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Some Interesting Facts About
Euler’s Number

Sandra M. Pulver

Euler’s number e, the base of natural logarithms,
has various unusual properties which seem to be pos-
sessed by actions occurring in nature. It has an inti-
mate relationship with natural phenomena such as
radioactive decay, exponential growth and so on.

If a certain amount of material would produce an
equal amount of the same material over a period of
time, and the newly created material would produce
still more new material at the same rate, then at the
end of the period there would be approximately 2.7
times the original material. It can be shown that rate
of growth involves the number, e.

Assuming that we start with one unit of this mate-
rial and take a time haifway through some designated
period, the original material will have increased to
1.5 units. For the second half of the period, there
would be 1.5 pounds of the material producing still
more material. At the end of the period, there would
be a total of 2.25 pounds. As we divide the period
into smaller parts, we take more and more account of
the increase due to the newly created material itself.

If we are to find the exact amount of material at
the end of the period, we must divide the period into
an infinite number of infinitely small periods and add
them together. The sum of this infinite series is nu-
merically equivalent to e which is approximately
2.71828. ..

The binomial formula can be used to derive the
series for e as follows. Let b be any variable and ap-
ply the binomial formula to (1 + ).

(LY = Lnb + 2B1 2 4 ﬂ(ﬂ-gll,fﬂrzl 2

Now let k be a variable such that b = 1/ k and let x
be a variable such that kx = n.
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Now, let x=1. Then

hm (1+1)"—1+1+21,+ Ly l,+ L.

1s defined as e.
Euler’s number, e, can therefore be defined as the
sum of the infinite series

co

5 1

n=0 N .
If x is a variable, then ex can be approximated us-
ing the following:

ex—1+x+T+ §-7+ Tt

We can find e yet another way. We know that a
given function y = f{x) can be approximated by a se-
quence of polynomials f,(x) of the form

@ =g +ax+ax2+...+axn
in which
f(0) = ay
1) =aq
f1O g,
2
f(nJ 0) —a,
n!

We would like to represent the function f{ x) = ex
near x = 0 by such a sequence to get the general poly-
nomial of f{x) = e~

For the given function, the derivatives at x = 0 are

f0)=
f@=1
f(n] (O) =1
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Therefore
ﬁuyq+x+x2+§ﬂ+ .
If flx) = e, then atx=1
+ 1
fR =245 gl T
=y 1
noo n!

and the original series,

o0

= A
N ,EO n'!

is called the power series of e.

Often money is lent with the understanding that
when earnings accumulate they are to be added to
the original investment at specified times and thus
become part of a new principal. Interest accrued on
this basis is called compound interest.

If P dollars are lent at r percent for each interest
period, the amount for the first period,

A, =P+Pr=P(1 +r).
This amount bears interest for the second period,
A, =Pl +r+P(1+r)=P1 +nr2

If we accumulate the amount of an investment at
the end of a number of periods, then the amount, A,
can be shown as follows,

A =P +7

A, =P +r)2
A;=P(l1 +r)p
A, =P +r)
A, =P + rx

We can conclude that the compound interest for-
mula is A = P(1 + r)~.

When interest is compounded n times per year at
rate r per year, then the rate per period is /n and the
number of period in ¢ year is nt. The formula then
becomes

A=P(1+)"

Suppose the interest is compounded continuously.
Then n increases without limit, thus, nr - . If the
principal, P, is equal to 1, the amount, A has the fol-
lowing limit as nt = o,

A =lim (1 + 1)"’_e

nr—»oo

That is, if $1 is continuously compounded at rate of »
for ¢ years where rt = 1, the amount accumulated will
be $2.72.

Suppose the beginning principal is P, the annual
interest rate is r, and the time in years is r. Then we
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can find the final amount, A, when interest is com-
pounded continuously, by the following formula:

A =Pen

If $500 is invested at 6 percent compounded con-
tinuously for 40 years, the final amount is

A =Per

A = 500e.0620)
A =500e24
A=1%5,511.50

Suppose $175 is deposited in a saving account
where the interest rate is 9%2 percent compounded
continuously. When will the original deposit be
doubled?

A =Per
350 = 175 e
In2=1Inews
In2 _ 095¢
095 095
6931 -4
.095
t=17.3 years

For a certain strain of bacteria, k =0.584 when ¢ is
measured in hours. In how many hours will 4 bacte-
ria increase to 2,500 bacteria?

The general formula for growth and decay is

Yy = nek
2,500 = 4e 584t
625 = e384
In 625 = .584¢
n625_,
584
_ In(6.25 x 10?)
.584
_ In6.25x (2In10)
584
— 1.8326 +2(2.3026) =11 hours
584

Another of e’s interesung properties is that the in-
finite series can be easily converted into a continued
fraction:

e=2+ 1

1+ 1
2+

Pt

1+ 1
1+ 1
4+ _1
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Student to his parents:

“| got an underwater mark on that last test.”
“What kind of grade is that?”

“Below ‘C’ level.”

—Bob Phillips, More Good Clean Jokes
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