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The number "i" has the interesting property to become real every time its
exponent is of the form 2k, k € IN*.

x =2k, ke N* 2 i* ¢ R

What will happen when the exponent is i itself?

The demonstration given here is based upon the famous Euler's Formula:
e'® = ctose + 1 sine.
This formula is proved in any first course of Complex Variable or Complex

Analysis. It is a key to successful work in the complex field. One of the first
uses of this formula leads to a result that is always a surprise for the beginner

What happens when 6 = « 7
i .
e = cos m + isinn
o inm _ 1.

We have a relation between irrational numbers, imaginary and integers.
What happens when 6 = /2 ?
o in/2

e in/2 _ q -

i

cos n/2 + i sin 7w/2

[f we want to get the value of i ' the temptation will then be to write

i iz
= (e " 2)

i -1w/2
2
so i € R

Let us face the problem in another way.
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We know that
a) e'® =+ ose + i sine
b) Ine "= ialne=1ioge

Thus if we write down

w = i
MmMw = Ini' = 41n i.
- 'i ]n e 1 (1\'/2 = Zk"f)’ k - 1

i i (w/2 - 2kn)

-n/2 + 2kn

o -n/2 + 2Kkm .

then W = =

% .
oo e R.

Thus i belongs to the real field,but there are many values for this ex-
pression, all of them being rea]1 We can have a restriction and take the prinei-
pal value only, in which case i ' = e /2,

i e1r/2+2}‘n, o 4

The same procedure for i ~' will give i~

Here again we are dealing with a multi-valued expression whose principal
value may be taken for technical purposes.

Is j greater or smaller than i “172  Are these exnressions sometimes
equal? The compariscn is easily handled with the preceding resuits.

Let us first answer the second question:

LI T
e -T2t 2kn 2 w24 2hn (e 2
af2 4 kn i w2 4 2 N
k- A 2
k, X\ ¢ Z we cannot have k -A = 1/2 so i " is never equal to i o

Which one is the greater ? A simple look at the principal values will give
o ~n/2 /2

=> : 1 - 'i-1
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bu§ this relation is not the same if we are looking at the different values of

. 3
i

and i "', The values will vary according to the variation of k and X .
Ifke Atheni ' < i "' andif k >A theni ' > i1
Further studies will bring the following relations:

a) ite ()

b) LRSI L

A1l these results are astonishing at first sight but they remind us that

we are in a land of interesting discoveries when movi:iig in the complex fisld.
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