
And Then the Imaginary Becomes Real 
Guy W. -Ric.h.a.ltd 

Mathemati cs Department 
Uni vers i te de Quebec 

The number "i "  has the i nteres ti ng property to become real every ti me i ts 
exponent i s  of the form 2k , k e: IN * . 

x = 2k , k e: N*  => . x 
1 £ 

What wi l l  happen when the exponent i s  i i tse l f? 

The demonstrati on gi ven here is  based upon the famous Euler 1 s Formu l a :  

= cos e + i s i ne .  

This  formul a i s  proved i n  any fi rst course of Comp lex Vari ab le  or  Comp l ex 
Ana lys i s .  I t  i s  a key to successful work i n  the comp l ex fiel d. One of  the fi rs t 
uses of th i s  formul a  l e ads to a res u l t that i s  a lways a s urpri se for the begi nner 

What  happens when 8 = 'IT ? 

+ i s i n  e cos 'IT 'IT 

e i TI = -1. 

We have a rel ati on between i rrati ona l  numbers , i magi nary and i n tegers . 

What happens when e = TI/2 ? 

e i rr/2 = COS TI/2 

e i TI/2 i . 

I f  we want to get the val ue of 

= ( e  

= e 

so i i e: 1R 

i 

2 

TT i -
) 2 

+ i s i n  TI/2 

the temptation wi l l  then be to wri te 

= e - TI/2 

Let us face the probl em i n  another way .  
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We know tha t  

a )  

b )  

Thus 

then 

e e cos e + i s i n e 
i e  l n  e = i 9 l n  e = i e 

i f  vie w ri te 00\•ffl 

w = 

l n  l n  i i i l n  i . w = = 

i l n  i ( 1r/2 - 2k -r: )  = e 

= . 
i ( 1r/2 2k 1r ) 

= - rr/2 + 2krr  
- rt / 2  + 2k ,r i w = e .. 

.• i i 
IR .  . .  E: 

, k C '1-

i Th us i bel ongs to the rea l  fi e l d , b ut the re are many val ues for thi s  ex-
pres s i on ,  a l l of them be i n g  rea l 1 pal value on l y ,  i n  whi ch cas e i 

We can h a ve a res tri cti on  an rl take the prinm­- -rr/2 = e . 
- i  . - i The s ame procedure fo r i wi l l  gi ve 1 = 1r/ 2 + 2 � if  

e ' 

Here aga i n we a re dea i i n g  wi th a mu l ti - va l ue d e xpres s i on whose p ri n c i o a l  
val ue may be  taken for techni ca l  purpos es . 

i - i  I s  i g reate r  or  sma l l e r  th an  i ? Are these exo res s i ons somet imes  
equa l ? The compar i son i s  ea s i l y  handl ed wi t h  t h e  preced i ng resul ts . 

Let us fi rs t answer the s e cond q ues t i on : 

i i 7 
:!: i - i  

- 11/2 t 2 kn  ? ,r/ 2  + 2 }. -rr 
le. ' � [ i. e e 

7 

l 1r - 11 /2  + 2k rt :!: 1r/2  + 2 

k >- l 1 /2 

k , A E: 'l we cannot h a ve k - ), -- 1 / 2  so  1 i s  never e 11 u a  1 to i - i  

Wh i ch one i s  the greater ? A s i mp l e  l ook a t  th e p ri n c i r a 1 va 1 ues wi 1 1  

e -rr/2 
< e rr/ 2 

=> 
. ; 
l < 

. - i  
1 
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gi ve 



but th is re l at ion is not the same i f  we a re l ooki nq a t. the diffe rent val ues of 
i and - i  The values wil l va ry according to the vnriati on of k and A 

I f  k � � then i i . - i  
< l and i f  k > i then i 

Further studies wi l l b ri ng the fol l owing re l ati ons : 

a )  i 
i ( - i ) - i  = 

b )  
. - i  . i .  
l = - 1  

- i  
> 

Al l these resul ts are astonish ing at fi rst si gh t h u t  they remi nd us that 
we a re in a l and of i n te resti ng  discoveri es when movi ; ,g i �  the comp l e x  fi e l d .  
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MATH LUNCHEON 

Math Luncheon of GREATER EDMONTON TEACHERS ' CONVENT I ON wi l l  be hel d  in 
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Rupert's Land Room of the Macdonal d  Hotel , 1 2 : 30 pm , Thu rsday February 24. • 

Speaker: Dr. Doyal Nel son, Uni versi ty of Al berta . 

Topic : " Ma thematics E ducation in Japan"  

Price : $3. 50 

• Contact Wil l iam Gee a t  Afton Sc hool , 1 66n4 - 9 1  Avenue , Edmonton. 
• 
• 
. .  

Phone - 484-3263 or 489-8327 ( Resi dence ) 
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