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EDITORIAL 

Contextualizing Mathematics Through 
Manipulatives and Estimation 

Before discussing this issue's theme, I want to take this opportunity to thank John Percevault, editor of 
delta-K for many years. The time and energy John devoted to this journal are much appreciated. He has 
also been invaluable to me in the "changing of the guard." 

Any changes in editorship result in changes to the journal. I hope you will inform me of any changes you 
would like to see, and provide feedback on what you like and do not like about delta-K. Alberta educators 
must communicate their questions and concerns about mathematics education. A letters department or a dia-
logue department can be created if you indicate that you would like one. My role as editor is to create dia-
logue and to provoke and encourage responses from you; therefore, I will be articulating some issues and/or 
questions related to the articles in each journal. Although these will be my issues and concerns, this journal 
is for you; your thoughts and questions are welcome. 

This issue of delta-K is organized around the theme of contextualizing mathematics, of placing problems 
and exercises in a setting meaningful to students. Ofren we assume that because mathematics deals with ab-
stractness, we as teachers need to be abstract. But we do our students a disservice by being too abstract 
and by teaching them basic facts, such as 4 + 6, without connecting these facts to the real world or to manipula-
tives. When we move beyond Grade 1 or 2, we seem to feel that contextualizing mathematics is not as neces-
sary as it is for younger students. So students in Grades 4 to 6 and especially in Grades 7 to 13 are rarely 
offered alternate, contextual ways of making sense of abstract mathematical symbols and concepts. 

To cope with the abstractness, students in the classroom ofren memorize mathematical rules and proce-
dures, and attempt to use them by manipulating symbols. This memorization approach to learning and doing 
mathematics stems partially from viewing the discipline as decontextualized. Often students deal solely with 
symbols. 

Students who memorize rules and procedures with little understanding of these procedures or why they 
use them concern me. Through my work with elementary teachers and with students studying to be elemen-
tary teachers, this concern has recurred. But this concern is not only mine; it is expressed by mathematicians 
and mathematics educators at all levels. 

The relationship between students memorizing rules and procedures and a decontextualized view of 
mathematics is complex. One way of exploring the relationship is to observe children working through 
mathematics problems and to speak with them about what they are doing. In one of the methods courses 
I teach at the University of Calgary, my students enter elementary classrooms and conduct interviews with 
schoolchildren of various ages. Students asked the children how the mathematics they are learning was used 
outside the classroom. Most ofren, the response was that mathematics was used to do their homework or 
to help their younger brothers and sisters do their homework. What startled my students was that the children 
did not connect a problem, like 43-17, with any real world context. It had become totally abstract and 
decontextualized. 

Even for many of the schoolchildren who have used manipulatives to learn the algorithms of addition, 
subtraction, multiplication and division, there still exists a "memorize what to do" attitude toward mathematics. 
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When my methods students asked the children about the connection between the manipulatives and the paper 
and pencil algorithms, they saw little relationship between the two. The children can operate using the manipula-
tives, but often it seems as though they have memorized how to use them, just like they memorize how to 
do the paper and pencil procedures. 

If children are so attached to memorization as a way of learning mathematics, we need to question how 
we are using manipulatives in the classroom. Manipulatives are an excellent way to contextualize mathemati-
cal concepts because children can see and touch the materials, but we must not assume that the materials 
themselves will assure student understanding of the concepts. We have assumed that merely using base-10 
blocks, for example, will automatically help children understand place value. This may or may not be the 
case. We need to explore what children do and do not understand about the materials and how they are related 
to the concepts we are teaching. In essence, we need to examine the use and misuse of manipulatives more 
closely. 

Similarly, estimation skills can be learned in a rote, mechanical manner with little understanding of their 
purpose. Often we ask children to estimate the answer to problems like 998 + 665 or 1.25 x .56. Again, 
by giving only the numerical symbols, we have removed any relevant context, and we may have uncons-
ciously promoted the memorization of estimation rules. 

This issue of delta-K deals with manipulatives and estimation. Because both of these topics are of current 
interest in mathematics education, and seem to get enormous coverage in journals such as The Arithmetic 
Teacher and other publications of the National Council of Teachers of Mathematics (NCTM), I want to take 
an alternate approach in this issue. I wish to emphasize the importance of using manipulatives as a way of 
contextualizing mathematics for students at all grade levels and to emphasize how estimation skills can also 
be contextualized. 

The article by A. Craig Loewen deals with some theoretical issues related to using manipulatives in the 
classroom. Loewen offers some excellent contextual ideas for illustrating algebraic concepts, particularly 
for concepts that students have difficulty visualizing. 

` The second article by Bernard Yvon and Anne Fortin offers a concrete idea for motivating young children 
to work with place value ideas in a meaningful way. In her article, Karen Ibbotson offers some practical 
ideas for using manipulatives to teach the basic ideas of addition, subtraction, multiplication and division 
of whole numbers. 

The article by K. Allen Neufeld on tessellations offers some excellent activities for contextualizing geo-
metric concepts. If you are interested in tessellation in the arts, I recommend the work of M.C. Escher. 

The article by Jeanette Parow-Jarman and Dave Whiteside describes a problem solving activity they con-
ducted with elementary schoolchildren and explores the relationship between their own behaviors and as-
sumptions, and how they affected the children's thinking. As well as using manipulatives to concretize and 
contextualize the problem, the children were given a writing activity to describe how they solved the problem. 

The last two articles deal with the topic of estimation. The article by Yvette d'En[remont offers some back-
ground on research done with students' concepts of decimal estimation and discusses the idea of procedural 
knowledge and how students who do not connect decimals to a meaningful context learn to memorize and 
manipulate symbols. She also offers some real world suggestions for contextualizing the estimation of decimals. 
The article by Katherine Willson offers some excellent suggestions for bringing estimation ideas into a mean-
ingful context for students in Grades 4 to 7. 

These articles obviously offer but a small sample of ideas and issues surrounding the topics of manipula-
tives and estimation. I hope they will stimulate you to think about the topics and to enter into discussions 
about them and about the theme "contextualizing mathematics." 

Linda 1. Brandau 
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Implementing Manipulatives 
in Mathematics Teaching 

A. Craig Loewen 

A. Craig Loewen is an assistant professor in the 
Department of Education at the University of Leth-
bridge, Lethbridge, Alberta. 

Manipulative materials have emerged in mathema-
tics instruction as more than just a means to add var-
iety to lessons; they are an essential element for 
effective mathematics instruction. However, for 
manipulatives to be used successfully in the class-
room, agreat deal of thought must precede their im-
plementation. What role do manipulatives play in 
mathematics instruction? What factors influence the 
effective implementation of manipulatives in the in-
structional process? This paper presents alternative 
answers to these questions. 

A Definition of Manipulatives 
The purpose of manipulatives is to make 

mathematics more concrete. Manipulatives enable 
students to play with, experience and develop for 
themselves mathematical principles, relationships and 
ideas. For manipulatives to have any place in the 
mathematics classroom, they must embody or phys-
ically represent specific mathematical concepts 
(Wiebe 1983). Consider two examples and one 
counterexample. 

A concept that many elementary mathematics stu-
dents struggle with is why the remainder after divi-
sion can never exceed the divisor. This concept may 
be illustrated when teaching division using a balance 
beam (Knifong and Burton 1985). To model the equa-
tion 7 - 2, the student would place 1 weight on the 
balance a distance of 7 units to the left of the ful-
crum (see Diagram 1). Because the divisor is 2, 
weights are hung 2 units from the fulcrum on the 
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right side until the beam is balanced. The situation 
quickly arises that when 3 weights are hung on the 
right side, the beam tips to the left, but when another 
weight is added, the beam tips to the right. Where 
then should the final weight be hung in order to 
balance the beam? Through experimentation, it is ob-
vious that hanging the weight any further to the right 
(e.g., a value greater than the divisor) is counter-
productive, and thus a position closer to the fulcrum 
(e.g., a value less than the divisor) must be selected. 
In this case, the weight must be hung 1 unit to the 
right of the fulcrum to completely balance the beam. 
The remainder must always be less than the divisor; 
this mathematical concept is actually embodied with-
in the manipulative materials. 

Poker chips may be manipulated to model the sub-
traction of negative integers. Assume that a blue 
poker chip represents +1 and a red poker chip 
represents —1. Thus the subtraction of —4 from 3 
in the equation 3 — —4 = ?may be modeled as fol-
lows. Set out 3 blue poker chips (+3) and then re-
move 4 red ones (-4). It is obvious that no red chips 
may be removed because there are only blue chips 
available. However, note that a blue and a red chip 
together total zero (e.g., —1 + 1 = 0). Thus, any 
number of pairs may be added without changing the 
value of the expression. Pairs are added until there 
are enough red chips such that 4 may be removed 
(add 4 pairs). Now, when 4 red chips are removed, 
7 blue chips remains. This process illustrates that 
3 — —4 = 7. This model makes it clear why the 
difference is greater than the minuend when subract-
ing anegative subtrahend. 

As a counterexample, consider the common ex-
ercise in which students pair numbered cards with 
corresponding word cards (see Diagram 2). This 
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Diagram 1 
Using a balance beam to illustrate division. Solve 7 _ 2 = ? 

A. Begin with one weight seven units to the 
left of the fulcrum. 

B. Add weights 2 units to the right of the ful-
crum to balance the beam. The left side is 
still too heavy. 

C. The right side is now too heavy, so the 
whole number quotient must be 3. Experi-
ment with one weight to fmd the remainder. 

D. The right side is still heavier, so the re-
mainder must be less than 2, which is the 
divisor. 

E. The beam is now balanced. The remainder 
must always be less than the divisor. 



Diagram 2 
Matching numbered cards with name cards. 

1 

two 

four 

3 

5 

2 

4 

three 

one 

five 

The shaded pair is a match and may be removed. This activity is sometimes played as a game 
which begins with all cards face down. Two cards, one at a time, are turned over by a player. 
If a match is found then those cards are removed from the game. If no match is found, the cards 
are turned back face down and the other player takes a turn. The winning player is the one having 
made the greatest number of matches once all the cards have been used. 

_activity, and others like it, may be called manipula-
tive only in that students are given some object 
(cards) that they may touch and move. The cards do 
not embody any mathematical concept however, and 
this exercise only serves to help students develop cor-
respondence between names and symbols (a vocabu-
lary exercise). For the student, no greater under-
standing of "oneness," "twoness," or "fiveness" 
is developed simply by matching symbols to words; 
memory skills are drilled. 

Three Implementation Models 
What role do manipulatives play in mathematics 

instruction? Where do manipulatives fit into the typi-
cal instructional sequence: introduce, develop, review 
and evaluate? The following three general models 
for implementing manipulatives offer some alterna-
tive answers to these questions. These models may 
be applied to either individual lessons or to complete 
units. 

The first implementation model is called the in-
troductory model (see Diagram 3) because the 
manipulatives are used only in the beginning stages 
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of instruction. The purpose of the manipulative in 
this model is to introduce the mathematics concept 
to be learned and to provide a body of concrete ex-
periences that can be drawn upon or synthesized dur-
ing later formal instruction. The manipulative also 
fulfills the purpose of increasing student interest and 
motivation. In some cases the manipulative also pro-
vides asense of relevance to the later formal instruc-
tion delivered by the teacher. The learning sequence 
flows from the concrete to the abstract. In this model, 
knowledge is organized from the general to the 
specific; general concrete experiences are provided 
first and followed by highly structured formal ses-
sions in which specific concepts are revealed through 
an oral exposition delivered by the teacher. The 
major assumptions of this model are that students re-
quire acontext for effective formal instruction, and 
that general concrete experiences facilitate the learn-
ing of specific abstract concepts. 

The second implementation model is called the ter-
tiary model (see Diagram 3) because the manipula-
tives are not introduced until the latter stages of 
instruction. Early instruction is teacher-controlled, 
but later experimentation is less closely monitored. 



Diagram 3 
Implementing Models 

Introductory Model 

General experiences through 
experimentation with 
manipulatives 

Concept development 
through verbal instruction 
led by teacher 

Traditional evaluation 

— review and reteach J ~ new concept 

Tertiary Model 

Focus provided through 
oral presenation made by 
teacher 

Formal oral development 
  of specific mathematical 

principles 

Applications and extensions 
through formal or informal 
manipulative ezpenences 

evaluate: test, 
— review and apply   new concept 

with manipulatives 

Integrative Model 

Introduction: with 
simple manipulatives 

Concept development via 
teacher guided activities with 
increasingly more complex 
manipulatives 

Formal or informal 
evaluation structures 

evaluate: test 
— review and apply 

with manipulatives 

I— new concept 

In the initial stages of this model, the teacher pro-
vides formal focused instruction on specific abstract 
concepts; the focus is not on understanding but on 
the awareness of principles. These specific princi-
ples aze later linked to create more general knowledge 
through informal experimentation with manipula-
tives; knowledge is organized from the specific to 
the general, while experiences are organized from 
the abstract to the concrete. The manipulative serves 
a synthesis role and functions as a context in which 
learned concepts may be applied. In this model, the 
manipulative may also serve as a means for the 
teacher to evaluate student progress and understand-
ing, as well as a means to undertake review of speci-
fied concepts. The second model is built upon the 
assumption that students require basic skills and 
knowledge before they can fully benefit (e.g., draw 
conclusions and formalize mental structures) from 
the experiences and environment manipulatives 
provide. 

The final model is the integrative model (see Dia-
gram 3). In this model, manipulatives are used con-
tinually throughout instruction; knowledge and skills 
are introduced, developed, reviewed and evaluated 
through concrete experiences with physical represen-
tations of mathematical concepts. By using manipula-
tives at all points during instruction it is hoped that 
high motivation and interest levels will be maintained 
throughout the entire instructional cycle. Using a 
manipulative for all phases of instruction eliminates 
the need to introduce more than one set of materials. 
The major assumptions of this model are that stu-
dents learn better and retain longer what is learned 
in a single familiar context, and that all phases of 
the instructional cycle may be delivered easily us-
ing manipulatives. 

No one model is correct or better than another. 
Instead, the teacher should use the model that best 
suits the material to be taught, the needs of the stu-
dents and his or her own instructional style. The 
teacher may wish to consider the mathematics skills 
and motivation levels of the students, the students' 
learning styles, the synthesis and generalization skills 
of the students, the ease with which students master 
and apply learned concepts, as well as the complex-
ity of the mathematics concepts to be taught. Each 
model possesses its own advantages, disadvantages 
and assumptions. The teacher must select the model 
in which the disadvantages are minimized, the as-
sumptions appear realistic and the advantages are ex-
ploited. When these conditions exist, the purpose 
of the manipulative is maximized and effective 
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implementation is achieved and measured by im-
proved student learning. 

Some Factors Influencing 
Effective Implementation 

Manipulatives may be evaluated according to a var-
iety of criterion. Hynes (1986) has suggested that 
manipulatives may be evaluated according to both 
their pedagogical and physical attributes. With 
respect to pedagogical attributes, manipulatives must 
provide a clear representation of a mathematical con-
cept, be appropriate for the student level, interest the 
students, be versatile, contribute to the building of 
a mathematical concept, assist in developing vocabu-
lary, improve spatial visualization, promote problem 
solving, provide a sense of proof and promote 
creativity. With respect to physical attributes, the 
manipulative must be durable, simple, attractive, 
manageable, cost-effective and reasonable in terms 
of the quantity required. Not all manipulatives ex-
emplify all of these attributes, but generally, the bet-
ter the manipulative, the more conditions it will 
satisfy. 

The attributes that Hynes describes are valuable 
when discussing the relative differences between 
manipulatives, but the true value of manipulatives 
lies in how effectively they may be employed in 
teaching and learning situations. The most versatile, 
motivating and attractive manipulative will not be 
effective unless properly employed. Therefore, the 
manner in which the activity is conducted may be 
just as important as the materials themselves. 

The first implementational consideration is the 
degree to which the student has control over con-
cept development. If given time to simply experi-
ment and play with the objects, will students develop 
the desired concept on their own? To what extent 
must the students' interaction with the manipulatives 
be guided by the teacher? To allow students to dis-
cover and develop concepts independently is often 
too time consuming, and there is no guarantee that 
the concept will ever be clearly or correctly formal-
ized; however, concepts that are developed indepen-
dently are more likely to be retained and treasured. 
The teacher must decide which form of manipula-
tive is preferable based upon such considerations as 
students' past experiences with discovery learning, 
students' learning styles, the time available for the 
development of a concept, the motivation level of 
the students and the ease with which the concept may 
be summarized from the play experience. 
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The second implementational consideration per-
tains to the degree to which the student may control 
the manipulative. Is it desirable that each student has 
his or her own set of manipulatives, or is it suffi-
cient that the teacher manipulate one set for the 
benefit of all? When the teacher manipulates the 
materials for the students, then the visual experience 
is substituted for the tactile. When working with in-
dividuals or small groups, the discovery learning ap-
proach is possible, and this approach necessitates a 
tactile experience. When working with a large group, 
a visual learning experience is more practical. In es-
sence, the teacher defines his or her own role as that 
of consultant or group leader. The choice of role dic-
tates the degree to which the teacher intervenes in 
and controls the concept development process. 

The third implementational consideration is the 
degree to which the mathematical concept embod-
ied within the manipulative is obvious to the students. 
When the concept is obvious, then the materials are 
appropriate for developing mathematical relationships 
or facts. When the concept is less obvious, then the 
manipulative serves as adata-keeping tool. When the 
manipulative is used as adata-keeping tool, the stu-
dent is relieved of data-keeping functions and may 
concentrate more fully on process skills. The follow-
ing examples clarify the data-keeping and concept 
development natures of manipulatives. 

The first example is illustrated in Diagram 4. In 
this example, paper is folded and cut (Bober and Per-
cevault 1987) in such a way as to illustrate why 
az—bz = (a—b)(a + b). Once the activity is com-
pleted, an inherent sense of proof or obviousness 
makes it difficult to contest that the relationship is 
true. 

The second example is illustrated in Diagram 5. 
In this example, the students model the process 
of solving simple algebraic equations through the 
manipulation of ordinary objects such as paper cups 
and circles cut from colored construction paper. 
In this exercise, the process of solving equations is 
emphasized, and the materials serve the purpose of 
keeping track of the various symbols and quantities 
found on each side of an algebraic equation. Cer-
tain key relationships, such as —x + x = 0 and 
—1 + 1 = 0, are not made more obvious through 
this exercise. 

Experience with these manipulatives simply pro-
vides the students with an alternate way of concep-
tualizing and remembering a process; it does not 
necessarily impart a greater understanding as to why 
the inherent relationships within the process are true. 



Diagram 4 
Illustrating the difference of squares: a= — bz = (a — b)(a + b) 

a a2

a 

1. Begin with a square 
piece of paper. 

4. Fold one corner on 
the diagonal crease to 
any point part way 
along the crease. 

7. Cut along the remain-
ing diagonal fold. 

2. Fold diagonally. 

5. Cut along the paper's 
edge. 

8. Rearrange. 

a+b 

3. Crease. 

6. Remove b'. 
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Diagram 5 
Modeling the process of solving algebraic equations with paper cups and colored paper chips. 

`JI 

10 

3x-5+2=2x—x+l 
Remove opposites to 
simplify. 

3x -3=r.+ 1 
Add opposites to get like 
expressions on the same 
side of the equation. 

3x — x+ 3— 3= x— x+ 1 + 3 
Remove opposites to 
simplify. 

2x =4 

Distribute. 
x=2 



The manipulatives are useful in learning the process 
because it is easier to remember how to distribute 
paper chips equally to paper cups than it is to cor-
rectly divide both sides of an equation by a constant 
value. The teacher must decide under what circum-
stances it is preferable to select manipulatives that 
facilitate a deeper or more complete understanding 
of a concept as opposed to manipulatives that sim-
ply promote an alternate conceptualization of a 
process. Both alternatives have value depending upon 
the students with whom the teacher is working and 
the objectives that are to be met. 

The fourth implementational consideration is the 
number of concepts a manipulative supports within 
an instructional unit. If many concepts within an in-
structional unit are to be taught using manipulatives, 
then it is desirable to use similar materials for each 
topic within the unit. Using similar materials helps 
students link and relate these topics, relieves the need 
to constantly introduce and familiarize students with 
new materials, and provides a sense of continuity and 
coherence to the unit. However, a manipulative can 
be effective even if it supports only one concept, es-
pecially when used to review a concept or provide 
a brief extension to a previously developed concept. 
The manipulative must fit the instructional purposes 
and processes that the teacher has designed. 

The fifth implementational consideration is the 
degree of familiazity students need with the materials 
in order to use [hem properly. How much time must 
be spent introducing the materials to the students and 
developing necessary vocabulazy? If students are not 
properly familiarized with the materials, they will 
spend less time focusing on mathematical principles 

and more time trying to remember the manipulative 
procedure. Furthermore, if students are not familiar 
with the materials, they will not possess the vocabu-
lary or language necessary to ask questions of them-
selves and others or to summarize their new knowl-
edge. Certain materials require a longer introduc-
tion time, and generally, materials that require more 
introduction are less desirable. In order to justify a 
longer introduction time, the teacher must consider 
how well the manipulative embodies the mathemat-
ical concept, the number of concepts that may be 
taught using the materials, the required degree and 
extent of teacher-student interaction and whether stu-
dents will work with their own sets of materials. 

Well-constructed manipulative materials do not 
guarantee effective instruction. Even good manipula-
tive materials will only be as effective as the process 
through which they aze employed, and this process 
requires careful thought and reflection by those who 
understand the mathematics curriculum as well as 
children's thinking processes, capabilities, needs and 
interests. 
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Bring a Big, Bright Smile 
to Math with Plinko! 

Bernard Yvon and Anne Fortin 

Bernard Yvon is a professor of education and child 
development at the University of Maine in Orono, 
Maine. Anne Fortin is an elementary teacher at Ded-
ham School in East Holden, Maine. 

Do your students really understand the meaning 
of "one's place," "ten's place," and "hundred's 
place"? Could they explain in their own words the 
relationships between each digit in a number? Un-
fortunately, many students cannot."Tliey know the 
mechanics needed to finish the worksheet or assign-
ment, but they lack a true understanding of the task. 

It was surprising to learn how little Grade 2 stu-
dents understood about place value. They knew the 
terms, but when asked what each term meant in re-
lation to the others, blank stares and a few wild 
guesses were received. It was then I realized that my 
students needed a solid understanding of "known" 
math concepts, because these concepts are the foun-
dation for much of the mathematics students will en-
counter later on. They need these concepts so that 
they can function intelligently in an uncertain future 
world. 

How can this understanding be fostered in stu-
dents? One way is to provide concrete experiences 
that allow children to manipulate objects as they 
learn, and to have fun at the same time. This idea 
was the motivation for creating "Plinko," aplace-
value teaching aid guaranteed to bring a smile to stu-
dents' faces and the gleam of comprehension to their 
eyes. 

How to Play "Plinko" 
In order to interest my students in learning about 

place value, I decided to create an activity that 

12 

students could do by themselves. A student stands 
behind the panel, and drops three disks, labeled 
"ones," "tens" or "hundreds" anywhere along the 
top row of pegs. The disks must be pressed flat 
against the panel and dropped one at a time. The disk 
works its way down the panel and drops into a num-
bered bin at the bottom (see photograph). The stu-
dent then calls out the number of the bin in which 
the disk lands. Other students record that number in 
the correct place-value position. For example, if the 
disk labeled "tens" lands in the bin marked "8," 
students should place an 8 in the "tens" column. 
The numbers may be written on paper or recorded 
by having students physically manipulate objects such 
as blocks, beads or popsicle sticks (see Sketch 1). 
This will help them get used to finding the "hundreds 
place," and if manipulatives are used, they will help 
students see these place values as well. 

The activity continues until all the disks have been 
played, called out and recorded. The disks are left 
in the bins until all three have been played. The stu-
dents then orally calculate the number and check the 
disks to see if they have recorded the numbers cor-
rectly. If so, then another student may come to the 
panel and begin the process all over again. A run-
ning score may be kept for individuals and/or teams 
to incorporate the element of competition. 

Some children, however, may inadvertently place 
a number in the incorrect column, or they may mis-
understand the concept of place value. If a student 
sees no connection or relationship between the value 
positions, such as 10 "ones" equals 1 "ten," or 
even that the hundred's column is always to the left 
of the "tens" column, explanations should be made 
immediately. These corrections may be verbal ex-
planations by yourself or by another student. 



Sketch #1: Manipulatives: blocks, beads, 
popsicle sticks 

BLOCKS Example: 

"singles or "ones" 

BEADS 
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J L 

"ten tower" or 

"tens strip" 

"singles" or "ones" 

"ten string" 
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POPSICLE STICKS Example: 

r~ "singles" or "ones" 

"tens bundle" 
(70 tens bundles 
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togethertor a 
"hundreds bundle") 

~_ _~ ~_ 

"8 in the tens place" o "80" 

O O 

"8 in the tens place 
+ 2 in the ones place" 

or 
"82" 

"8 in the tens place 
+sin the ones place" 

or 
"85" 
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Sketch #2: Gameboard Measurements 
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Manipulatives can also be used to further explain the 
concept and to reinforce place value in concrete 
terms. For example, the child could physically stack 
10 individual blocks to see that they equal one "ten" 
block. Therefore, if some students do not have the 
correct number after checking with the disks, dis-
cuss what might have gone wrong and correct it at 
that time. 

To expand on this activity, the concept of round-
ing numbers could be incorporated. Once the result-
ing number is agreed upon, students could round that 
number to the nearest 10, 100 or even 1,000, de-
pending on their grasp of the concept. 

Bingo is also a great way of using the numbers 
produced in "Plinko." Students can look for the 
"Plinko" number on their individual bingo cards. 
If the number is on their card, they place a marker 
on the number, just as in a bingo game. This "game" 
provides not only another method of practising place 
value, but it also adds a little extra fun to learning. 

Materials 
You will need 
1. yellow and black paint; 
2. approximately 90 small finishing nails; 
3. a large plywood square, about 1 metre square, 2 

to 3 cm thick; 
4. thin plywood for the bins; 
5. three hinges for centre cut; and 
6. flat, circular wooden disks. 

Benefits 
Aside from place values, "Plinko" can also be 

beneficial in teaching addition, subtraction, multipli-
cation, division, fractions, decimals and probabil-
ity. It enables a wide range of students to make use 
of and enjoy the aid at several different levels. For 
addition and subtraction, students could ignore the 
labels on the disks and simply add or subtract the 
single-digit numbers as the disk lands on them. They 
can check the sums and differences for patterns of 
odd or even numbers, prime numbers and so on, or 
students could simply identify the number as an even, 
odd or prime and add and subtract it. As their abili-
ties increase, they can work up to adding and sub-
tracting the two- and three-digit numbers created by 
the original game procedure. Negative numbers could 
be incorporated simply by subtracting the larger num-
ber from the smaller or by adding disks with nega-
tive numbers marked on them. 

Front view of game board 

The same type of activity could be performed for 
developing multiplication and division skills. Rather 
than adding or subtracting the resulting numbers, 
simply multiply or divide [hem. Decimals and frac-
tions can be produced and studied by using the same 
procedure. 

The concepts of probability and statistics could be
taught by using "Plinko" to record and/or predict 
the frequency with which numbers will occur when 
the disks are dropped. 

Therefore, whether you are a kindergarten teacher 
or a Grade 6 teacher, this aid can be useful to you 
and to your students whatever your particular math 
curriculum may entail. 

Students have enjoyed "Plinko" very much. They 
often ask if they can work with "Plinko" instead 
of having recess, and they often say math is fun. 
When I hear these comments, I realize just how help-
ful "Plinko" is in reaching children affectively and 
cognitively. It also helps students answer questions 
with more confidence and accuracy. 

"Plinko" has strengthened not only my students' 
understanding of the foundations of math, but it has 
also given them something to smile about. A big, 
bright smile in a classroom really can make a differ-
ence. Don't you and your students deserve this 
refreshing change? 

15 



Hands Off the Textbook: 
Hands On the Manipulatives 

Karen Ibbotson 

Karen Ibbotson is an elementary teacher at Sherwood 
Community School in Calgary, Alberta. 

Manipulatives are very important in Division II, 
but for some reason, they often magically disappear 
around the time students move from Division I to 
Division II. Teaching math with manipulatives in Di-
vision II is an exciting teaching opportunity. Though 
manipulatives may be time-consuming to prepare, 
the students are more attentive, eager to learn and 
achieve mastery of math concepts more quickly than 
when the traditional lecture/textbook approach is 
used. Manipulatives make math exciting and give the 
students opportunities to learn through discovery. 

Materials 
Materials come in many varieties. You may use 

ready-made base-10 blocks. These are durable and 
well proportioned. Making base-10 materials is also 
possible. Even when ready-made materials are used, 
it is ofen helpful to make materials with the students. 
The process of making materials enhances the learn-
ing process. Beansticks are popular and fun to make. 
They are the most durable of the student-made 
materials. You may also wish to use popsicle sticks 
and elastics, beads on pipe cleaners or beans in medi-
cine cups. Other materials that might come in handy 
are plastic muffin trays; dice made from wooden 
cubes; "place mats" marked "ones," "tens" and 
"hundreds"; "place mats" marked work area and 
storage area; and blackboard models of the base-10 
materials you are using. 

Rules and Routines 
It is important to establish routines when working 

with manipulatives because students often get excited 
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and noisy. Have them use the same routine in prepar-
ing and cleaning up materials. Individual sets of 
base-10 materials make this process easier. When 
introducing a new manipulative, give the students 
an opportunity to explore for a few minutes. They 
will be better able to concentrate on the task if their 
natural desire to explore has been satisfied. Have stu-
dents define a work area and a storage area to help 
them organize their materials. 

Place Value 
Have students make a large pile of "ones." Thirty-

four should do. Walk around and question them about 
what they are making by asking them questions. Are 
you sure that's 34? Can you prove to me that your 
pile has 34? After a few similar activities, ask them 
if they could think of a way to organize their units 
to help them prove that they have the correct num-
ber of units. Students will quickly begin to group their 
units. Discuss the advantages of one type of group-
ing over another. They will discover that counting 
by "tens" is easiest. 

At this point, students are ready to make base-10 
materials. After they've been given the instructions, 
students should be able to work on their own. Walk 
around the classroom and ask questions. How many 
"tens" do you have? How much does that make all 
together? How many is this number? (Separate some 
"tens" and "ones. ") 

After the materials are prepared, the students will 
enjoy a game of "Race to 100." Students play the 
game in pairs. Between them, they have one die, 40 
"ones" and 22 "tens." They take turns rolling the 
die and collecting the number of units indicated on 
the face of the die. When a student has enough 



"ones" to make 10, he or she must trade them in 
fora 10-stick. If a student neglects to trade, the other 
student may take 1 unit from his or her partner. The 
first student to reach 100 is the winner. For a more 
challenging game, have the students race backward 
from 100. Once the students have grasped the con-
cept of "ones" and "tens," they are ready to do a 
similar activity with "hundreds." 

Operations 
The concepts of addition, subtraction and some 

parts of multiplication will be taught using a 
very similar method. Most of the concepts will be 
taught using the base-10 materials and the place 
mats. Other games and activities should accompany 
these teaching methods so that the concepts are 
reinforced. 

Addition problems that do not require regrouping 
should be demonstrated first. Most students in Di-
vision II have the ability to do this operation, but 
many do not understand the actual concept behind 
it. The following activities will help your students 
gain an understanding of activities that they used to 
do by rote. 

Have students place a number such as 23 on their 
"ones," "tens" and "hundreds" place mat. Place 
the 2 10-sticks in the "tens" area and the 3 ones in 
the "ones" area. Then have the students place 
another number, such as 36, on their place mat and 
follow the same procedure. To determine the answer 
to 23 + 36 students need only count the number of 
"ones" and "tens" on their place mat. As the stu-
dents work, the teacher records what is happening 
on the blackboard. Later, students can record the 
numbers for themselves. 

Another activity that students enjoy involves us-
ing teacher-made cards of different colors. Decide 
what color will represent "ones," "tens," 
"hundreds" and so on. For example, pink might 
represent "ones"; green might represent "tens"; and 
blue might represent "hundreds." Number cards of 
each color from 1 to 9. Keeping colors separate, shuf-
fle each pile, and place it at the top of the appropri-
ate section on the place mat. Have the students flip 
one card in each pile and then make the number in-
dicated on the cards with base-10 materials. One stu-
dent may write the numbers as the other student 
makes it. Students then flip another card in each pile 
and make that number. The student then adds the 
two numbers together. 

Subtraction 
Teaching subtraction is similar to teaching addi-

tion. Once the students need to regroup numbers they 
will see how important it is for them to begin by 
counting the "ones" first. They will realize that when 
[here are not enough units to subtract they have to 
trade 1 10-stick in for 10 "ones." Using the term 
"trade" instead of "borrow" is preferable because 
students understand the notion of trading a dollar for 
10 dimes. Trading means that when you give some-
thing you get something of equal value in return. Bor-
rowing implies that it must be returned, and this does 
not happen in subtraction. 

Multiplication 
Multiplication may also be taught with the place 

mats. An alternative method is to use plastic muffin 
trays or something else that keeps units separate. Stu-
dents begin by putting equal numbers of units in each 
cup. Then, they count the total number of units. This 
activity helps students understand the concept of 
"repeated addition" and reinforces basic mathematic 
facts. 

For the multiplication algorithm, students place 14 
units in each of 3 muffm cups. Ask students how they 
should begin. They will know that 4 x 3 = 12, and 
will therefore know how many "ones" there are. 
Students then exchange 10 "ones" for 1 10-stick and 
place i[ NEXT TO their muffin tray. Next, they mul-
tiply the 10-sticks, 1 x 3, and ADD the extra 10-stick. 
Again, the teacher records the students' work. This 
process works for any number no matter how large. 

Division 
The technique for division is very similar to the 

technique used for multiplication. Students make a 
number on their work area. Then they divide or 
"deal" these into the number of muffin cups that 
will be used. Begin with a number such as 55. Tell 
the students that they are to divide it by 4, and that 
they should begin with 10-sticks. Students will put 
1 10-stick in each of 4 muffin cups. They will have 
1 10-stick left over. Ask students what they should 
do with this 10-stick. They know that they should 
trade it in for 10 "ones." Then they can add this 
to the 5 "ones," and divide them among the 4 muffm 
cups. 

Have students turn their notebooks sideways when 
working on division problems. The lines will help 
keep the problem lined up. Once students begin 
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working with double and triple digit divisors, have 
them write the rounded off number in brackets un-
derneath the actual divisor. 

Conclusion 
There are many other mathematical concepts that 

can be taught using manipulatives. For instance, 
decimals could be taught using the same activities 
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and concepts. Students who have worked with mani-
pulatives in learning place value and operations will 
have no trouble learning decimals. 

Be brave and experiment. Students enjoy all hands-
on activities. You will be surprised how successful 
you feel when students are smiling and happy dur-
ing math class. Look at your students, and you will 
know that it is time for hands off the textbooks, hands 
on the manipulatives. 
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Tessellation, Tiling 
or Surrounding a Point 

K. Allen Neufeld 

K. Allen Neufeld teaches undergraduate and gradu-
ate courses in mathematics education and has been 
elementary practicum coordinator at the University 
of Alberta since 1982. He was president of MCATA 
from 1975 to 1977 and has edited monographs on 
metrication and calculators. 

Tessellation (tiling) activities can be used effec-
tively to present many of the 26 geometry concepts 
in the Alberta Education Elementary Curriculum 
Guide. Introductory activities should always empha-
size the concrete mode, regardless of the grade 
level at which they are presented. Gradually a tran-
sition can be made to the pictorial and abstract 
modes. Although tiling can be done with a variety 
of two-dimensional geometric shapes, the activities 
that follow are based on seven regular polygonal 
regions whose perimeters are triangles, squares, pen-
tagons, hexagons, octagons, decagons and 
dodecagons. 

The illustrations in Figure 1 (see page 22) have 
a common edge length, 2.5 centimetres, and can 
be used as patterns to prepare black-line masters 
for. duplication. It is recommended [hat a separate 
master be prepared for each of the seven shapes. Six 
dodecagons, 6 decagons, 12 octagons or 30 penta-
gons will fit on a regular sheet of paper. Because 
triangles, squares or hexagons can be drawn with 
common edges, a large number can be accommo-
dated on a regular sheet of paper. When multiple co-
pies are duplicated, it is recommended that heavy 
tag material with a different color for each kind of 
regular polygon be used. For demonstrations on an 
overhead projector, the masters can be used to pre-
pare transparencies using a different color for each 
shape. 

Figure 2 

A 

Tiling is usually considered a manipulative activity 
in which a surface is covered with two-dimensional 
geometric figures. It is also considered an activity 
in which a student surrounds a point. For example, 
4 squares surround point A in Figure 2. Four square 
tiles can be manipulated to experience the concrete 
mode. The pictorial mode is used when students see 
that point A is surrounded in Figure 2, and the idea 
can be experienced abstractly by noting that the 360 
degrees around point A are made up of four angles 
each containing 90 degrees. 

Activity 1 
1. Four squares surround a point. Take a number 

of triangles and see if you can surround a point. 
How many do you need? Can you keep on sur-
rounding other points until you have covered a 
sheet of paper? 

2. Try surrounding a point with some pentagons. Is 
it possible? 

3. How many hexagons are needed to surround a 
point? Can you cover a sheet of paper with hexa-
gons? How does the honeybee make use of hex-
agonal designs? 
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4. Can you surround a point using only octagons? octagons. Will any of these sets of shapes surround 
Only decagons? Only dodecagons? a point? 

ACtlVlty 2 
1. Show that 3 squares and 2 triangles surround a 

point. Can you cover a sheet of paper using just 
squares and triangles? 

2. Can you surround a point using only hexagons 
and triangles? How many of each are needed? 

3. Try using squazes and octagons. How may of each 
are needed to surround a point? 

4. Can you cover a sheet of paper using triangles 
and hexagons? Triangles and dodecagons? 

5. You can surround a point using 2 pentagons and 
1 decagon, but you cannot continue to use other 
copies of the same shape to cover a sheet of paper. 
Try it! 

6. Try using decagons and triangles, decagons and 
squares, decagons and hexagons, decagons and 

Activity 3 
1. Show that a square, a hexagon and dodecagon sur-

round apoint. Can you cover a sheet of paper us-
ing many copies of these three shapes? 

2. Try to cover a sheet of paper using only trian-
gles, squares and dodecagons. How many of each 
do you need to surround a point? 

3. Choose any three shapes and try to surround a 
point. Are there any other sets of three different 
kinds of shapes that will surround a point? 

Activity 4 
Figure 3 shows each of the five kinds of shapes. 

Use addition to make a list of the 11 ways in which 
a point can be surrounded. Three of them have been 
done for you. 

1. 
2. 
3. 

4 squares; 90 + 90 + 90 + 90 = 360 
triangles; 60 + = 360 
pentagons; = 360 

4. 3 triangles and 2 squares; 60 + 60 + 60 + 90 + 90 = 360 
5 and = 360 
6. and = 360 
7 and = 360 
8 and = 360 
9. 1 square and 1 hexagon and 1 dodecagon; 90 + 120 + 150 = 360 

10 and and = 360 
11 and and = 360 
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Activity 5 
If you do not remember the number of degrees in 

each angle or a regular polygon (e.g., square), do 
the following: 
1. Indicate a point which you assume to be the centre 

of the square, 
2. Draw a line from this point to each of the vertices, 
3. Calculate the number of degrees at each angle at 

the centre point (360 divided by 4 = 90), 
4. Each angle of the square must be 90 (45 + 45). 

1. How many degrees are in each angle at the centre 
of the triangle? 360 divided by 3 =  
Therefore, how many degrees are in each vertex 
of the triangle? 

2. How many degrees are in each angle at the centre 
of a pentagon? Therefore, what is the measure of 
each vertex of a pentagon? 

3. Try this activity for a regular hexagon, octagon, 
decagon and dodecagon. 

Activity 6 
Complete the chart on page 23. Look for patterns 

in each of the four columns. Only 6 of the 10 regu-
lar polygons are illustrated. The ones not illustrated 
are named. 

ACtlVlty 7 
Use the procedures in each of the previous two 

activities to find the number of degrees in each ver-
tex of a "centagon" (100 angles and edges). 
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Actions and Assumptions: 
Their Relationship to Student Thinking 

Jeanette Parow-Jarman and Dave Whiteside 

Jeanette Parow-Jarman recently completed her 
bachelor's degree in elementary mathematics edu-
cation at the University of Calgary. Dave Whiteside 
is a Grade 3 teacher in Calgary, Alberta. He has 
also taught high school biology. 

Teaching involves the development of thought, the 
broadening of horizons, the awakening of interests, 
the piquing of curiosity and the arousal of intelli-
gence. At least that is what we say. Learning involves 
the same things. At least that is what we hope. When 
teachers walk into classrooms they carry with them 
certain assumptions. Some of these assumptions are 
such an integral part of their character that they are 
not conscious of them. People who have an aware-
ness of the forces that motivate them are likely to 
be receptive to positive changes within themselves. 
We, as students of teaching and learning, work to 
create an increased awareness of these subconscious 
forces within ourselves and to enact such changes. 

By studying the work we did with four problem 
solving groups of students in Grades 3, 4, 5 and 6, 
we believe we have uncovered some of the underly-
ing assumptions that drive our thinking processes and 
our behavior. Our actions, as captured in our speech 
patterns, and the results of our actions, as seen in 
some of the student records we obtained are examined 
here. We question some of our behaviors in the 
problem solving sessions and endeavor to judge their 
possible effects on the thinking processes of the stu-
dents involved in the activity. 

First, it might be worthwhile to discuss the nature 
of the problem chosen for this exercise (see Appen-
dix for a description of the problem and materials). 
This study uncovers some of the assumptions that 
we hold regarding problem solving as an activity for 
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students. We agreed that the activity chosen must 
engage students; that is, we wanted them to be int-
rigued and engrossed by it. The cooperation and in-
terest of students is not gained automatically, and 
as such we consciously chose an activity that was 
fun and challenging. The problem was designed to 
offer some quick, easy solutions and some more 
difficult ones. This was based on the belief that 
problem solving does not work well in an atmosphere 
of frustration. Students had to believe that they had 
the capacity to solve the puzzle, so the activity was 
structured to give them some immediate and fairly 
certain success. The variety of strategies and solu-
tions that a problem accepts is also important to chil-
dren's perception of their ability to succeed. A true 
problem can be resolved in more than one way, and 
many different strategies may be involved in attain-
ing any of the solutions. Because problems of this 
nature do not have "right" answers, children need 
not feel disabled in their problem solving if their pat-
terns of thinking do not match that of other students. 
Finally, the problem also had to lend itself to some 
sort of a manipulative procedure. Solutions are eas-
ier to develop when the variables can be seen and 
handled. Additionally, the manipulative nature of the 
task was certainly important in its ability to engage 
the students. 

Even though the topic for our math problem was 
open-ended and manipulative, it is arguable that the 
topic for discussion in any given class needs to be 
delineated; the boundaries of thought should be 
delimited. Alan Tom in his essay on the moral craft 
of teaching (1985, 149), states that "teaching 
[is] . . . the application of knowledge and skill to at-
tain some practical end." He elaborates on this point 
by saying, "teachers . . .are inevitably involved in 



forming students in desirable ways." Thus we use 
our knowledge and our skill to help mold the thoughts 
of our chazges. However, we need to feaz the strength 
of that mold, the fidelity of the copy that we may 
create. Tom's argument is that each teacher has the 
moral responsibility to decide the desirable end for 
his students and the craft to enact those ends. We 
believe that while we as teachers carried out our 
moral responsibility, the nature of some of the as-
sumptions we made during the problem solving ac-
tivity interfered with the attainment of our objectives. 
Several salient points need to be addressed in this 
question: How restrictive do we need to be in order 
to perform our task effectively? What are the results, 
in terms of thinking, of these restrictions? 

Pimm (1987, 32) describes a dilemma for the 
teacher, in terms of classroom communication: 

Teacher presence can interfere with developing 
pupil talk by overcontrolling it. The teacher may 
be too concerned with the form of what is being 
said, at the expense of the meaning which the pupil 
is trying to convey. On the other hand, if pupils 
are to become aware of the characteristics of dis-
embodied speech, then considerable work needs 
to be done to encourage them to modify and ex-
pand their initial attempts. How to contend with 
this tension may be one of the central dilemmas 
of communication facing teachers. 

This dilemma is a real one and extends well beyond 
the nature of the communication within our class-
rooms and into the actions that we use in our teach-
ing. We want our students to develop independent 
thought, unimpeded by the restraints that we might 
place on it. We value original ideas and insights. 
Nonetheless, the discipline that can be applied to 
thought is sometimes as important as its freedom. 
The need exists for thought to take a form that meshes 
with the domain of thought extant in the classroom. 
The teacher's task is to strike a delicate balance be-
tween disciplined thinking and a free flow of ideas. 

The necessity to create a framework of thought wi-
thin aclassroom and in an activity is apparent. If the 
teacher is to fulfill the role of "forming students in 
desirable ways" then there must be some kind of 
structure apparent within classroom activities. The 
absence of such direction would result in chaos and 
anarchy. These situations are rarely conducive to 
creating a considered outcome. 

The following conversation with a Grade 4 class, 
which indicates the nature of delimitations that 
we placed on children's thinking, illustrates the 

necessity of structure. Our action was not capricious; 
the planned activity demanded measurement and ex-
cluded estimation. 

Teacher: We can measure 3, and we can measure 
7, what other numbers. . . . We were just 
going to try to figure out what other num-
bers we can measure with these jars. Any-
one got any ideas of what we can figure 
out with these jars? 

Students: We could get 8 . . . 2. 

T: Do you have any plans for how we could do that? 

S: Well for this, for the 3 maybe we could put this 
much down. 

T: Oh, I see. Now would that be measuring or 
estimating? 

S: Estimating. 

Later, at the end of the instructions 

T: Remember there's no estimating in this game. 
You can only. . . . 

S: Measure. 

While estimation is a useful skill and one that is used 
often in mathematics, it was not a skill that was ap-
propriate to the solution of the problem posed to the 
children. It is notable that all groups embraced it as 
a first solution and thus it was necessary, in all 
groups, to delineate the problem. This is not an un-
realistic practice. Many problems have easier, but 
perhaps less accurate or less legitimate solutions. 

But what happens to the nature of the thinking that 
a student pursues when this kind of delineation has 
taken place? It is not unrealistic to believe that an 
insistence on the rules might lead to a less adven-
turous, less individual approach to problem solving 
than one unimpeded by such conventions. Although 
the following situation involving a Grade 4 class il-
lustrates confusion, and not necessarily a sense of 
restriction, it is reasonable to infer that the perplex-
ity of the student stems from a fear of transgressing 
the rules. 

Student 1: How about 10-7? 

Student 2: No, but it has to be a subtract. I mean 
a plus? Does it have to be a plus? 
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Student 1: No, it doesn't (said simultaneously with 
Teacher 1) 

Teacher 1: It can be either. You can use adding and 
subtracting, but you're not allowed to 
pour into that one. 

S 1: Ha ha, ha ha ha! 

T 2: You can only use the 3 and the 7 jars. 

S 2: What is that one? 

T 2: That one's just a jar to store in. 

The process of delineating the parameters of the 
problem, although perhaps a necessary one, had quite 
effectively "frozen" the student's thinking processes. 
He was unwilling to assert whether he should add 
or subtract, and was unable to proceed toward a 
solution. 

In another situation, a student who was less af-
fected by our procedural instructions developed a 
unique resolution to a problematic process within the 
activity, one that destroyed some of our assumptions. 
Zce, a Grade 6 student, used the smallest vial, which 
we had used to fill the jars, to empty the first cen-
timetre or so of water from her storage jar prior to 
pouring the rest of its contents into the measuring 
jar. In doing so, she avoided spilling the water and 
was able to achieve more accurate measurements. 
What is interesting here is that we had not considered 
using the vial this way and had described it in a 
prescriptive sense. We had indicated that these vials 
were to be used to accurately fill the 3 and 7 jars. 
Had we questioned our assumptions more carefully 
and simply indicated that the vials were not to be 
used for measurement, we would have invited the 
students to find uses for them. Perhaps others would 
have discovered Zoe's method also. 

The two examples quoted above show an interest-
ing counterpoint in terms of teacher instruction and 
of students' reaction to that instruction. In teaching, 
some delimitation is necessary in order to discipline 
thought and to foster desired outcomes. However, 
teachers need to examine their thinking and to be sen-
sitive to how they may be limiting children's think-
ing. We needed to eliminate student estimations; we 
didn't need to delineate the uses of all of the other 
tools available to them. We could have given up some 
control and still attained our goals, but we were too 
preoccupied with the form of the problem solving 
and not concerned enough with its meaning. 
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One assumption that we had made prior to start-
ing the problem solving exercise was that we as 
teachers were to be unobtrusive within the process. 
The situation was analogous to one described by 
Pimm (1987, 37) in which a teacher used a poster 
picture of a great stellated dodecahedron to initiate 
student talk and to "remove herself from centre 
stage." The teacher in Pimm's account was not as 
successful in her initial attempt as she would have 
liked. Her tendency to pose direct questions 
weakened her attempt to be unobtrusive. We were 
fortunate in that we had four attempts at the same 
lesson. Although we remained prescriptive in some 
aspects even in the last lesson, we withdrew from 
directing the process. Thus, the Grade 5 lesson on 
the first day started off as follows: 

T: What we want you to do is figure out how to get 
every volume from 1 to 10 using these two jars. 
Now how many volumes does this jar hold? 

S: Three. 

T: Three. Can you figure how to get 3 volumes? 

S: Fill it up. 

S: Fill it up to the black line. 

T: Fill it up! How many does this one hold? 

S: Seven. 

T: So how do you get 7? 

S: Fill it up to the black line. 

T: The question is, How do you get 1 and 2 and 3 
and 4 and 5 and 6 and 7 and 8 and 9 and 10? 
That's your job. Some are pretty easy. Some are 
real brain teasers. Which are easy? 

S: Three, 7 and 10. 
Whereas, at the beginning of the last lesson, the 
Grade 6 lesson we hear the following conversation: 

T: Not using anything else, just using water and jars, 
any ideas on what we might be doing? 

S: Measuring. 

T: You're right. You're right. We're measuring. 

S: We're getting the volume of the water. 



T: There are numbers on these. This one's a 3. The 
little one's a 3, and the big one's a 7. 

S: That means that there are 7,700 ml. 

T: Well, actually it doesn't mean that. It just means 
that this one contains 7 units of water if it's filled 
to the black line, and this one contains 3 units of 
water if it's filled up to the black line. 

S: So if that's filled up to the black line, it'll go to 
3 on here? 

T: Right. 

S: So what we're going to do is put like, okay, so 
if you put. . . . 

S: Seven plus 3 equals 10. 

S: Seven and 3, it'll getup to 10. It should equal 10. 

T: Okay. 7 + 3 = 10. Okay and that's it—so you 
have to get all the numbers from 1 to 10. Think 
you can do that? 

There is a notable difference in the approach taken 
in the two classes. Although the students solve the 
problem of what to do in both classes, the amount 
of direction involved in the second class has 
decreased, and the number of declarative statements 
has increased. Of course there are other variables 
to consider, such as the ability levels of the two 
groups, but even the initial statements demonstrate 
the teacher's attempt to move away from "centre 
stage. " 

Some of the intrusive suggestions that were used 
in earlier sessions became less abundant in later ses-
sions. In early sessions, students were given models 
of what to write. In later sessions, we gave only 
descriptors, such as "write a recipe for each num-
ber," or "write an explanation as though a Grade 
3 student was going to read it." We reflected upon 
our teaching methods and tried to make the direc-
tions a little less stringent. We felt that this was a 
positive step in growth for us. 

Our ability to withdraw from the process and to 
allow the students more freedom was short-lived in 
the Grade 6 class. The group worked in a very task-
oriented and efficient manner. They solved the 
problem within 20 minutes; it had not been previ-
ously completed in less than an hour! What happened 
as a result was very interesting. We did not trust the 

students to be able to develop a problem to challenge 
themselves, nor did the classroom teacher or our 
professor. Even though, together we developed some 
very creative ideas in terms of extending the problem, 
not one of us proposed that the students be respon-
sible for creating an idea themselves. Thus, on the 
advice of the professor, they started working to meas-
ure numbers greater than 10 and looking for patterns 
in the solutions. On the advice of the classroom 
teacher, they tried to look at the elegance, or sim-
plicity of their solutions ("pretend that every pour 
costs $10"). We tried to discover why we lacked 
faith in the students. We felt that part of the problem 
stemmed from the fact that we were dealing with chil-
dren whom we did not know extremely well. We also 
felt that because we had been invited into the class-
room, we had a certain responsibility to maintain con-
trol. In areas where we felt in control we were willing 
to subdue our role in the problem solving situation. 
Where we were less certain of our ultimate control, 
we became concerned and restricted the nature of 
the activity. 

The attempt to strike a balance between indepen-
dent thinking and a productive classroom situation 
became a dilemma in these problem solving groups. 
At times, the dilemma was exacerbated by the na-
ture of our talk and the conception that we had of 
our role. We often worked to solve small problems 
to free students up for the main problem, and in do-
ing so channeled student thinking processes and 
perhaps affected the nature of the solutions. Certainly 
the solutions to auxiliary problems and possibly those 
in the principal problem were less varied than they 
may have otherwise been. On the other hand, there 
was some improvement within the area where we 
were comfortable with our role. 

An examination of the data alerted us to some of 
the underlying assumptions that we had made about 
writing mathematical ideas in the classroom. 
Although we have a good grounding in the theory 
of writing and expression in mathematics, and we 
hold the belief that mathematics should be presented 
as a subject where reflection is important, the writ-
ing tasks that we asked of the children were product 
and not process oriented. Terms such as "recipe" 
do not evoke an image of reflection and did not solicit 
reflection from the students. 

To a large extent, we focused on the manipula-
tion aspect of the problem rather than on recording 
the problem solving process, even though we value 
it. Thus the question of recording became an issue 
in all of the problem solving groups. The students 
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were happy to work at solving the problem, but did 
not seem to embrace the written aspect of the activity. 
Certainly their written accounts do not provide a very. 
insightful record of their thinking or of their solu-
tions. Most of the records follow a pattern and indi-
cate aminimum of effort. 

One volume measurement that required some ap-
plication and ingenuity was the measurement of two 
units of water. The following accounts of this difficult 
procedure indicate the amount of description given 
by each group in their written records: 
Grade 3: (Group 1) I took 7 jars and took [out] 4 

3 jars. 
(Group 2) Fill 7 jar (twice). Take away 3 
and 3 and 3. We got 2. 

Grade 4: (Group 1) 9-7 = 2. Pour 3 3s into 10, get 
9, subtract 7. 
(Group 2) We made 2 by taking 6 away 
from 7, which made 1. We poured the 1 
into the storage jar, then I did the same 
thing over again and poured that into the 
storage jar and made 2. 
(Group 3) We made 14 and subtracted 4 
3s. 

Grade 5: (Group I) Like 1 to do again I will have 2. 
(Group 2) I took a 7 then I took away 2 
3s and store the 1. Then did the same 
method again. 
(Group 3) 1 + 1 

Grade 6: (Group 1) We did #1 again. 
(Group 2) We filled the #3 jar 3 times. 
Then took 1 #7 jar from the 9. 

We feel that these records are brief and do not 
reflect the difficulty of the task. Why were the stu-
dents so reluctant to write? An important assump-
tion shows up here. What we requested of the stu-
dents, in terms of writing, would not in any real sense 
serve as an indication of their thinking processes. 
What we asked for was a "recipe," a "description 
of the procedure for a younger child," a simplistic 
model of the successes they experienced as they 
worked through the problem. We neither asked for, 
nor enabled the students to give us a reflective ac-
count of their thinking processes during the problem 
solving situation; we devalued misguided efforts by 
not requesting a description or account of them. 

Pimm (1987, 47) offers a couple of ideas that may 
explain the brevity of the writing done during the 
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activity. It could be linked to what Pimm refers to 
as the "status quo," or pupils' views of what 
mathematics is. It might also relate to the nature of 
communication the pupils perceived as taking place. 
With regard to the former, Pimm states 

The status quo can be hard to alter, even by a 
teacher who has decided to try to introduce a more 
discursive atmosphere. Pupils' views and expec-
tations of what should go on in mathematics les-
sons are often quite rigid. 

The students with whom we were dealing were prob-
ably not used to writing during mathematics lessons. 
This would partially explain their reticence to en-
gage in the task of writing in the first place. Given 
that their view of mathematics may preclude any writ-
ten explanations, it is unrealistic to expect students' 
descriptions to contain precise detail. The students' 
writing may also have been affected by their reasons 
for writing. Pimm (1987, 38) suggests that there are 
two types of speech: message-oriented and 
listener-oriented. 

In message-oriented speech, the speaker is goal 
directed and wishes to express a particular mes-
sage, to "change the listener's state of knowl-
edge"—it matters that the listener understands cor-
rectly. With listener-oriented speech the primary 
aim is the "establishment and maintenance of good 
social relations with the listener." 

Although Pimm refers to speech, a parallel may be 
drawn with writing. Students may have been attempt-
ing to maintain good relations with the "teachers." 
We had made a specific request that they describe 
their solutions, something that they likely viewed as 
extraneous to mathematics, and rather than educat-
ing us as to the real nature of mathematics (get the 
answer), they simply cooperated and wrote some-
thing, thus avoiding any "unpleasantness or hurt 
feelings." 

Other explanations are also possible. Time is 
almost always viewed as an evil in North American 
schools. Despite the fact that there was no real. need 
to hurry in any of the classes, the unspoken message 
from us, as well as the expectations bound in with 
the idea of "status quo" lead to a feeling of a need 
to hurry. Stigler (1988, 27) proposes the variable of 
pace as a fundamental distinction that exists between 
American and Japanese classrooms. The author posits 
a relationship between the idea of pace and the 
amount of discussion and talk that occurs in the class-
rooms of these two nations. Japanese teachers con-
sistently devote more time to talk and deal with fewer 



problems in greater depth. As members of our goal-
oriented society, the need to complete the job was 
likely a strong motivating factor for the students and 
for us. The students thus would be induced to spend 
little time recording or thinking about their solutions 
and more time "doing" them. This explanation in no 
way precludes the previous ones; in fact, it inter-
twines with the ideas of types of communication, 
"status quo" and with our assumptions about writing. 

We learned a lot about ourselves, about our 
thoughts as teachers and about some of the assump-
tions we make when we deal with children. We real-
ized that even after the considerable thought that we 
gave to choosing a problem conducive to creative 
thinking, we "directed" the children's thinking. We 
would like to think that all the theories of learning 
that we have been studying for the past year are an 
integral part of our being now and that we can in-
voke them spontaneously. We were dismayed, 
despite a perceptible improvement over the course 
of the four lessons, to realize that we could still be 
so directive in the classroom. The reflection involved 
in the creation of this paper helped us to realize some 
of the assumptions that we had made. Once the un-
derlying assumptions that drive our teaching are un-
covered, we will be able to release them and to adopt 
a new understanding of the teaching process. 

Appendix 
Procedure 

Students were given three jars and a pail of water. 
Two of the jars were used for measuring tasks; the 
third served a storage and verification function only: 
water could be poured into it, but none could be re-
moved except to start over. The volume was marked 
with black lines. Volumes were measured by plac-
ing the jar on the table at eye level. This procedure 
maximized the accuracy and reinforced correct meas-
uring techniques. The two measuring jars contained 
400 ml and 170 ml, respectively. This approximates 
a 7/7:3/7 relationship. One unit = 57 ml. 400/7 
= 57.143. 170/3 = 56.666. Using the jars, students 
were asked to measure out all possible volumes of 
water between 1 unit and 10 units. 

Units Possible Solutions 
1 7-3-3 
2 2.33 small poured into large-

remainder in small = 2 
3 3 
4 7-3,3+1,2+2 
5 3+2,3+1+1 
6 3+3 
7 7 
8 3+3+2,7+1 
9 3x3 

10 7 + 3 

The lesson consisted of a presentation of the 
problem, an explanation and a demonstration of the 
two measuring jars. The teachers remained seated 
at the table during the explanation and during the out-
set of the problem solving when the students were 
most likely to feel intimidated and incapable. Sub-
sequent to the initial presentation, the teachers res-
tricted their activities to monitoring and observing. 
They assisted "stuck" groups or individuals and as-
sessed results. When students obtained a result they 
were asked to show their resultant volume and to 
describe their solution. 

Students were allowed to decide who they wished 
to work with. They were limited only by the amount 
of equipment available (four sets of jars). 

We worked on this project as coparticipants. In 
other words, we team taught sessions and collected 
two separate sets of field notes. A transcript was com-
piled from audiotaped sessions. 
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The decimal number system provides mathemati-
cal models for a large number of the practical 
problems that students are likely to encounter. Yet 
research studies show that students perform poorly 
on tasks [hat require decimal computation, and that 
most often the students apply a memorized computa-
tional rule in a meaningless way (Bell, Swan and Tay-
lor 1981; Hiebert and Wearne 1984). 

The following question was asked of Math 15 stu-
dents on a recent test concerning decimal knowledge. 
Estimate the answer, then place the decimal point 
in the given answer. 
1. 2.42 x 3.610 = 08736200 
2. 3.20 - .08 =0040000 
3. .42 x .23 =00096600 
4. 30 - .6 =00500000 
5. 4.5 x 51.62 = 023229000 
The test was administered to 23 students. Only a very 
small number of students gave the correct answer. 

Table 1 includes the question, the number of stu-
dents who responded with the correct answer and the 
number of students who gave the most common 

response. We can see by Table 1 that the majority 
of students did not give the correct answer. If we 
examine the most common response, it seems to sug-
gest that a certain procedure was used, a procedure 
used when multiplying two decimals. The students 
seem to have counted from the right the number of 
places equal to the sum of the number of digits to 
the right of the decimal point in the numbers of the 
problem and inserted the decimal point there. Isn't 
this the "little trick" we tell our students when we 
teach multiplication of decimals? 

Owens and Haggerty (1987) observed the 
processes of children as they form concepts and at-
tach meaning to multiplication of decimals. Children 
are often taught to count the places after the decimal 
point in order to place the decimal in the product. 
Such algorithmic strategies are often used without 
understanding, and their use can lead to difficulties. 
In Table 1 we see that the procedure of counting 
places was used with both the multiplication and di-
vision problems. The majority of students did no[ 
discriminate between multiplication and division. 

In order to better understand the procedures and 
processes used by the students, a sample of the stu-
dents who wrote the test was interviewed. The in-
terview questions dealt with problems that were on 

Table 1. Number of students with correct response and most common response(N=23). 

Question Correct Response N Most Common Response N 

1. 2.42 x 3.610 = 08736200 8.7362 2 87.362 15 
2. 3.2 - .08 =0040000 40.0 4 4.0 10 
3. .42 x .23 =00096600 0.0966 1 9.66 15 
4. 30 - .6 = 00500000 50.0 2 50,000.0 12 
5. 4.5 x 51.2 = 02322900 232.29 2 23,229.0 14 
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the test. The students were given a clean copy of the 
question and asked to place the decimal point in the 
answer. After the student placed the decimal point 
where he or she thought appropriate, the interviewer 
asked the student, "How do you know that it goes 
there?" The students who gave the most common 
response answered that they had "counted places." 
The answer for the division problem was the same; 
they counted places. These students were very con-
cerned about the procedure used. 

To get a clearer picture of why procedures are so 
important to students, we should look at some of the 
research done in the field of decimal number 
knowledge. Research on the instruction of decimal 
numbers is fairly recent. The work of Hiebert and 
Wearne has been the most comprehensive attempt 
made to delineate the cognitive aspects of decimal 
number knowledge. Hiebert and Wearne (1986, 199) 
argue that "mathematical competence is character-
ized by connections between conceptual and 
procedural knowledge . . . that mathematical in-
competence often is due to an absence of connec-
tions between conceptual and procedural 
knowledge." 

What is conceptual and procedural knowledge? 
Conceptual knowledge is knowledge of those facts 
and properties of mathematics that are recognized 
as being related in some way. When a fact or property 
becomes part of a larger network through the recog-
nition or construction of a relationship between the 
fact and a network that is already in place, then we 
say that that fact becomes part of conceptual 
knowledge. 

Procedural knowledge is limited to knowledge of 
how written mathematical symbols behave accord-
ing to syntactic rules. Procedural knowledge of sym-
bols does not include knowing what the symbol 
"means," that is knowing that the symbol represents 
an external referent. Procedural knowledge also in-
cludes the set of rules or algorithms that are used 
to manipulate the symbols and solve mathematical 
problems. For example, counting places and not 
knowing why. 

These Math 15 students used their procedural 
knowledge. They manipulated the symbols accord-
ing to a rule they knew in order to solve the problem. 
However, in this case, applying a known procedure 
did not produce the correct response. What went 
wrong? 

Hiebert and Wearne (1984) indicate that there are 
three levels, points, or "sites" in the process of com-
puting with decimal numbers that demarcate the 

primary sources of students' difficulty. At Site 1 
many students do not know what the symbols mean. 
They fail to connect decimal symbols with meaning-
ful referents. At Site 2 many students do not know 
why the computation procedure works. Based on in-
dividual interviews and analysis of written errors 
(Hiebert 1985), most students' computation activity 
consists of recalling and applying memorized rules 
for which they connect absolutely no rationale. At 
Site 3, many students are not aware that answers 
should be reasonable. To be able to check whether 
an answer to a decimal computation problem is 
reasonable, one must connect at least an intuitive idea 
of the arithmetic operation with appropriate mean-
ings for symbols. Hiebert and Wearne (1987) inter-
pret the difficulties that students exhibit at each of 
the three sites in the computation process as a con-
sequence of a divorce between procedural and con-
ceptual knowledge. 

It appears that the majority of students who wrote 
this test failed to connect the decimal symbols with 
meaningful referents (Site 1), recalled and applied 
a memorized rule for which they seem to have no 
rationale (Site 2), and were unaware that the answers 
given were unreasonable (Site 3). The interviews also 
showed that the students' only concern was the proce-
dure. After placing the decimal point, the students 
did not check to see whether the answer was reasona-
ble or not. 

A short excerpt from one of the interviews follows. 
Interviewer: Are you sure the decimal point goes 

there? 

Student: Yes. 

I: How do you know that it goes there? 

S: All you have to do when you multiply decimals 
is count places. 

I: Is the answer correct? 

S: It has to be if you follow the rule. 

Upon further questioning and working with the 
rounding off of numbers the student was able to see 
that her answer was incorrect. She then realized that 
"extra" zeros had been added to the "real" answer. 
So why was the student not able to estimate the cor-
rect answer the first time? 

Kieren (1987), in his reflections on fraction num-
ber research, comments that several of the studies 
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reflected that traditional instruction makes an early 
and probably unwarranted emphasis on symbolic 
manipulation and computation with common or 
decimal fractions. If this is true, then children are 
probably forced to treat these symbols as concrete 
objects and hence build knowledge based inappropri-
ately on patterns in the symbols (e.g., count the num-
ber of decimal places). What seems clear is that a 
fraction curriculum in which symbols are not tied 
to meaningful object actions has inhibiting effects. 

Lichtenberg and Lichtenberg (1982, 143) report 
"the typical approach to decimals does not allow 
enough time for developing meaning, whereas in-
ordinate amounts of time are devoted to the com-
putational procedures." The emphasis here is on 
teaching computational skills and how to manipulate 
the symbols to arrive at a correct answer. As stu-
dents move through school they memorize an abun-
dance of task-specific rules for manipulating symbols 
(Hiebert 1984). The problem is that few links are 
constructed between the understandings they have 
and the symbols and rules they are taught. Many stu-
dents have not acquired adequate meanings for the 
symbols they use; they do not understand the proce-
dures they apply to manipulate the symbols, and they 
fail to test the reasonableness of the outcomes. Hie-
bert sees the critical instructional problem not as one 
of teaching additional information, but rather as one 
of helping students see connections between pieces 
of information that they already possess. 

Questions about how students learn mathematics, 
and how they should be taught, turn on speculations 
about which type of knowledge (conceptual or 
procedural) is more important or what might be an 
appropriate balance between them. 

Many learning problems in mathematics can be at-
tributed to the absence of connections between the 
memorized, mechanically applied rules and concep-
tual understandings (Hiebert and Wearne 1984). How 
can these connections or links be attained? The crit-
ical instructional problem may be one of helping stu-
dents connect pieces of information that they already 
possess. 

Post, Behr and Lesh (1982) feel that students' 
difficulty in learning decimal knowledge is due in 
part to the fact that school programs tend to empha-
size procedural skills and computational aspects 
rather than the development of important foundational 
understandings. 

Readings related to conceptual and procedural 
knowledge show that the two are often two distinct 
sets of knowledge and that procedural understanding 
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may be easier for teachers to teach and easier for 
students to understand than conceptual knowledge. 
As a consequence, decimal number knowledge may 
be taught mostly from a procedural point of view. 
Therefore, there is need to examine what procedures 
the students know, how they are using them and 
whether it is possible to arrive at conceptual 
understanding. 

Suggestions for Teachers 
Reys (1986) has found that computational estima-

tion skills can be taught and do improve with instruc-
tion. Computational estimation refers to obtaining 
a reasonable approximation rather than an exact an-
swer to a problem without having to depend on pencil 
and paper algorithms or calculators. Due to the in-
creasingly technological world in which our students 
live, it would be wise to teach them estimation 
strategies. 

In order to teach estimation strategies, we must 
establish what a reasonable approximation is. A stu-
dent with good estimation skills should be able to 
decide whether his answer seems reasonable. Ques-
tions such as the following can be answered without 
computing an exact answer. 

1. What is the length of this room? 
2. How much pizza and pop would we have to order 

for lunch for this group? 
3. If milk is c.89 a litre and bread is $1.09, can I 

buy both with $2.00? 

Each of the above problems can be solved by the use 
of different estimation techniques that cater to the 
particular numbers and operations of each problem. 
Thus, different estimation problems will lead to the 
students using a variety of estimation strategies. 

Usually when we speak of estimation we include 
[he strategy of rounding. However, this connection 
is not always clear to the student. Therefore, round-
ing exercises should be done in conjunction with es-
timating exercises. 

The strategy of rounding can be used in associa-
tion with 

1. estimating the sum of numbers 
27.546-0.3926 is about 

2. finding the approximate product 

.5091 x 380 



3. choosing a reasonable quotient 
28.76 _ .4 equals about 
a) .07 b) 7 c) 70 d) 700 

4. working with large numbers 
6,000,000 x 2.114 is about 

Seymour (1981) has published two books on de-
veloping estimation skills that contain worksheets for 
duplication. The activities in these books deal with 
reasoning, computation, measurement, pricing, 
counting and estimation techniques, worldly 
knowledge and problem solving. The activities were 
designed to help students in Grades 6 and 7 (Book 
A) and Grades 8 and 9 (Book B) develop their es-
timating abilities and learn to use approximate 
numbers. 
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Current elementary mathematics textbooks, such 
as MathQuest and Journeys in Math, have recognized 
the importance of estimation skills. Not only have 
the number of estimation activities increased in this 
series of textbooks, but estimation has been integrated 
throughout as well. However, many students exposed 
to these textual series still feel uncomfortable or seem 
reluctant to estimate. 

This reluctance may be due to the fact that since 
Grade 1 they have been conditioned to believe that 
mathematics produces a single exact answer, or they 
may have been taught estimation skills without be-
ing taught the reasons for using estimation. Not only 
is it important to establish that estimation is a 
highly useful tool, it is also important to create a cli-
mate conducive to developing an estimation 
"mind-set. " 

Before beginning to teach specific estimation strate-
gies, students should be provided with a rationale 
for estimation. The following suggestions or se-
quences of brief activities have been used success-
fully to introduce estimation to students in Grades 
4 to 7. They are intended to provide a rationale as 
well as help establish an estimation mind-set and 
should be included in initial work with estimation 
in the intermediate grades. 

Define Estimation 
Begin by asking each student to write a definition 

for "an estimate." The majority of students will 
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define an estimate as "a guess." A few students will 
record more specific answers, such as a good guess, 
a smart guess, an educated guess or an approxima-
tion. Have students give examples to illustrate what 
they mean by a "good guess" as opposed to "a 
guess." 

Tell students they are not competing against other 
students for correct answers when they estimate. Tell 
them they are competing against themselves to be-
come better estimators. Only through practising es-
timation skills will they become more accurate with 
their estimates. 

Brainstorm for Possible Uses 
of Estimation 

Have students record as many situations as possi-
ble to illustrate where they or their family members 
have used estimates. After sharing their information 
with the class, ask students to interview parents and 
family members for the next class in order to deter-
mine additional uses of estimation. The information 
that students acquire from the family survey usually 
creates a lively class discussion and an awareness 
of the frequency and diversity of estimation in our 
daily lives. 

Examples of Estimation Recorded 
by Students 
I. How much time is left? (Asked during recess.) 
2. How long will it take to get home after school? 
3. How long will my homework take? 
4. How much tissue paper do I need for the art 

project? 
5. How much money can I save before Christmas? 
6. Will I have enough money to buy three books at 

the book fair? 
7. Will I have enough money for Hot Dog Day? 



Examples of Estimation from 
Family Interviews 

1. Adding ingredients when cooking 
2. Determining how many kilometres the car will 

run for each litre of gas 
3. Buying material for sewing 
4. Estimating the time it takes to drive somewhere 
5. Tipping in a restaurant 
6. Estimating the amount of money needed at a 

grocery store 
7. Buying fertilizer for the lawn 

Identify Situations Where an Exact 
Number is Required 

Questions such as the following establish that there 
are times when an exact answer is essential, and an 
estimate would make little sense. 
1. What is your address? 
2. How old are you? 
3. What is your phone number? 
4. What time is it? 
5. How many sisters and brothers do you have? 
6. What year were you born? 
7. How many library books are overdue? 
8. How much will dinner cost? 

Have students identify whether an exact answer 
or an estimate is required for each question, and 
ask them to justify their answer. Students may ask 
more questions about when an exact answer is 
required. 

Identify Situations Where Estimates 
Are More Appropriate 

In the situations that follow, estimates are not only 
acceptable, exact answers would be unrealistic or 
inappropriate. 

1. What is the population of Canada? 
2. What is the population of the world? 
3. At what altitude are we flying? 
4. How many hamburgers have McDonald's restaur-

ants sold worldwide? 

Ask students to explain why an estimate is more 
appropriate than an exact answer for each of the 

questions. Students may ask additional questions 
about when an exact answer is unrealistic. 

Introduce Newspaper Headlines 
Have students collect newspaper headlines that il-

lustrate estimates as well as headlines that illustrate 
exact answers. Students find this activity highly 
motivational, and it usually evokes lively class dis-
cussions. Creating class posters from the headlines 
that represent estimates and exact answers provides 
a good visual reminder. 

Examples of Newspaper Headlines 
1. Civic pride fined $50 
2. 57 Dead in Plane Crash 
3. 25,000 Homeless After Quake 
4. 68 Carted Off 
5. $65 Welfare Cut Restored 
6. 30% Off All Cameras 
7. Jackpot Lotto 649 $4.4 Million 
8. 59,000 Watch Grey Cup 
9. Unemployment Rate at 10% 

10. $143,000 for Script at Auction 

Emphasize the Language of 
Estimation 

Students should become familiar with the language 
of estimation. The following are examples of com-
mon phrases that refer to estimation: 
1. About 35 and a half 
2. In between 7 and 8, but closer to 7 
3. Just about 80 
4. Approximately 500 km 
5. Close to size 10 
6. A little more than 16, a little less than 35 
7. Around $100 
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