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Three students, Cindy, Ginger, and Roy, took a calculus test. One of the 

questions was to evaluate the indefinite integralf( sin x • cos x)d x. 

d x 

Cindy fi rst made the sub stitution u = sin x, yielding 

co
d

: x Then,J(sin x • cos x)d x =f(u cos x) c:: x 

du = cos x d x  and 

=ju du 

u2 
= 2 + C 

sin2 x 
2 + C • 

Ginger fi rst made another sub sti tution, n amely u = cos x. Then, 

du = - sin x d x and d x = �d u . J (s in x • cos x)d x =/(s in x d u) ( �du ) 
sin x sin x 

= -f u. ( du) 
., -u� 

= -2- + C 
-cos2 x 

2 + C • 

In his work, Roy recalled that s in 2 x  = 2(sin x)(cos x), and thus 
sin 2 x  sin x • cos x = 

/< sin x • cos x)d x =f (si
� 

2�)d x 

= ¾/< sin 2 x)d x 

Next, Roy s ub stituted u = 2 x, yi elding du = 2d x and d x 

tion, the integral is written = ¾/( sin u) �u 

= ¾Jsin u du 

1 
4 

cos u + C = 

1 
4 

cos 2 x  + C 

du = - Now, b y  sub stitu-

Are these three answers , whi ch d i ffer in appearance, all e quivalent? Recall 

t hat the constant added to the results of the integration i s intended to reflect 

t he fact that an in fini te n umb er of anti -deri vati ves ( all di ffering by constants) 

may ari se from the same integrati on p roblem. 
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To see the meaning o f  this  concept  in the integral p roblem/( sin x ·  cos x)d x, 

rewrite Ginger ' s and Roy' s r esults in forms resembling Cindy' s.  

- cos2 x -( 1 - sin 2 x) GINGER: 2 2 
sin2 x - 1 

2 
sin2 x 1 

2 2 

Cin dy ' s answer -

1 2 x  1 2sin2 x) ROY : cos :; - -( 1 4 4 
1 . 2 1 - sin x 4 2 
sin2 x 1 

2 4 

Cindy' s answer 

1 

2 

1 
4 

It is now app arent that these three answers do, in fact, di ffer  by  a con­

stant. Thi s  sho ws that a c alc ul us teacher must be alert in grading tests ! 

Chal lenges for the Reader: 

1. Integr ate/( tan x •  sec 2 x)dx in several ways and sho w that the answers di ffer 

by  a constant. 

2.  Find o ther examples o f· this  type o f  prob l em. 
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