Plotting the Polygonal Numbers
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Many mathematics teachers are familiar with the polygonal numbers. For ex-
ample, Figure 1 displays the first five triangular numbers because the dots that
they number can be arranged to form equilateral triangles.

Figures 2 and 3 similarly picture the first five square and pentagonal
numbers.

Polygonal numbers of higher order can also be pictured. Figure 4 displays
the first 10 numbers of eight different orders of polygonal numbers.
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Naturals 1 2 3 4 5 6 7 8 9 10

Triangular 1 3 6 10 15 21 28 36 45 55
Squares 1 4 9 16 26 36 49 64 81 100
Pentagonal 1 5 12 22 35 51 70 92 117 145
Hexagonal 1 6 15 28 45 66 91 120 153 190
Heptagonal 1 7 18 34 55 81 112 148 189 235
Octagonal 1 8 21 40 65 96 133 176 225 280
Nonagonal 1 9 24 46 75 111 154 204 261 325
Decagonal 1 10 27 52 85 126 175 232 297 370
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The square numbers are easy to find on the interior of the multiplication
table. They lie on the major diagonal and are shown in Diagram 1. Beginning
with the first square number, successive sguare numbers are generated by proceed-
ing to the right one step and then down one step.

DIAGRAM 1: Square Numbers

0 6 12 18 24 30 42 48 54 60 66 72 78 84 90 %¢ 102 108 114
0 7 14 21 28 35 42 56 63 70 77 84 91 98 105 112 11§ 126 133
0 8 16 24 32 e +3 56 72 8C 83 96 ¢4 112 120 128 136 145 182
0 9 18 27 36 45 54 63 72 90 9% 108 117 126 135 144 153 162 171
0 10 20 30 a0 50 60 70 80 90 I'IO 12 130 140 150 160 170 180 190
0 11 22 33 44 55 66 77 88 9% 110 @4132 143 154  J85 176 ier 192 209
0 12 24 36 48 60 72 84 9 108 120 132 l 56 168 180 192 204 216 222
0 13 26 39 52 65 78 91 104 117 130 143 156 182 195 208 221 234 217
0 14 28 42 56 70 84 98 112 126 140 154 168 182 210 224 238 252 264
0 15 30 45 60 75 90 105 120 135 150 165 180 195 210 @—) 240 255 270 285
0 16 3z 48 64 80 96 11z 128 144 160 176 192 208 224 240 27z 238 30+
0 17 34 51 68 g5 162 119 136 153 170 187 204 221 238 255 272 6—)306 323
0 8 36 54 72 90 108 126 144 162 180 198 2'6 234 252 270 288 306 @-—) 342

0 19 38 57 76 95 114 133 152 w1 190 209 228 .247 266 285 304 323 342 @




The hexagonal numbers are shown in Diagram 2. . :
agonal number, successive hexagonals are generated by proceeding to the right

one step and then down two steps.

Beginning with the first hex-
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DIAGRAM 2: Hexagonal Numbers
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Diagrams 3 and 4 depict the octagonal numbers and the decagonal numbers.,

The

octagonals are generated by moving to the right one step and down three, while
the decagonals are generated by moving to the right one step and down four.
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DIAGRAM 3: Octagonal Numbers
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DIAGRAM 4: Decagonal Numbers

al 0 0 0 0 ¢ 0 0 0 0 0 0 0 0 0 0 0 0 0 Q
0 4 5 6 7 8 9 10 n 12 13 14 15 16 17 18 19
0 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38
a 12 15 18 21 24 27 30 n 36 39 42 45 48 51 54 57
0 i6 20 24 28 32 36 40 44 48 52 56 60 64 &8 72 76
0 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95

Q 6 12 B 24 30 36 42 48 54 60 &6 72 78 84 90 56 102 108 114
0 7 14 a4t 28 35 42 49 56 63 70 17 84 91 98 105 112 119 126 133

0 8 16 3 3z 40 53 56 64 72 80 88 9 124 112 120 128 126 144 382

0 9 18 (EE>~—536 45 54 63 72 8i 90 99 T08 117 126 135 144 153 162 1N

0 10 20 30 50 &0 70 80 90 100 110 120 130 140 150 160 170 180 190
0 1 2 33 55 66 77 88 99 110 121 13z 143 154 165 176 187 19g¢ 209
0 12 24 36 60 72 84 9 108 l20 132 144 156 168 180 192 204 216 228
0 13 26 39 65 78 91 104 317 130 143 156 169 182 195 208 221 234 247
0 14 28 42 56 B4 98 112 126 140 154 168 182 196 210 224 238 252 266
0 15 30 45 60 % 105 120 135 150 165 180 195 21¢ 225 240 255 270 285
0 16 32 48 64 9 112 128 144 160 176 192 208 224 240 256 272 288 304

0 17 34 51 68 (&85} 102 119 136 153 170 187 204 22t 238 255 272 289 306 323
b S
g 18 36 54 72 90 108 126 144 162 180 198 216 234 252 270 288 306 324 342

0 19 38 57 76 95 114 133 152 171 190 209 228 247 266 285 304 323 342 36l

Diagrams 1 through 4 contain polygonal numbers of even order. Can the dodec-
agonal (12 sides) numbers be generated by moving one step to the right and down
five?
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Polygonal numbers of odd order can also be located on the interior of the
multiplication table. Diagrams 5 and 6 depict two methods of generating the tri-
angular numbers. The triangular numbers in Diagram 5 are generated by moving to
the right two steps, circling the triangular number, and then moving down one
step and circling the triangular number. This right-two-circle, down-one-circle
process is repeated indefinitely.

DIAGRAM 5: Triangular Numbers

-

0 4 78
8 12 16 20 24 '-u,_2_8/|_ dd—-3 36 40 44 48 52 56 60 64 68 72

0 5 10 15 20 25 30 35 40 -r-45 55 60 65 70 75 80 85 90 95

0 6 12 18 23 30 36 42 48 54 60 66_} —?E—@ 84 96 102 108 114

90
0 7 14 21 28 35 42 49 56 63 70 7 84 O—‘iﬂ%@ 112 119 126 133

91
0 8 16 24 32 40 38 56 64 72 8C 88 96 104 112 129{,—4-."3--{'@' 144 152
0 9 18 27 36 45 54 63 72 81 90 99 108 117 126 135 144 :JJIJ.SC;"—H @
0 10 20 30 40 50 60 70 80 90 100 110 120 330 140 150 160 170 80 @
0 1 22 33 44 55 66 77 88 99 110 121 132 143 154 165 176 187 198 209
0 12 24 36 48 60 72 84 % 108 120 132 144 156 168 180 192 204 216 228
0 13 26 39 52 65 78 91 104 N7 130 143 156 169 182 195 208 221 234 247
0 14 28 42 36 70 84 98 112 126 140 154 158 182 196 210 224 238 252 266
0 15 30 45 60 75 %0 105 120 135 150 165 180 195 210 225 240 255 270 285
¢ 16 32 48 64 80 96 112 128 144 160 176 192 208 224 240 256 272 288 304
0 17 34 S1 68 85 102 119 136 153 170 187 204 221 238 255 272 289 306 323
0 18 36 54 72 90 108 126 144 162 180 198 216 234 252 270 288 306 324 a2

0 19 38 57 76 95 114 133 152 171 180 209 228 247 266 2B5 304 323 342 361




Diagram 6 shows another method of generating the triangulars by addition.
The sums of the pairs of circled numbers are, consecutively, 1, 3, 6, 10, . . .,
the triangular numbers.

DIAGRAM 6: Triangular Numbers

0 0 0 0 0 ¢ 0 0 0 0 0 0 0 0 0 0 0 ] 0
0 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
0 4 ‘'8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38
0 3 6 : 15 18 21 24 27 30 KX 36 39 42 45 48 51 54 57
0 4 8 12 24 28 32 36 40 44 48 52 56 60 64 68 72 76

35 40 45 50 55 60 65 70 75 80 85 50 95

‘48 54 60 &6 72 78 84 90 96 102 108 114

0 7 14 21 28 35 42 o\ y, 63 70 77 24 9 98 105 112 119 126 133

n
i

0 8 16 24 32 40 48 56 . 89 £8 96 104 112 120 128 136 148 !
99 108 137 126 135 144 153 162 17}

120 130 140 150 160 170 18O 190

0 1 22 33 44 55 66 77 88 %9 110 ' 143 154 165 176 187 193 208
0 12 24 36 48 60 72 84 96 108 120 132 - 168 180 192 204 216 228

0 13 26 39 52 65 78 91 104 177 130 143 156 208 221 234 247

0 14 28 42 56 70 84 98 112 126 140 154 168 224 238 252 Z6%
0 15 30 45 60 75 90 05 120 135 150 185 180 195 210 270 285
0 16 32 48 64 80 96 112 128 144 160 176 192 208 224 288 304
0 17 kL 51 68 85 102 119 136 153 370 187 204 221 238 255 272 ) { o323

[
£a
rraf

0 18 36 54 72 9 108 126 144 16z 180 198 216 234 252 270 288 306

0 19 ki:} 57 76 5 114 133 152 171 1e0 209 228 247 266 285 304 323 342 361

-~




Diagram 7 displays the pentagonal numbers. They are also generated by adding
the pairs of circled numbers. In contrast to the triangular numbers, the pairs
do not overlap.

DIAGRAM 7: Pentagonal Numbers

0 o o o0 ©0o ©o © ©0 o O © © o 0 o0 ©0o 0 0 o
0 (::::) s s 7 8 9§ 10 1M 12 13 14 15 1 17 18 19
o 2 4 6 74) %6 18 20 22 24 26 28 30 32 34 36 38

0 3 6 9 12 15 18 21 30 KX] 36 39 42 45 48 51 54 57

0 4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 64 68 72 76
0 5 10 15 20 25 30 35 40 45 50 5% 60 65 80 85 90 95
0 6 12 18 24 30 36 42 48 54 60 66 72 78 84 90 96/ (102 108 [il4
0 7 14 21 28 35 42 49 56 63 70 77 84 91 88 105 12 119 126 \J33
0 8 16 24 3z 40 48 56 64 72 80 a8 95 1C4 112 120 128 136 144 152
0 9 18 27 36 45 54 63 72 81 90 99 108 117 126 135 144 153 162 17}
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 3150 160 170 180 190
0 n 22 33 44 55 66 77 88 93 110 121 132z 143 154 165 176 187 198 209
0 12 24 36 48 60 72 84 % 108 120 132 144 156 168 180 192 204 216 228
0 13 26 39 52 65 78 91 104 117 130 143 156 169 182 195 208 221 234 247
0 14 28 42 56 70 84 98 112 126 140 154 168 182 196 210 224 238 252 266
0 15 30 45 60 75 90 105 120 135 150 165 180 195 210 225 2480 255 270 285
0 16 32 48 64 80 96 112 128 144 160 376 192 208 224 240 256 272 288 304
0 17 34 51 68 g5 102 119 136 153 170 187 204 221 238 255 272 289 306 323
0 18 36 54 72 90 108 126 144 162 180 198 216 €34 252 270 288 306 324 342

0 19 38 57 76 95 114 133 152 171 120 209 228 247 266 285 304 323 342 361




Diagrams 8 and 9 show the heptagonal and nonagonal numbers.
generated by adding the pairs of numbers that are circled.

Again, they are
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DIAGRAM 8: Heptagonal Numbers
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DIAGRAM 9: Nonagonal Numbers

0 6 12 18 24 30 36 42 48 54 60 66 72 78 84 90 96 102 108 114
0 7 14 21 28 35 42 49 56 63 70 77 84 Nn 98 105 112 119 126 133
0 8 16 24 32 40 48 56 64 72 80 88 96 104 112 120 128 136 144 152
0 9 18 27 36 45 54 63 72 81 92 99 108 117 126 135 144 153 162 171
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190
0 N 22 33 44 55 66 77 88 g9 110 121 132 143 154 165 176 187 198 209
0 12 24 36 48 60 72 84 96 108 120 132 144 156 168 180 192 204 216 228
0 13 26 39 52 65 78 91 104 117 130 143 1% 169 182 195 208 221 234 247
0 14 28 42 56 70 84 98 112 126 140 154 168 182 196 210 224 238 252 266
0 15 30 45 60 75 90 105 120 135 150 165 180 195 210 225 240 255 270 285
0 16 32 48 64 80 95 112 128 144 160 176 192 208 224 240 256 272 288 304
v} 17 34 51 68 85 102 119 136 153 170 187 204 221 238 255 272 289 306 323
0 18 36 54 72 90 108 126 144 162 180 198 216 234 252 270 288 306 324 342

Q 19 38 57 76 95 114 133 152 171 1%0 209 228 247 266 285 304 323 342 361

Observe that increasing odd orders of polygonal numbers result from increas-
ing the number of spaces between the pairs of circled numbers to be added. By
continuing the patterns used in Diagrams 6 through 9, generate polygonal numbers
of order 11.

The readers and their students are encouraged to conjecture and to investi-
gate further patterns concerning polygonal numbers.
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