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This paper shows how monthly mortgage payments are calculated, with special reference to Canadian mort-
gages. From this a ‘‘loan progress formula’’ is developed. I also explain the curious ‘‘monthly interest fac-
tor’” that appears at the back of Canadian Mortgage Tables.

Let Ag be the initial mortgage amount in dollars,
p be the fixed monthly payment in dollars,
n be the number of months of mortgage amortization and
r be the monthly interest rate.

Monthly Payments

Our problem is to find p in terms of Ay, n and r.

Let Ay be the amount of principal owing immediately after the kth (monthly) payment has been made, for
1 <= k < n. We see that

Ap = Ag + 1Ag — p = Ag(l+1) — p
A=A, +1A; —p=Al+r) — p = Ag(1+1? — p — p(1+71)
Ay = Ay, + TA; — p = Ay(l+1) — p = Ag(1+1® — p — p(l+1) — p(1+r)2

..........................

Ay = Agl+Dk = p[l + (1+0) + (1+1)2 + ... + (1+0k]]

Then using the sum of a geometric progression

ak — 1
l+a+a?+..+ak!= , we get
kK —

A = Agll+ok — p LI
After n months the mortgage is paid off, so that A, = 0. That is

An = AO(1+r)l'l — p(]'Lr)l;——l =1
Hence the monthly payment is

_ a, ra+nt 1
P =40 1+ — 1
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Example 1
Find the monthly payment for a $100,000 mortgage @ 12% amortized over 10 years.

Here Ay = 100,000, n = 120 months and r = 1% = 0.01 per month.

©.00)(1.0H2

(101120 — 1

The Canadian Mortgage Tables give $1418.03 as the monthly payment for the above mortgage. This amount
differs from that calculated above because the interest on Canadian mortgages is calculated ‘‘semiannually,
not in advance.”” Thus, if the annual rate of a Canadian mortgage is R%, then the monthly rate is not
r = R/12% (as in the U.S.), but r, where (1+r.)6 = 1 + R/2.* That is

6
r,=V1+R2 -1 )

6
Using r, = V1 + 0.06 — 1 = 0.009758794 for r in equation 1, for the above example (Ay = 100,000,
R = 12% and n = 120 months), we get

p = $100,000 (0.009758794)(1.009758794) 120
’ (1.009758794)120— 1

Using equation 1 to calculate the monthly payment p = $100,000 = $1,434.71

= $1,418.03, exactly as in the Tables.

Example 2
Calculate the monthly payment for a $75,000 Canadian mortgage over 25 years at 13.25%.

6
Using equation 1, p = AO(_er)-Tr)nl where Ag = 75,000, n = 300, and r = V14 01325 _
S 2

that is, r = 0.010748660, p = $840.14. (The Tables give $840.15.)

Loan Progress
After k monthly payments, the amount of principal owing is A,. Recall

A = A0(1+r)k_ p(_H__r)k__l
T

Example 3

Calculate the amount of principal owing on the mortgage in Example 2, after 10 years of payments.
That is, Ag = $75,000, p =$840.14, r = 0.01074866 and k = 120.
120
Ajzp = $75,000 (1.01074866)120 — (840.14)L01074866) 7~ 1 _ g6 754 97
0.01074866

(The Tables are only approximate and give $890 x 75 = $66,750.)

Example 4

Calculate the amount of principal owing on a $200,000 mortgage @ 14.75% over 40 years after 20 years
of payments. (In the U.K. mortgages are often amortized over 35 and 40 years; 14.75% ts a common rate.)

6
Here Ag = 200,000, n = 480 and r = W 1 + %‘2"’5 _ 1 = 0.011930135

Use equation 1 to find p = $2,394.10, then equation 3 with k = 240, to get A 549 = $189,021.57, the
amount of the $200,000 still owing after 20 years of payments.

*r. is such that the interest on the mortgage “when compounded monthly at a rate of r % per month™ is equivalent to the interest on
the mortgage “when compounded semiannually at a rate of R/2% per six months™ (R% being the quoted annual rate for the mortgage).
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Monthly Interest Factor

The monthly interest factors published at the back of Canadian Mortgage Tables are simply r, for the ap-
propriate quoted annual rate R. (See equation 2.)

Exampie 5
For a mortgage with a 13.25% interest rate we saw in Example 2 that

6
="V 1+ 0'1;25 — 1 = 0.010748660.

This is the monthly interest factor for a 13.25% mortgage (see Tables). For a 14.75% mortgage we saw
in Example 4 that

6 0.1475

r. = 1 +

— 1 = 0.011930135.
This is the monthly interest factor for a 14.75% mortgage (see Tables).

A Hewlett Packard 27 calculator has the following buttons:

n i pmt pv

f f f

months i = 100r, p Ag.

Note that the interest button i is not r, but /00 times r.

It is of interest that we could find
(a) Ag in terms of p, n and r. Using equation 1, we see

1+r)"—1
fo =l s
(b) n in terms of Ay, p and r. By rearranging equation 1 and taking logs (any base), we see
N o= log(p) — log(p—r1Ay)
log(1+1)
To find r in terms of Ay, n and p is not so easy; we have to solve the polynomial equation
p = (1+1)"(p-Agr)

to get r, which is difficult for n > 2; usually n is very large. An iterative process is used to approximate
to the solution to the desired degree of accuracy.

Total Interest Paid

The total interest paid on a mortgage (over n months) is simply np - Ag.

Example 6
The interest paid on the $75,000 mortgage of Example 2 is
300 x $840.14 - $75,000 = $177,042.00.

The interest paid on the $200,000 mortgage of Example 4 is
480 x $2,394.10 - $200,000 = $949,168.00.

21




12 %
12% %
13 %
13% %
13% %
13% %
1312 %
13% %
13% %
13% %
14 %
14% %
14% %
143% %
142 %
14% %
14% %
14% %
15 %

Monthly Interest Factors

Interest for one month at nominal annual rates shown,

.009 758 7942 =

010 452 2088
010 551 0740
.010 649 8909
010 748 6596
.010 847 3799
010 946 0522
.011 044 6762
.011 143 2522
011 241 7802
011 340 2602
.011 438 6923
011 537 0764
011 635 4128
.011 733 7014
011 831 9423
011 930 1355

.012 028 2811
.012 126 3791

15% %
15% %
15% %
15% %
15% %
15% %
15% %
16 %
16% %
16% %
16% %
162 %
16% %
16% %
16% %
17 %
17% %
17% %
17% %

based on interest compounded semiannually

012 224 4297
.012 322 4327
.012 420 3883
012 518 2966
.012 616 1575
012 713 9712
012 811 7377
012 909 4570
013 007 1292
.013 104 7543
.013 202 3325
013 299 8636
.013 397 3478
013 494 7852
013 592 1758
.013 689 5196
.013 786 8166
.013 884 0670
.013 981 2708
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Payment Table For Canadian Mortgages
Computed and Published by
Financial Publishing Company

BASIC MONTHLY PAYMENT

NECESSARY TO AMORTIZE A LOAMN

TERM [} 7 s ’ 10 n 12 19 14
AMOUNMT  YEARS  YEARS YEARS YEARS YEARS YEARS YEARS YEARS  YEARS
25 W89 ok R .38 .36 .34 .33 -32 .31
50 .97 .88 o8l oT6 71 .68 .65 <63 .61
75 Lokt 1.32 1.21 1.13 1.07 1.02 .90 94 .91
100 194 1.5 1.61 1.51 142 la36 130 .26 1.22
200 3.88 3,50 3.22 3.01 2.84 .1 2.60  2.51 2443
300 5.82 5.25  4.8) 4,51 6,26 408 3.89  3.76 3,64
400 T.78 1.00  b.44 6.01 S.68 5.6l 5.19 a1 [T
500 9.70 8.75  8.05 7.52 Tal0 6.TE ek 6,26 6.07
600  11.64 10.50  9.46 9.02 8.51 8.1l .10 .S 7.2¢
700 13.58 12.25 1l.27  10.52 9.93  9.46  9.08  8.76 8.50
800 15.52  1%.00 12.88 12.02 11.35 10.81 10.37 10.01 9.7
200 17.66 15.75 14.49 13.52 12.71  12.1é 11.67  il.26  10.92
1000 19,40 17.50 16.10 15.03 14.19 }3.51  12.96 1zZ.51 12.14
2000  38.80 35.00 32.19  30.05  28.37  27.02  25.92 25.02 24.27
2500  48.50 43,75 €0.24  3T.56  3S.46  3A.TT 32.40  31.28  30.34
3000 58,20 52,50 AB.29 45,07 42,55 40.5) 38.88 37.533 3640
4000 T1.60 70.00 64,34 40, 56.73 54,03  Sl.8¢ 50. 48.53
5000 97.00  67.50 80.480  15.11 T0.91 67.5¢ 64,80 62.55 60.67
6000  116.40 104.99  96.57  90.1 25,09 81,05 176 T75.05 72.80
7000 135,80 122.49 112.86 1085.18 99.27 9455 90,72 @T.56 086,93
BOOOG  1552.00 1399.87 1267.5% 1201.72 113404y .0a0. 5] 103617 1000.66 970.58
83000 1645.00 1487.36 1368.01 1276.83 1205.33 1148.11 1101.%¢6 1063.20 1031.24
PO000 746,00 1576.85 1448.49 1351.9¢ 1276.23 1215.64 1166.36 1125.75 1091.91
95000 1863,00 1662.35 1528.96 1427.05 1347.13 1283.18 1231.16 1188.29 1152.57
100000 1940,00 1749.84 1609.43 1502.15 1418.03 1350.71 1295.96 1250.43 1213.23

BASIC MONTHLY PAYMENT 3

NECESSARY TO AMORTIZE A LOAN 14 /4

TERM 24 28 26 27 28 29 40
AMOUNT  YEARS  YEARS  YEARS YEARS YEARS  YEARS YEARS
25 N +31 .31 .31 .31 .31 «30
50 .62 .62 .62 o8l 81 .61 40
75 .9 .9 .92 .92 .92 o9 +90
100 1.24 1.23 1.23 1.22 1.22 1.22 1.20
200 2a0d 2.66 2445 r FRTY 2.4) 2.40
300 L 3,69 3.61 3.66 3.65 3,64 3,60
400 4,94 4,92 4,90 4.88 .87 4,86 4,79
500 6.17 6.15 6.12 6.10 6.08  6.07 5.99
600 T.41 1.37 Ta34 7.32 1.30 1.28 .19
700 6. b4 B8.60 8.57 8,54 8.51 8,49 8.38
800 9.87 9.83 9.79 9.1 .73 9.1 7.58
00 11.11  1i.06  11.01  10.98  10.95 10,92 10.78
1000 12.3¢ 12,29 12.2¢ 12,20 12.16  12.13 11.98
2000  26.88  26.57  26.67 26,39 24,32 26,26 23.9%
2500 30.84 10.71 30.59 30.48 30,40 30,32 29.93
3000  37.01  36.85  36.70  36.58  36.47 36,38 35.92
4000  £9.35 49013 B9 4B.TT  4B.63 44,51 61,89
5000 61.68  bl.4L Bl.lT 60,98 60,79 60,43 59,86
4000 74,02 T3,89  73.40 1315 72.9¢ 2.1 71.81
7000 86.3%  BS.9T  85.6)  B85.)5 85.10 84.89 83.80
8000  58.69 98.25 97.87 97,54 91,25 9101 95.77
Q000  111.02 §10.53 110.10 109,73 (09,61 109.1s 107,74
10000 123.36 122.81 122.33 121.92 121.57 121.2% 119.71
11000 135,70 1§35.09 134.56 134,11 133,72 133.39 131.48
12000  148.03 147.37 146.80 146.30 145.88 145.51 [45.20 144,16 14).85

80000 984 982.41  978.861 975.33 910.06 967.96 02 957

85000 mﬂs 52 1043.81 1039. 17 1036.28 1033 25 1030.69 1026445 |u21 €8 1017, SO
0000 1110.20 1105.22 1100.93 1097.2¢ 1094.06 1091.32 1088.95 1081.14 1077.35
'95000 H;;a 1166462 1162.09 1158.20 1154.84 1151.95 1149.45 1141.20 1137.20

S5 1228,02 1223.26 1219.16 1215.62 1212.58 1209.95 1201.21 1197.05

Massachusetts 1974

BASIC MONTHLY PAYMENT

o
NECESSARY TO AMORTIZE A LOAN 13% =
TERM 24 25 26 27 2 9 3w 35
AMOUNT  YEARS YEARS YEARS YEARS YEARS  YEARS YEARS  YEARS YEARS
28 .29 .29 .28 28 28 .28 «28 .28 .28
57 .57 <58 58 1] 54 +55 .55 55
73 -85 L} <84 <B4 83 83 83 «82 82
100 1.13 l 13 1.12 l.1] 1.11 1.11 1.10 1.09 1.09
200 2.26 2.2 2.23 2.22 2.22 2.2} 2.20 2.18 2.17
300 3.39 1.37 3. 3.3 3.32 3.31 3.30 27 3.25%
400 4,51 .49 4okt .54 4043 4okl 4o %l 4,35 4,33
300 S.b4 5.61 5.58 5.5%5 5.53 5.51 550 Sabé S.4l
400 6. 77 6.73 b.89 b.66 babh bl 6.5% 8.5} b.49
700 7.89 T1.85 T.81 1.7 T.T¢ .12 T.69 T.61 T.57
200 9.02 8,97 8.92 8,88 8.85 8.82 8.7 8.70 8.66
200 10.1% 10.09 10.04 9.99 %.95 9.92 9.89 9,79 9,74
1000 11.27 11.21 11.15 11.10 11.06  11.02 1¢.99 10.08 10.82
2000 22.5% 22.41 22230 22,20  22.11  22.04 21,97 21.75  21.63
2500 28.17 i8.01 21.87 27,75 2T.64 2754 2T 46 27.18 27.04
3000 33.81 33.61 344 33.29 33,16 33.05 32.95  32.62 32,64
4000 ©5.07 4481 44,59 44,39 44,22 44.07 43,94 4£3.469 43,26
5000 58.34 $6.01 55.73 55.49 $5.21 $5.04 4,92 5436 54,07
6000 67.61 $7.22 66,88 66.58 86432 86,10 $5.90 65.23 [T 1]
7000 78.87T  T8.42  T8.02 17,68 77.38  TT.11  Te.88 T6.10 75,869
8000 90.14 89,62 89.17  88.77  88.431 80.1) 87,87  86.97 86.51
9000 101.41 100.82 100,31 9.0 9,48 9,14 90,835 9M.84 97.32
10000 112,47 112,02 Hl.46 110,97 110,54 110.14 109.83 108.T1 108.13
11000 123.94 123,23 122.60 122.06 121.59 121.18 120.81 119.58 118.94
12000 135,21 134,63 133,79 132.16 132.84 132.1% 131.80 130.45 129.76
35000 619.69 816.11 613.00 610,29 407.92 &05.86 604.05 $97.89 $94.69
0000 676.02 672.12 588.T2 665.17 663,19 $80.93 558,96 6£52.24 b48.16
65000 732.% 728.13 T24.45 121.25 718.45 Ti6.01 T7T13.88 J06.59 102.82
TO00C T88.49 784,14 T780.18 ”6.1% T73.12 T71.09 768.79 T60.95 156.88
75000 B45.03 840,15 835,90 832.7 £28.98 826.16 B823.70 815,30 010.94
30000 901.36 096.14 B891.43 B87.89 884,25 881,24 BTB.62 B8569.65 B865.0L
15000 957.70 952.17 94T.36 943.17 939.51 936.32 933,53 924.01 919.07
90000 1014.03 100B.18 1003,08 998.85 994.78 991.40 988.44 978.36 972.1}
95000 1070.37 1084.19 1058.81 1054.13 1050.04 1046.47 1043.35 1032.71 1027.19
100000 1126.70 1120.20 1114.%4 1109.61 1105.31 [1G1.55 1098.27 1087.06 1081.26
Showing the dollar balance remaining par $1000 of loan
INTERESI".OMG. ELAPSED TERM IN YEARS
RATE |TERM| 2 5 8 10 12 15 18 20 22 125
10 |87« 628 29i
15 |939 Bl9 656 515 340
]03/% 20 (967 903 Ble 740 647 465 215
4 25 (982 944 897 8S4 A02 00 580 440 291
20 |989 989 941 916 866 828 T48 678 593 426
10 (875 631 293
15 |940 822 860 S19 a4
"% 20 |968 906 B0 745 652 470 218
25 |982 948 900 898 B80T 706 S66 445 295
30 {990 970 943 920 890 B33 154 685 600 432
10 | 286 652 311
15 {949 844 690 551 371 1
]3% 20 {975 923 848 TI9 691 508 24z
25 (987 941 922 881 £42 T8 612 488 329
30 {993 9I% 959 941 91T B69 798 733 650 478
10 [888 655 313
15 [950 848 694 554 374
]31/4% 20 [976 925 851 783 695 513 245
25 [988 962 924 890 846 I53 618 493 333
30 [99& 980 961 920 873 803 739 856 484
10 [895 71 326
15 [956 861 715 ST7T 394
]43/% 20 |980 936 859 806 722 S4l 263
4 25 {990 970 938 908 BAT 78l 649 524 358
30 {995 985 970 955 936 894 830 170 &89 Sle
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