s egment  of a " f i e l d- l i n e "  i s  
c a l l ed a " fi e l d-s egmen t . " 

The wh o l e  of a l l " s trong- l i ne s "  be l on g i ng  to fi xed grad i e n ts as  we l l  as 
of a l l a pperta i n i ng " f i e l d- l i nes "  to a fi xed n umber of  di v i s i on i s  c a l l ed a 
" genera l - s ta r . " The co rrespondi ng fi gure cons i s ti ng of a l l l i nes " i n  a new 
p l ace"  i s  ca l  l ed a " comp l e te- s tar . " The " comp l e te- s tars " serve  for the con­
s tructi on of the " i n ner-s ta rs . "  

P i c ture 2 ; 2  s h ows a modi fi cat i on of the " ce l l - s ta r" C 3 .  A l l " ce l l s "  
have been red uced i n  the s ca l e  1 :  ( 2/3 ) .  The new to ta l fi g ure i s  ca l l ed th e 
" s creen-s ta r" or S 3 ,  and the new squa res i ts " base-fi gures . 1 1 Let  us compare 
C3 a nd  S3 . I n  C3  th e boundary l i nes of " ce l l s " of d i fferen t l ayers a re heaped 
one  upon a nother i n  l arge n umbers . I n  S 3  boundary l i nes of " b ase-fi g u res " of 
d i fferent  l ayers h a ve , at bes t ,  i s o l a ted  poi n ts i n  common but never who l e  seg­
men ts of s trai g h t  l i nes . The refore , we c a l l the S 3  " trans paren t . " 

For the cen tra l " ce l l "  of l ayer O and for the g rad i en ts O , c::x::::, ,  l ,  - 1 , 
p i cture 2 ; 3  s h ows  the " s trong- l i nes i n  a new p l ace "  a nd  the " fi e l d- l i nes i n  a 
new p l ace "  of l ayers 1 and  2 ,  and  th a t ,  as far as the " f i e l d- l i nes " a re con-
cerned , to the number  of d i v i s i on f = 2 .  I t  the refore s hows a s egment  of a 
" comp l e te-s ta r" adj oi ned  to C3 and  P 3 .  Th i s  " comp l e te-s tar" con ta i ns a l s o the 
" i n ne r-s tars " of p i ctures 1 ; 3 a nd  2 ; 4 .  

P i cture 2 ; 4  shows a further mod i f i c a t i o n  of the " ce l l - sta r"  C 3 .  The  new 
" base- f i q ures a re rhombuses ( to be conce i ved as areas ) .  The  new tota l f i a ure 
i s  an 1 1 i nner- sta r . " For t h i s  art i c l e 1<1e ca l l  i t  I ( ? ; 4 ) . Let u s  cornf)are S3  a nd  
1 ( 2 ; 4 ) . The  I ( 2 ; Ll )  i s  a l so 1 1 tra ns rr1.rent . "  I n  contrast to  S3 , ne i q f-ibori nCJ " ha se­
fi qures"  ( i n  the  d i rect ions  uo  a n d  clovm , a nd from r i g ht to  l eft )  ha ve some poi nts 
i n · common . T herefore 1<1e ca  1 1  t '1e I ( 2 ;  4 )  1 1  coherent . ' 1 

1-----+----+-----+-+-+-+---I + 

Pi c tu re l 

P i ct ure 1 represents  the ba s i c  i dea of t he " i n ner  stars . "  I t  s hows three 
pa rt i a l  p i cture s .  The l eft f i g urP reDresents  the i ntersec t i o n  l aw of see i n q .  
Two o r  �ore a reas  o f  9 00d for� ( here , c i rc u l ar  area s )  i ntersect i nq each  other can , 
at  the  sa�e t ime , be seen a s  i ntact  form s .  The  � i rld l e f i cure s hows l ayers n ,  l 
and  2 of the " ce l l - s tar "  C3  of the number of extens i on 3 .  The  f i q ure on t he r i q ht  
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• 

s hO\vS l ayers I) a nd l of  a n  " i nner- star"  of the nufllber of  exten s i on 3 .  l ie ca l l  
t h i s  " i nner - s ta r "  the I ( l  ; 3 ) . 

For every " i n ner� star "  we ca l l  t he \vho l e  f i qure  co n s i st i ng of  the border­
l i ne s  of a l l  " ba s e  f i g u res , "  thP pert i nent  " l i ne- i n ner- sta r . " To ev ery " i n ner­
s tar "  exa c t l y  one " l i ne- i n ner-star "  i s  c oord i nated . To  every " l i nP - i nner-star"  
several  " i nner- s ta r s "  are coord i nated , exac t l y  even . The " i n nP.r- sta r s "  are not an  
end  i n  t her1 se l ve s .  T hey serve il s s creen s  for  t he product i on of " i nner - o i ctures"  
and  " - game s . " 

An " i n ner- p i cture"  deve l o p s  fror.i a n  " i:': ner - s t3r"  i n  the fo l l ovi i ng \vay .  
Among the  " ba s e-f i qure s "  of the  " i nner - star"  a l f r1 i ted nuJ11ber are  c ho sen to a opear 
or s h i ne .  T he ot 'ie rs are to reria i n  i nv i s i b l e .  ThP. a ooea r i riq  " br1 se -f i qures"  a re 
covered wi th  co l ors . 
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P i cture 3 P i c ture 4 

P i ctures  3 and  L1 a r e  5- l ayered " i nner-o i ctures"  of  the  " i nner- s ti'l r s "  
I ( l ; 3 )  and1( 2 ; 4 ) .  They show l " ba se -f i g ure " o f  h ve r  () ,  3 " ba se -f i q ures "  o f  
l ayer l a t  t h e  l eft s i de o f  t h e  p i cture , ?2 " ba se-f i 9ures "  of  l ayer 2 form i ng a n  
" M" ,  1 39 of l ayer 3 form i n g the  styl i zed l ettPrs " L I CHT-MUS I K " , a nd 24 1  of  l ayer 
4 form i ng f i ve rows of ornaments . The o i ctures  are co l ored accord i ng to the 
fo l l ow i n g  l aw :  boarder l i nes are h l ac k .  1•1here " ba se - f i g ure s "  i n  odd nurnber s  cover 
the a rea , the  co l or i s  wh i t e ;  i n  even number s ,  i t  i s  b l ack . 

A n  " i n ner- game" i s  a chanq i n ri " i n ner -o i cturP. . 1 1  I n  i t ,  " ba s e - f i q ures "  can  
a ppea r ( rhyt hm i ca l l y ) , ch3nge  co l or and b0 ext i na u i s herl . nn a l a ter st�qe of 
deve l opment they can  a l so nove ( su bj ect to ce rta i n  l aws ) a nd  chanqe  s i ze and  form . 
" I n ner- qar1e s "  are produce-:! wi th  the he l p of " l ur.i i n ous  orcia n s . "  T hese  are 
e l ectroni c  dev i ce s  wi th a ve iwi nn s c reen . 

Art i s t i ca l l y  formed " i n ner- p i ctures "  a n d  " -game s "  are to be vior k s  of a new 
a rt ,  a sta t i c  a nd dynami c  v i s u a l  mus i c .  Three- d i me n s i ona l  " i n ner- f) i ctures "  can 
be produced  ohys i ca l  l y ,  b ut  can not be " l oo ked- i nto . "  
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