
The Wisconsin Mathemati cs Council , through action by the executive board 
and 1ots of hard work by members Wi11iam Mi l 1er , Pat Lautenschl ager , John Knutson , 
and Donna Kringen , has begun a war on pol l ution. The fi rst skirmish was a co­
operative effort with the state Department of Publi c Instruction to produce a 
teacher 1 s handbook , Po l lution: Problems, Projects, and Mathematical Exercises, 
Grades VI-IX. This ha ndbook contains probl ems and exercises invo1ving actual 
po1 l ution data that are keyed to mathematical  topi cs studied i n  Grades V I - I X  
a s  wel l a s  descr i ptions of indivi dua l and group projects that w ill make students 
aware of environmental pol l ution situations. It can be obta i ned from DPI  Pub li­
cation Order Service , 162 Langdon Street , Madi son , W i sconsin  53702 , for 50¢ per 
copy. 

The rat i onal e behi nd the efforts to produce this publ icati on revol ves a round 
the conv i c tion that today's youth must become aware of earth ' s  ecol ogical  state 
if they are to inf1uence adults a nd the i r  peers to do somethi ng to stop man 1 s 
pe11 mel 1 accel eration towards tota l disaster l ong before 2437 A . O. 

What ' s  it a l l  about? What ' s  real l y  important? I f  we are wil l ing to stop the 
busy , irre levant activities that use up our precious time and think , we a l l  know 
that the popu1at ion expl osion and the environmental poll ution of earth's resources 
must be s1 owed down , and soon !  

What can you do? I suggest two immediate actions : obtain and study a copy 
of 11 Guidel ines for Citizen Action on Environmenta1 Probl ems " , free from The Con­
servation Education Association , P .  0 .  Box 4 50 ,  Madison , Wisconsin 53701 , and 
bri ng into your teaching as much environmenta1 pol l ution information as you 
can . 

Good Luck ! 
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Two Preference Paradoxes 

G iven 
and 

A is preferred to B 
B i s preferred to C 

Zahnan U.6-u.5 lu.n 
University of Chicago 

under some reasonab1e scheme for decision-making , one normally deduces tha t ,  
under the same scheme and a t  the same time , 

A is preferred to C. 
Thi s  note is wri tten to convince the reader that such a deduction is i nva l i d. 
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EXAMPLE l 
Suppo se that three candi dates A ,  8 ,  and C run for offi ce . To get the most  

accurate feel i ng from each voter , i t  i s  deci ded that each voter s ho u l d  l i st  the 
three c andi da tes  i n  the order of h i s  own preference . Suppose the voters l i st 
thei r preferences i n  th i s  way : 

30 percent A 8 C 

5 percent A C B 
5 percent B A C 

25 percent B C A 

30 percent C A B 
5 percent C B A 

Then 6 5  percent of the voters have l i sted A before B ,  and 60 percent of the voters 
have l i s ted B before C .  So A i s  preferred to B and B i s preferred to C .  One wou l d  
th i n k  that A i s  preferred to C .  Not s o !  A fu l l  60 percent o f  the voters prefer 
C to A .  Hence we have A preferred to B ,  B preferred to C ,  and C preferred to A .  

Notes o n  Exampl e l :  Thi s e xamp l e  cou l d  be repeated w i th tas te p re fe rences 
of peop l e ,  TV watchi ng ,  publ i c  opi n i on po l l s ,  a nd so forth . The reader i s  en­
couraged to a ttempt to try correspond i ng s i tuati ons  where four  obj ects are bei n g  
compared . I s  i t  pos s i bl e  to prefer A to B ,  B to C ,  C to D ,  and a l so D to A? 

Perhaps the reader feel s that Exampl e l wa s ' 'cooked up " , i n  that the prefer­
ences of the voters were arbi trar i l y  ascri bed . He s hou l d  then exami ne the fo l ­
l owi ng s i tuati on : suppo se there were 600 voters and they l i ked the cand i dates 
rather  even l y .  That i s , the s i x pos s i b l e  orders of preference had the fo l l ow­
i n g  n umber  of voters : 

Order : A- 8-C  A-C-8 B-A-C B-C-A C-A-8 C-B-A 

No . of 
Voters : l 00 1 00 1 00 1 00 1 00 l 00 

Then , as i s  backed by i ntu i ti o n , 50 percent ( 300 ) of the voters 
50 percent prefer B to C ,  and 50 percent prefer C to A .  I f  o n ly  
swi tch , we  c a n  obta i n  the fol l owi ng di stri buti o n  of preferences : 

Order : A-8-C 

No . of 
Voters : 1 01 

A-C-B 

99 

B-A-C 

1 00 

B-C-A C-A-B C- B-A 

1 00 1 01 99 

prefer A to B ,  
two voters 

Now 301 voters prefer A to B ,  301 voters prefer B to C ,  and 302 voters at the 
same t ime prefer C to Z .  Th i s  g i ves the same paradox ica l  resul t as  before : A 
i s  preferred to 8 who i s  preferred to C who i s  preferred to A .  
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EXAMPLE 2 
This exampl e is different from Example l .  Instead of asking i ndivi dual s to 

rate obj ects , l et us rate the o bj ects by some performance standard. For instance , 
suppose three runners X ,  Y ,  and Z are entered in the 1 00-yard dash. The i r  pre­
vious times for this distance g i ve some indication ( perhdps the best indi cation ) 
of how wel l  they wil l do in the race . Here is a tabl e of the number of races in 
which each runner might have run the distance in a certain time. 

Runner/Time 

X 

y 

z 

9. 8 9 . 9 

2 

l 0 .  0 1 0 .  1 1 0 . 2 

4 

2 

Who is the best runner? Noti ce that two-thi rds of X ' s  times beat the times 
of Y ( the consistent one ). One woul d expect X to beat Y in a race. X is prefer­
red to Y. Y ,  i n  turn , beats Z two-thirds of the time. So Y is preferred to Z .  
But Z ,  when he runs 9. 8 (one-third of the time ) ,  a l ways beats X . When he runs 1 0. l 
( two-thirds of the time ) ,  he has a 1 in 3 chance of beating X .  The probabil ity 
that Z beats X is thus 1 / 3  + 2/3 • 1 / 3  = 5/ 9 .  So Z ought to be preferred to X. 

Again we have X preferred to Y who is preferred to Z who i s  preferred to X. 

Notes on Exampl e 2 :  In  sports , favoiites for a game are often chosen on 
the basis of past performance against a "common opponent" .  The above examp l e 
shows possi bl e p i tfa l l s  of such a strategy of cho i ce .  I t  i s  entirely poss i b l e 
for A to ha ve beaten B over hal f  of the time , and for B to have beaten C over 
hal f of the time , yet have C better than A .  What appear to b e  "upsets "  may not 
be upsets at a l l .  

It shoul d be noted that this exampl e coul d al so be appl ied to the cl imates 
of cities . Given distributi ons of temperatures and preferring the warmer climate , 
it is possi bl e that one might prefer city A to city B ,  city B to city C ,  and ci ty 
C to city A .  

Here are two probl ems which indi cate further seeming l y  paradoxi ca l  si tuations. 
Given tri ang l e  ABC , find a set of points , in the pl ane , so that 2/3 of 

the points are cl oser to A than to B ,  2/ 3 of the points are cl oser to B than to 
C ,  and ( simul taneousl y )  2/3  of the points are cl oser to C than to A. 

Draw graphs of three continuous functions f ,  g ,  and h with domain [x : 
0 < x < l ]  in which for over ha l f  of the val ues of the doma i n ,  f (x )  > g ( x ) , for 
over hal f  of the val ues , g ( x )  > h (x ) , and for over ha l f  of the val ues h (x )  > f (x ) .  
(Answers to these prob l erns a re avail a b  1 e from the author at  the Uni versity of  
Chicago. ) 

These resul ts and probl ems , for most of us , v i o l ate a l l "common sense " .  One 
is forced to ask why the situations given above behave so contraril y to our in­
tuiti on. One reason i s  that it is more common to compare i ndividual events than 
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distribution of events. We assign one number as an evaluation of an event (or 
candidate) . Since numbers obey the transitive property : (a >  b and b > c) implies 
a >  c ,  we expect distributions to do likewise. The above has shown that prefer­
ences are not necessarily transitive. 

Reprinted from Illinois Council of Teachers of Mathematics Newsletter, Vol . 22 , 
No . 1 ,  March , 1971 .  

Medicine Hat 

Math Seminar 
The Senior High Mathematics Seminar was held at C . H . H . S. on Saturday, October 

16. Dr. Blummel and Wilf Lencucha presented many ideas which were well received 
by the teachers. 

Dr. Blummel stated that the three levels  of mathematics were to accommodate 
the different ability level s of students in the high schoo l .  He did not foresee 
any changes in the mathematics curriculum in the near future, but there was J 
question mark as to the future of math 3 1 .  He felt that  the 1 3, 23, 33 series 
would be better received if it were accepted for entrance into university and 
technical institutions . 

Dr. Blummel also po i nted out that teachers shou ld  make subject matter more 
relevant by : 
l. teac hing for application 
2. teac hing appropriate content 
3 .  showing the rol e  of mathematics in occupations 
4. relating mathematics to other subject areas 
5. bringing out the history of mathematics on occasion 
6. use of visual materials . 

On guiding students into the correct stream, Mr. Lencucha stressed the use 
of the following criteria : 
1 .  intellectual maturity and ability 
2. previous achievement in mathematics 
3. interest in the subject 
4. work habits 
5. cultural background 
6. learning style. 

He also stressed that it was entirely up to the school as to how students 
moved from one stream to the other. He a l so po i nted out that teac hers tend to 
concentrate more on content, rather than on material .  He felt that teachers 
should take a textual, laboratory and environmental approach to mathematics 
teaching. 
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