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Mathematics teachers are interested in situations that can be used for dril l 
and practice using either paper and pencil or a calculator. It is ideal if 
these situations give rise to pattern discovery in settings involving finite 
mathematical  notions. One of these settings involves the multiplication table , 
as shown in Figure I .  
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FIGURE 1 .  Multiplication Table 

0 1 2 3 4 5 6 7 8 9 

0 0 0 0 0 0 0 0 0 0 

0 1 2 3 4 5 6 7 8 9 

0 2 4 6 8 10  1 2  14 16 18 

0 3 6 9 12  15  18  21  24 27 

0 4 8 12  1 6  20 24 28 3 2  36 

0 5 10  15 20 25 30 35  40 45 

0 6 12 18  24 30 36 42 48 54 

0 7 14 21  28 35  42  49 5 6  63  

0 8 1 6  24 3 2  40  48  56  64 72 

0 9 18 27 36  45 54  63  72 81  

Figure 2, on the fol lowing page , displays the interior of an extended multi­
plication table. Rhombi of varying sizes have been drawn on the table. For 
each rhombus : 

1 .  Find the sum of the vertices (V). 

2. Find the sum of the interior numbers (I). 

3. Find the sum of the entries on the horizontal diagonal (HD) and the sum of 
the entries on the vertical diagonal (VD). 

33 



FIGURE 2. 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

0 1

/1�

3 4 5 6 7 8 9 10 1 1  1 2  1 3  1 4  1 5  1 6  1 7  18 1 9  

1
•/-,r�,. 

0 2 - 4 - 6 1 0  1 2  28 30 32 34 36 38 

3� 1/9 0 1 8  2 1 - 24 - 27- 30 - 33 - 36- 39 42 45 48 51  54 57 

�'/ 0 4 8 1 2 - 1 6 - 20 24 26 40 44 '1-8 '52 56 60 64 68 72 76 

0 5 1 0  30 35 40 4 1!l  5
1
0 55 60 65 7

/ih� 90 

95 

0 6 l 2 1 8  3 0 36 42 48 54 60 66 72 78 84- 90 - 96 - 1 02 -1 08 1 1 4  

9� 1 1
1
2�26 0 7 1 4  2 1  28 3 5 42 49 56 63 70 77  84 91 1 33 

48 /J6 
/ I\ 

0 8 1 6  24 32 40 72 80 88 96 1 04 1 1 2 1 20 1 28 1 36 1 44 1 52 

·0 
r 

1 !,\, 26 0 9 1 8  27 36 6 90 99 1 35 1 4 4  1 5 3 162 17 1 

I I F  
0 1 0  20 30 40 50 60 70 80 90 1 00 1 1 0 1 2  1 30 1 40 1 50 160 170 180 190 

44/ 55 
I E \ I \ 

0 1 1  22 33 66 77 88 99 1 1 0 1 2 1  1 32 1 4 3 1 54 1 6 5  1 7 6  187  198  209 

,(· 
I 

1 2�2 
I I \ 

0 1 2  24 60 72 84 96 1 08 1 44-1 56- 168 1 80 1 92 204 2 1 6  228 

I \ I I 
0 1 3 26 39 - 52 -65-78- 9 1 - 1 04- 1 1 7- 1 30-14 3 1 56 169 182 1

/

2

i�

1 234 247 

I 
1
(,

54 
\ I I 

0 1 4  28 41 5-6 70 84 98 1 1 2 1 26 168 1 82 

/

2 1 0  224 238 252 266 

I 
180\ +;,.� 225 - +-,�5;0 0 1 5  30 45  60 75 90 1 0 5  1 20 1 3

/

1 50 1 6 5  285 

I 
0 1 6  32 48 64 80 96 1 1 2  1 28 1 44 1 60 1 76 1 92 208 224 240 256 272 288 304 

\ l \ I/ 
2�i!2�9 0

�

5

1

1

�

1 02 1

r 

53 170  187 204 22 1 238 306 323 

0- 1 8 - 3 6 - 54- 72 - 90 - 1
�

6 162 1 80 1 98 2 16 234 252 270 288 306 324 342 

0�5
1
7� 1 4  1J3 1 52 17 1 1 90 209 228 247 266 285 304 323 342 361 

34 



Table I report s  the sums , toge ther with the number of entries that were 
s ummed . In each case , the sum is listed first with  the numbe r of entries in 
e ach sum in parenthese s .  

TABLE I .  

Rhombus V ( /1 )  I (  (I ) HD( fl )  VD( // )  

A 1 6 ( 4 )  4 ( 1 )  1 2 ( 3 )  1 2 ( 3 )  

B 64 ( 4 )  80 ( 5 )  48 ( 3 )  1 1 2 ( 7 ) 

C 1 20 ( 4 )  330( 1 1 )  2 1 0 (  7 )  1 50( 5 )  

D 384 ( 4 )  288 ( 3 ) 480( 5 )  288 ( 3 )  

E 364 ( 4 )  4095 ( 4 5 )  8 1 9 ( 9 )  1 1 83 ( 1 3 )  

F 624 ( 4 )  1404 ( 9 )  468 ( 3 )  1 7 1 6 ( 1 1 )  

G 960( 4 )  1 200 ( 5 )  1 200( 5 )  1 200 ( 5 )  

H 2 1 6 ( 4 )  270 ( 5 )  378 ( 7 )  1 62 ( 3 ) 

To find a pat tern , form ratios by dividing each sum by the parenthes ized 
number which fol l ows . When this is performed , a cons t ant ratio result s  for each 
rhombus . Table I I  reports these cons tant s .  

TABLE II .  

Rhombus Constant Ratio 

A 4 

B 1 6  

C 30 

D 96 

E 9 1  

F 1 56  

G 240 

H 54  
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In each rhombus , the common ratio is equal to the "centre" number ,  the point 
where the two diagonals intersect . Why? 

Cons ider rhombus C .  The numbe rs to the right and to the left of the centre 
number 30 on the horizontal diagonal are evenly spaced above and below 3 0 .  To 
the right of 30 : 

33 = 30 + 3 
36 = 30 + 6 
39  30 + 9. 

To the left of 3 0 :  
27 = 30 - 3 
24 30 - 6 
2 1  30 - 9 .  

Consequently,  30 i s  the mean of the seven numbers on the horizontal diago­
nal . This implies that the sum of the entries on the horizontal diagonal is 

30 • 7 = 2 1 0 ,  or 2 1 0  ¾ 7 = 3 0 .  

On the vertical diagonal below 30 : 

40 30 + 10 
50 30 + 20 . 

Above 30 : 
20 30 - 10 
10 = 30 - 20 . 

Again , 30 is  the mean of the five numbers on the vert ical diagonal . This 
implies tha t the sum of the ve rt ical diagonals is 30 • 5 = 150  or 1 50 � 5 = 30 . 

S imilar arguments can be generated for the four vertex numbers and the in-
terior numbe rs of C .  These arguments would  apply equally wel l  to any of the 
other rhombi of Figure 2 .  

The e q ua l i ty o f  these ratios may be expressed in other ways . For example , in 

120 rhombus C ,  form the ratio V to I ( 3 30 ) . 

120 3 30 noted that 4- = 11 ; this observation 

standard properties of p roportion s .  

Note this il 
120  notes that 330 

ltv or  
III . 
4 
Ti .  

We had p reviously 

This is one of the 

Cons irler the ratio result ing from comparing HD to VD . What pat tern do you 
obse rve ?  

Le t us inves t igate patterns on an extended hundred square . We have made a 
" 400 square , "  and rhombi have been drawn on i t .  See Figure 3 .  
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FIGURE 3. 
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On Figure 3, rhombi A through H have been drawn in exactly the same posi­
tions as they occupied on Figure 2. Again, find the same sums and ratios as in 
the previous activity. Tables I I I  and IV report these results. 

TABLE 11 1 .  

Rhombus V(fl) I(II)  HD( II )  VD( # )  

A 1 7 2 ( 4 )  43 ( 1 )  1 29 ( 3 )  1 29 ( 3 )  

B 340 ( 4 )  425 ( 5 )  255 ( 3 )  59 5 ( 7 )  

C 284 ( 4 )  7 8 1 ( 1 1 )  497 ( 7 )  355 ( 5 )  

D 548 ( 4 )  4 1 1 ( 3 ) 685 ( 5 )  4 1 1 ( 3 )  

E 1072 ( 4 )  1 2060 ( 4 5 )  24 1 2 ( 9 )  3484 ( 1 3 )  

F 1 0 1 6 ( 4 )  228 6 ( 9 )  7 62 ( 3 )  2794 ( 1 1 )  

G 1 268 ( 4 )  1 585 ( 5 )  1 585 ( 5 )  1 585 ( 5 )  

H 1456 ( 4 )  1820 ( 5 )  2548 ( 7 )  1 092 ( 3 )  

TABLE IV. 

Rhombus Constant Ratio 

A 43 

B 85 

C 7 1  

D 1 37 

E 268 

F 254 

G 3 1 7  

H 364 

Observe that the same pat terns hold as in the extended multiplication ta­
b le ,  and for the same reasons . 
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Challenges for the Reader: 

1 .  Draw other rhombi on Figures 2 and 3. Compute the appropriate sums and ra­
tios. Do the same patterns hold?  

2. Compute other sums and ratios using the rhombi of Figures 2 and 3 .  For 
example, find the sum of the entries which lie on the perimeter of each 
rhombi. What patterns hold? 

3. Draw other geometric shapes on Figures 2 and 3. Find sums and ratios . What  
patterns hold? 

4 .  Draw extended addition and subtraction tables. I f  rhombi are drawn and sums 
and ratios are computed , do the same patterns hold? 

Dr. Duncan and Dr. Litwill er are professors , Department of Mathema tics and Com­
put ing Science , University of Northern Iowa , Cedar Falls .  Dr. Duncan is chair­
man of the department , In addit ion to their teaching responsibil i ties within 
the department , both offer methods courses to elementary and seconda ry preser­
vice teachers . 
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