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The basic activities of this paper are adapted from Osborne, Roger et al,
Extending Mathematics Understanding (Columbus, Ohio: Charles E. Merril
Publishing Company), 1962, and the paper formed the basis for a talk
entitled "A Guided Discovery Approach fo the History of Numeration" pre-
sented by Dr. Neufeid at the Winnipeg Meeting of the NCTM in October, 1970.

The topic of numeration is receiving increased emphasis in contemporary
curricula for elementary school mathematics. Teachers are generally encouraged
to use concrete materials in heiping children to understand the decimal system
of numeration. Some curricula suggest the inclusion of certain non-decimal
numeration concepts. The curriculum advocated by Dienes states that children
should be introduced to numeration by manipulating concrete materials involving
base groupings from two to ten. The study of certain historical systems of
numeration, such as the Roman system, has long been included in mathematics
curricula. Some contemporary programs extend this coverage to brief -treatments
of Egyptian and Babylonian systems.

The purpose of this paper is to present a sequence of pencil and paper
activities which will integrate four historical systems of numeration. Included
in the four systems are examples of both decimal and non-decimal numeration.

The activities are written to challenge teachers. This does not mean that upper
elementary or junior high school students could not work at the same material.
In fact, it is often found that students find activities such as these easier

to understand than do teachers. This is probably due to the "unlearning" which
adults must do in order to accommodate new ideas. The activities in their pre-
sent format are designed for teachers who will hopefully revise them to suit

the needs of their own classes.

The activities are presented at several cognitive levels. Interpreting
the symbols of a particular system is somewhat comparable to Bloom's comprehension
level. Constructing new systems parallel to those systems previously presented
would correspond to the synthesis level. The last section of the activity re-
quires the participant to work at the evaluation level.
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ACTIVITIES
Introduction (Earliest times - conjecture only)

1. symbol (numeral) 1 from
(a) 1 finger ) .
(b) 1 stick (Likely horizontal)

2.2was:or// 3 3 = OP///

3. regarding 4, 5 and so on - WHO KNOWS?

4. development of four systems
(a) Additive
(b) Multiplicative
(c) Ciphered
(d) Positional (place-value - “ours")

Additive Systems

1. Tally idea o a for 12.

2. Egyptian example
(a) Basic digits

1 :7 staff
i0 //) heel bone
100 ?DOR~<§§21/ scroll or coiled rope

1000 ;éfb lotus flower
(b) 2387 Lo P77 Nnnn il

3. Roman example (additive with subtractive element)

[ T I £ e

Multiplicative Systems

1. One set of symbols for the basic digits
2. Another set for the powers of the base

3. Synthetic example
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KEY

{a) Basic Digits Powers Digits
1/ (s1) F
(2) . 1 (52) T
(3) (5%) H
(4)

(b) 97 is (L3 = 25+( 4 x5)+ £
symbolized T O _F _J
(c) This is a base ‘fézég(' example.
(d) Translate [ H/F is o5
0O T s 100.

4. Synthesis - Construct a base three system:

{a) Basic Digits Powers Digits
/ 7
V4 2;
<:3') Ein a
(b) Prepare examples below as in 3 (b) (d) above: J,"-(,p&
3¢ & (Lxan)+ (1x9) o " .

Symbologed 15 /N d,/oml—&,
Tanslaie - [INITI & 22 fogolim
HSINITT @ &4

5. Chinese Multiplicative System

Given the synthetic example (3a), the following "addition" facts ("addition"
symbol is " ), and the clues, DISCOVER:

(a) the translation of problems 2 to 9.
{number 1 and 3 given)

(b) the notation system {what symbols are used comparable to our 0, 1,
2 .. .)

(c) the base
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"Addition facts"

| jme=  i;m-h 2N /=-—@-

/ o+ 2 =3 J+ 4 = 5 g+ 3 = [ Téen !

Q=)= =O— ¢ =@=X®=-—F1

Answer space

(b) notation system

basic digits

— ==k [NI|{t_[X
[é é pofver digits ¥ 7
(c) base fem.

‘*F

Ciphered Systems

1. A new symbol exists for each multiple of each power of the base.
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2. Synthetic example (Ionic Greek model)

{a) symbols

1-a 10 - ]
2 -b 20 - k
3-¢ 30 -1
4 - d 40 - m
5-e 50 - n
6 - f 60 - o
7-4 70 - p
8 - h 80 - q
9 - i 80 - r

(b) This is a base vex e example.
(c) The first power of the base ig/Q o J_

multiples are 1ko

(d) Transiate 15 is je
347 is umg

650 15> peet
999 isg an

794 is yad

Positional Systems

1. Place value comes into existence.
2. Zero is needed.
3. Babylonian example (partly positional) (Base 60)

{a) Simple grouping to 60 (eg. 32 is <<<// )s
positional beyond 60.
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(b) 18,812 is /iy < M1 &L/

SOy T30 3L Teo)
(c) Translate

58 is <K Ml

27,362 is _ 11111/ &L /i
7 =x(e0)* + 36 —><{¢oD) + 2 — x{t)°

27,480 is [/ 1// LKL Mt i

458 s it & wit o u
NOTE: Except for spacing, omé numera] for three different numbers.
The spacing of the amswers S purposely identical to point up
a basic source of confusion in this particular system.

4. Mayan example (Base 20)(actually 20 x 18)
(a) 360 (20 x 18) corresponds to the number of days in their year.

(b) Vertical positioning (in contrast to our horizontal positioning).

(c) 26,656 was eee  3(18 x 20%) = 21,600
eeee 14(18 x 20") = 5,040

= 0o{ 20 = 0

*- 16 = __ 16

26,656

5. Mayan Positional System

Given Mayan example (4c), the following "addition" facts ("Addition" symbol
is /), and the clues, DISCOVER:

(a) the transiation of problems 2 to 9 (number 1 and 4 given)

(b) the notation system (What symbols are used comparable to our 0, 1,
2 ...)

(c) the base

"Addition" facts

A-/oc=co’ 23 /eeae e .&,'—'—'-/o-o ;'—.'"___
jvad =3 I+ ¥ = 5 e +3= U
g2 fres =1 g M1V = TON

/13 + P =2 ad+r P2 = 04 1y




hd
L = .

6. seee /__.___ =é> 7 oo./.-- 2
g .~ W/ = R0 23 ¢ /24 = I#7

e 2 °
8..-./ » =

/28 T /%6 =

274

Answer space
(b) notation system {5, 9, 16, 20 are given as clues)

e *oe sase
. ¢e voo |ovag|— | 2| 22 | 222 |ovee | =— —_ == "_'_L = —-:_._ —_ ===
3 7 4 ¥ so M 2 5 % 5 e 47 g /7

/ 2 3 ¥« 5

esovleoane
06 lagwe
ol

. | * *® o ' L ] [N .
oS : —-“‘9 sses]| et losae = > jee ]
FX-EY) 37  ¥o 59 ¢&o 7f o 28 77

/o0

(c) base’ M

6. Our Positional SyS.em
Symbols of other systems seem strange but our symbols:
(a) are strange in that many have little or no connection to the.cardinal

=)

value they represent (eg. 5 for

(b) are changing, for example, the development of "2" and "5".

ago ese

2 S A
% 4 5

e | i— i ———p—

Loy g
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(c) are unusual in that they aren't completely standard over the English-
speaking world:

eg. in North America billion means 1000 million while in England
billion means one million million.

omparison of Systems

.

Numeration systems are man-made. Our system has a long history of develop-
ment. IS QURS THE BEST? To answer this we must compare. So that our
comparison isn't biased, we must use NEW SYMBOLS,

-not 1,2, 3,4, ... (Arabic Positional)
-not I, IL, III, IV, . . . (Roman Additive)
—r=
- not —, ==, == —, ... (Chinese Multiplicative)

not ciphered Greek symbols.

For uniformity, let us use a new set of symbols,

Ill[l[l1|ll|{|tﬁi I—0

N N

and a new base. Thus far it looks as if the base is twelve. If powers
of base are needed, Tet us use the convention of superscripts (Base)!
= @ , (Base) 2 = @— , etc. If multiples of ‘the base are needed
(Greek ciphers) use suBEcripts 2 x (Base)3 =CE§E, and so on.

2. Questions

Wy h base at all? Phe numbes” Mzﬂtéoéséa
(a) Why ave any base at a » CV, pi ;

(b) If we must choose a base, what qua]ities should it have?
2 "dﬂmpd%* Aenwembered (’¢¢L4‘4,)
3. s
éﬁa¢q¢ﬁf¢.7n4o¢nuﬁ414;f‘4£44rno Jﬁkchc

S peaconatt nirebicn g@%%&m o

(c) Which of the four basic systems utilized a ZERO?
1, Additive? No

2. Multiplicative? No

w

. Ciphered? /Yo
. Positional? )Aés

=
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3. Comparison.

(d) A1l symbols in any positional system are placeholders. What is the
basic function of any symbol (3, for example,-in the numeral 4136)?

3 fepuasnte Fhe Rssomtise OF Feno

(e) Does the symbol for ZERO have a similar function in the numeral 6087

s | e rcimbes ?3/ Yene o é§¢n4p.

new base with-all four systems.

(a) Numeration systems.

Now for comparison purposes, let us use our new symbols and

L
e

AT

MULTIPLICATIVE CIPHERED POSITIONAL

| N | AT 2 O (sed| (10 FLO
8 S| L[ TR (D
L e U | oy O | LL
0 — _&tlﬂlu =14
Vel Yl e ]
s |

ol o CPELTR
T ; Eii] ¥ v | Eii] IEE%] l_Q%g

BiN (=N

\ T
J \___E%gd ktd

ADDITIVE

*
¥ Power of base TWELVE #Multiple of the base TWELVE

Y
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Base Twelve Base Twelve Base Twelve

Base Twelve

Base Ten

ADDITIVE

POSITIONAL

CIPHERED

MULTIPLICATIVE

POSITIONAL

(b} Translations - each of six numbers is symbolized as a numeral in
five systems of numeration.

2947 L UM HE @fr |
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(c) Comparison of numeration systems.

Suppose you were able to choose one of the four numeration systems,
each utilizing a base of twelve and the "block digit" symbols, to
replace the system with which we are most familiar:

1. Indicate your preference by ranking the systems 1, 2, 3, or 4.
Multiplicative -
Ciphered -
Positional -
Additive -
2. What are some advantages of your highest-ranked system?
Imirtt — Place valice nare - Loty el
. - mwek mdemd ﬁ?&w
%o. ~/fé4¢usz J§’¢t4§§Hi¢ sgea )
AL . -* _taaieat =%95fi?akd4: #E¢Zf-;7audzf¢241245

3. What are the disadvantages of the other systems of numeration?

Tull - geol Yoo Corecies /M@Z‘%um&)
%%. - @MW#‘KW

foo . — place vatew. xe? ‘ :

5P o

4. What is the value in studying other systems of numeration?

). Pai GWLJT;f»‘-Ca wi the $haco childen., lele
;ﬁmﬂ{.f;ﬂ. m & _e?-IJ.:bu:t.ff ;7412&:,

A Hudeiodenol Hacy amIﬁE::ffij?diﬂ;:L‘p Aw cce
Corrliitatid  fo fhe deielasom o nl g ccer cpalBrn.

> ¢%2”¢¢2>bﬂvéﬁdttf: Ay Hpote  iten.. Z,/ Ay

't cace MM 7 pereceZy %ﬁﬁ:ﬂgﬁfya% _
Hc_

#- fg“‘”g‘ﬁ* e

Jiczz:;e
Vaduéf"7L<4gnL¢<;téZ-ztacdﬁ 61/14L‘>4E??‘4”‘4965;; z¢*°4"
M‘wu—% dm' ,
o 5;2;44?9(20 éx<,¢¢4¢4;?¢£kgj‘/;€752.—-cuﬂx;éﬁ/ufzﬁﬁq,CLba?jzigzi4;
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