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Solve the Following Equation:
The Role of the Graphing Calculator in the
Three Worlds of Mathematics

Jayne Powell

In 2013, David Tall published a book entitled How
Humans Learn to Think Mathematically: Exploring
the Three Worlds of Mathematics, which tries to make
sense of how mathematics is taught and learned in a
world where the spectrum of positions on mathemat-
icsranges from feelings of absolute beauty and power
to anxiety and distress (p xii1). He proposes a frame-
work of three worlds of mathematics through which
learners construct mathematical meaning. As graph-
ing calculators are now a near-ubiquitous tool in the
mathematics classroom, this paper will explore how
using a graphing calculator is both supportive and
problematic within these three worlds of mathematics,
by considering how students may come to solve
quadratic functions.

The presence of the graphing calculator in the
mathematics classroom has become naturalized. One
does not often step back and ask how it came to be
here or what it is currently doing to mathematical
thinking, pedagogy and curriculum. Historically, the
first device that could be considered a calculator, the
abacus, began to extend mathematical thinking as
early as 5,000 years ago. Then, in 1692, the French
mathematician Pascal created the first mechanical
calculator, which had the ability to add and subtract
numbers. However, at the time Pascal concluded that
it was too expensive for any practical use (Grinstein
and Lipsey 2001, 87). Calculators would remain too
expensive for common household use until the 1970s.
Since that time, the increased use of calculators in
society quickly forced educators to adapt, which gave
rise to the prominent and lasting mathematics educa-
tion debate about whether and how calculators should
be implemented in classrooms (Banks 2008, 1-2).
Then, in the early 1990s, a more powerful type of
calculator—the graphing calculator-—emerged on the
education scene, and it was soon commonly seen in
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most high school mathematicsclassrooms. Graphing
calculators allow students to graph,analyze, calculate
and solve problems graphically, numerically and al-
gebraically. Since nongraphing calculators had be-
come common in schools, aside from some discus-
sions surrounding their monetary expense, the
addition of graphing calculators tothe classroom was
less contentious. However, even if the addition of the
graphing calculator was met with less resistance, it
is still considered in the literature as the instigator of
massive change in the high school mathematics class-
room in the last 25 years. In 1992, near the beginning
of the integration of the graphing calculator into the
classroom, Kaput described this new technology as
“anewly active volcano of the mathematical mountain
... changing before our eyes, with a myriad of forces
operating on it and within it simultaneously” (p 515).
Yet today, its presence goes nearly unquestioned.
Learning to use a graphing calculator is merely part
of the progression of learning about mathematics.
The presence of the graphing calculator in education
has gone from being seen as an active volcano to be-
ing naturalized. Teaching high school mathematics
now implicitly includes teaching how to use a graph-
ing calculator to aid in developing mathematical
thinking and understanding.

The Three Worlds of
Mathematics

Tall (2013) puts forth a framework in which to
consider mathematical learning that he calls the
“three worlds of mathematics”: conceptual embodi-
ment, operational symbolism, and axiomatic formal-
ism (p 133). Through these worlds, language, catego-
rization and repetition produce thinkable concepts
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Repetition as a Means of Encouraging
Tall’s Met-Befores

Lixin Luo

In a classroom teaching and learning situation, it
is common for individual students to respond differ-
ently to a new topic introduced by the teacher. While
some students might be able to understand the new
topic quickly, others might feel lost or confused.
Students’ different responses can be explained using
David Tall’s (2013) idea of met-befores. In this paper,
I first interpret Tall’s concept of met-before, and then
I explore using repetition to help students to construct
and activate met-befores in order to facilitate their
mathematical growth.

Met-Befores

The term met-before is used to “describe how we
interpret new situations in terms of experiences we
have met before™ (Tall 2013, 88). Tall defines a met-
before as “a mental structure we have now as a result
of experiences we have met before” (p.84). The term
met-before refers not to a person’s actual experience,
but rather to the embodied influence of the person’s
previous conscious and unconscious experience. Met-
befores are personal; two people who have leamed
the same topic might not have the same understanding
of the topic. Met-befores can exist unconsciously and
might not present themselves until a person is
prompted by certain situations that make her met-
befores problematic. For example, a student might
not realize that she believes that “multiplication
makes more” until she encounters fraction multiplica-
tion and the fact that multiplication makes less. Tall’s
met-befores are similar to presumptions, prejudices,
attitudes or habitual ways of thinking formed through
a person’s former experience.

Of particular significance, met-befores affect how
we interpret a new situation, thus influencing our
learning. Some met-befores are supportive because
they help learners to understand new experience,
while some are problematic because they cause
initial confusion (Tall 2013). For example, knowing
2x + 3x = 5x is helpful for one to understand
2x2+ 3x* = 57, but understanding that addition makes
a bigger number, based on one’s experience with
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positive numbers, is problematic when one first en-
counters adding negative numbers. Tall sees that
supportive and problematic met-befores arise natu-
rally in mathematical learning, and the development
of mathematical thinking involves a change of mean-
ing of met-befores: some supportive met-befores
might continue to be helpful in a new context while
some become problematic. Thus, whether a met-
before is supportive or problematic is contextualized
rather than a fixed attribute. For instance, a student
who has calculated the square of a real number many
times would find the statement “Any real number’s
square is positive™ easy to understand, but find the
idea of i*=-1 hard to grasp.

A person can have some supportive aspects of a
given concept and some problematic aspects at the
same time (Tall 2013). Students who can understand
a new topic quickly might have sufficient supportive
met-befores or they can suppress their problematic
met-befores in order to move on, while students who
find the topic hard to grasp might lack supportive
met-befores or have problematic met-befores that
they cannot resolve.

Both supportive and problematic met-befores are
important for mathematical learming, yet they are not
equally valued in school curriculum (Tall 201 3). Sup-
portive met-befores are commonly valued in curricu-
lum design through the emphasis of prerequisite
knowledge and skills and in teaching practices through
connecting new ideas with students’ experience.
Problematic met-befores, however, are rarely used in
mathematics classrooms as “an integral part of learn-
ing” (Tall 2013, 89). Contradictions between the new
idea and one's previous understanding are not wel-
come because they seem to interrupt and trouble one’s
learning. Tall sees curriculum’s focus on supportive
met-befores as a problem. He argues that problematic
met-befores can have “debilitating effects in long-term
learning” (p 89), and the resolution of problematic
met-befores is needed for confident new learning.
Therefore, Tall suggests considering ways to deliber-
ately reveal problematic met-befores so that they can
be addressed. This leads us to the use of repetition.
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ELL Students’ Set-Befores and
Met-Befores in Mathematics

Tom Asquith

Recently, teachers and researchers alike have
observed growing numbers of English language
learning students (ELL) in American and Canadian
classrooms (National Council of Teachers ot Math-
ematics 2013). For example, Riel and Boudreau
(2012) found that 15 percent of all students in Ca-
nadian classrooms do not have English as their first
language. In Alberta alone, 17 per cent of all schools
responding have ELL students. Of those Alberta
schools, 34 per cent have at least | to 5 students,
39 per cent have 6 to 25 students, and 26 per cent
reported more than 25 ELL students (Alberta Educa-
tion 2006a, 2006b).

Not surprisingly, this demographic shift poses
interesting challenges for Canadian teachers. Given
that some ELL students may have received little or
no formal instruction in their first language, the ex-
perience of school might be novel to them. Even for
ELL students who have received prior schooling,
there is the challenge of making sense of material in
a language with whichthey are completely unfamiliar
(Boaler 2008).

However, what is not obvious is that many ELL
students can find a subject such as mathematics also
challenging. Although mathematics is sometimes
regarded as a universal language (perhaps errone-
ously), its structures and nuances pose a significant
challenge to mathematics students-—especially if they
are leaming mathematics in a second language. (Clark
1975; Barrow 2014). In fact, success in an English
language-based mathematics classroom requires a
variety of language and coding skills that go beyond
merely learning mathematics (Barwell 2005, 2008;
Barrow 2014).

In this paper, I aim to examine two things. First, I
will look at what challenges ELL students face in
terms of leamming and understanding mathematics.
This will be done by using some of the ideas of the
respected English mathematics education researcher
and theorist, David Tall, as a guide. Second, we will
examine how mathematics teachers can make the task
of mastering and understanding mathematics con-
cepts and processes easier for these students.
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Set-Befores and Met-Befores
of English Mathematical
Language

To assist in the discussion of some of the language
and coding issues relating to ELL students, T will
borrow some concepts and ideas from Tall’s writings
(Tall 2008, 201 3; McGowen and Tall 2010, 2013), in
particular the set-before and met-before. A ser-before
is amental structure that humans are born with, which
mature as our brains make early connections. In this
category, Tall includes things like posture, identifying
direction, social abilities such as gestures (eg, point-
ing at objects) and so on.

For math educators in particular, Tall (2008, 2013)
identified the following set-befores as essential for
mathematical understanding:

* The recognition of patterns, similarities and
differences between mathematical concepts

» The repetition of sequences of actions until they
become automatic

* The use of language to describe and refine the way
we think about things

These three set-befores (recognition, repetition and
language) form the basic skills required for learning
mathematics in all of its forms. Note how the first and
last in particular relate to language use. We will return
to these in a moment.

In addition to the set-befores, we also need to
introduce the idea of a mez-before. For Tall, a met-be-
fore is a mental structure formed in an individual's
brain based upon their previous experiences (ie, “built
from experience that the individual has ‘met-before’™
[McGowen and Tall 2010, 169]). Though simple, the
idea of a met-before can be quite helpful in dealing
with mathematics, because met-befores can be sup-
portive or problematic. A supportive met-before as-
sists or facilitates the learning of mathematical con-
cepts and processes; problematic met-befores, on the
other hand, inhibit or make the learning of math-
ematics more difficult for the student (Tall 2008,
2013; McGowen and Tall 2010, 2013).
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Mathematical Thinking:
An Argument for Not Defining Your Terms

Shelley Barton

A hum of activity ebbs and flows in the room.
Seated at round tables, the participants are all en-
gaged, although not all in the same fashion. Some are
noisily working in pairs, meticulously laying out rows
of neatly organized dominos, row upon row. Some
are working independently, slowly, thoughtfully, rear-
ranging the dominos in front of them. As progress is
made, the ideas flow through the room, rushing by
those who already know, and forcing others to pull
their attention from their own thoughts and attend to
the ideas in the room. This is the picture of a room
learning—as Doll (1989) writes, aroom that is doing
“more dancing and less marching” (p 67). This pro-
ductive hive of activity is the outcome of a good
mathematics problem. However the participants are
not students—they are teachers.

This is not a unique occurrence. Put any group of
mathematics teachers together with a good problem
and the hive will spontaneously erupt. The definition
of a good problem lurks just out of reach, like an idea
from a dream you cannot quite remember. Some
mathematics teachers have a good intuition when it
comes tojudging a problem as good; a select few can
even produce good problems effortlessly. All math-
ematics teachers know a problem is good by the re-
sponse of their class. It may not even be the problem
alone. Instead it may be a perfect storm coming to-
gether, out of unidentifiable elements like day of the
week, time of the day, the past of the participants, the
safety of the learmning atmosphere and more. However,
like the good problem, the perfect storm is recogniz-
able when it rains down.

As aparticipant in this particular hive, I discerned
new ideas about mathematical thinking as I worked
on the mathematics. The problem was a tiling activity
with dominos that ended up generating the Fibonacci
sequence. 1 started with the dominos but quickly
moved to paper, developing a symbolic representation
for the problem so that I could organize the arrange-
ments into types and count using combinatorics.
Others in the group were using the language of trans-
formational geometry. Thisdid not occur to me. Some
had completely abandoned the dominos and were
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working exclusively on paper. Still others were work-
ing solely with the dominos.

After the emergence of the Fibonacci sequence
was discovered and agreed upon, the group moved
on to something else, but I stayed with this problem.
I found myself listing the terms of the sequence and
the symbolic pattern until the 11th iteration, then
looking for a formula that would generate the se-
quence using sigma notation. There is something
about this experience that is deeply connected to the
kind of mathematical thinking 1 would like to support
students in developing.

Tall (2013) has two ideas related to mathematical
thinking that are connected to this experience with a
good problem. The first is the concept of the met-
before, which Tall initially describes as “a structure
we have in our brains now as a result of experiences
we have met before” (p 23). Later Tall writes that
“‘met-before’ refers not to the actual experience itself,
but to the trace that it leaves in the mind that affects
our current thinking” (p 88). Both of these descrip-
tions create a picture of something left behind in the
mind as a result of a mathematical experience that
may or may not be a complete object. The decision
to use combinatorics to approach the problem was
not a conscious one. I did not have the thought “I will
use combinatorics,” nor did I decide to stop using the
dominos and start using a symbolic representation.
These approaches seemed to evolve organically, just
as equally valid approaches evolved organically in
other members of the group (this may point to one of
the qualities of a good problem). This could be similar
to theexperience of a met-before, a residual experience
with a mathematical idea that unconsciously appeared
in my work and influenced my thinking. A met-be-
fore, like rake it to the other side and change the sign,
is supportive for a student in solving 2x — 6 = 10.
When the same student is faced with 2x + 5=6x- 10,
then the met-before can become problematic. Whar
should I move and which side should I take it to ? This
residual left behind in the mind can lead students to
productive approaches or stop them in their tracks,
depending on the situation.
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Teaching the Trigonometric Ratios
Through Embodiment,
Symbolism and Formalism

Christopher Charles

Introduction

In today’s classrooms, sound pedagogic practices
are priceless. In the mathematics classroom, these
pedagogic practices must provide students with op-
portunities to create a deeper understanding of math-
ematics. A deeper understanding of mathematics
means that students understand the underpinnings of
mathematical concepts; are able to represent math-
ematical ideas in multiple ways (concrete, numerical,
graphical, geometrical, and symbolic); are able to use
appropriate “mathematical language, vocabulary, and
notation to represent ideas, describe relationships,
and model situations”; and are able to “‘make mean-
ingful connections within mathematics, to other
content areas, and to real-life situations” (New
Mexico State University nd, 1).

If students are to attain these standards and achieve
deeper understanding of mathematics, teachers must
create the pedagogic opportunities that will engage
students in higher levels of thinking. D’ Ambrosio,
Johnson and Hobbs (1995) proposed twelve peda-
gogic strategies that teachers can employ to engage
students in higher levels of thinking.

1. Encourage exploration and investigations: in-
volve students in activities that will help them to
construct mathematics knowledge as well as
explore and investigate mathematics ideas.

2. Use students’ prior knowledge: students bring
to class different world knowledge and experi-
ences that affect the way they view and solve
problems.

3. Use manipulatives: the proper use of manipula-
tives is critical to the understanding of new
mathematical ideas.

4. Use real-world problem-solving activities: link
mathematics and the real world through a wide
range of problem-solving activities.

5. Integrate mathematics with other content areas:
this helps students to apply previously acquired
knowledge to new situations.
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6. Use culturally relevant materials: this helps to
motivate students as the mathematics relate to
students’ different cultures and interests.

7. Use technology: saves time by performing com-
plex calculations quickly and allows for drawings
and demonstrations that are difficult if not impos-
sible to achieve using a chalkboard.

8. Use oral and written expression: explaining their
thinking orally and/or in writing help students to
organize their thought and solution strategies.

9. Encourage collaborative problem solving: this
encourages active involvement in leaming by
sharing and negotiating meaning, verbalizing
understanding, and providing constructive
criticism.

10. Use errors to enhance learning: to simply say an
answer is correct or incorrect is insufficient if
students are to improve their understanding of
mathematics. The thinking behind students’ er-
rors must be explored if misconceptions are to
be ironed out.

11. Offer an enriched curriculum and challenging
activities: all students must be exposed to math-
ematically demanding tasks. This allows students
to develop their critical thinking skills and
problem-solving ability beyond routine and
watered-down procedural tasks.

12. Use a variety of problem-solving experiences:
use a wide variety of problems to include prob-
lems that can be solved in different ways, with
more than one correct answer, and that may in-
volve decision making and allow for different
interpretations. (pp 125-35)

These twelve pedagogic strategies, however, must
be used within a framework that will enhance their
effectiveness whereby students and teachers will gain
maximum benefit from their use. To this end, I pro-
pose Tall’s framework called the “three worlds of
mathematics.”

In this paper I demonstrate how the sine, cosine,
and tangent ratios can be introduced to secondary
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Teaching Mathematics for
Understanding:
Approaching and Observing

Priscila Dias Corréa

Introduction

Mathematics teaching has been the target of criti-
cismrecently (take, for example, the extensive media
response to the latest PISA results). In part, these
criticisms are derived from the belief that doing
mathematics regardless of the nature of a learner’s
understanding is sufficient for schooling purposes,
and that thinking mathematically is necessary only
for mathematicians. These beliefs seem to be deeply
rooted in our society and are difficult to change.
Because of that, new approaches for teaching math-
ematics are being judged negatively. Sierpinska
(1994) states that

Sometimes understanding is confused (or deliber-
ately merged) with knowing, and argued that this
is perhaps not a desirable thing to do in education.
Unfortunately, institutionalized education is
framed to develop students’ knowledge rather than
thinking. This is a heritage of along-standing tradi-
tion. (p 68)

Regardless, many different approaches to teaching
mathematics for understanding have been investi-
gated over the last few decades (Kilpatrick, Swafford
and Findell 2001). In spite of positive learning out-
comes demonstrated by many of the approaches,
discussions continue about what it means to teach
for mathematical understanding. Therefore, one
purpose of this paper is to discuss teaching mathe-
matics for understanding by considering its rele-
vance, advantages and challenges, as well as the
factors that contribute to the implementation of
mathematical understanding activities in class. The
second purpose is to present three theories of math-
ematical understanding: Pirie and Kieren's (1994)
model of the growth of mathematical understand-
ing; Tall’s (2013) model of the three worlds of
mathematics; and Kilpatrick, Swafford and Findell’s
(2001) model of mathematical proficiency, each of
which can be used to observe students’ mathematical
understanding.
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Teaching Mathematics for
Understanding

As many teachers are aware, mathematical under-
standing can be related to more than one kind of
understanding in mathematics. Skemp (2006), for
instance, proposes two different meanings for the
word understanding. He claims that understanding
can be instrumental or relational. Relational under-
standing means “knowing both what to do and why”
(p 89), while instrumental undersranding is described
by “rules without reasons™ (p 89). This paper will
refer to relational understanding when discussing
teaching for understanding.

Teaching for understanding presents advantages.
For students to develop understanding, the required
instruction will correspond to what Ben-Hur (2006)
calls concept-rich instruction—ie, instruction based
on conceptual knowledge. As a consequence, the
constructed knowledge should be stronger and longer
lasting; hence students can draw on the meanings and
understandings they have assimilated rather than
depending on (perhaps long-forgotten) memorized
facts and processes when they encounter new math-
ematical situations and problems. Kilpatrick, Swaf-
ford and Findell (2001) remind educators that if
students cannot make different associations among
the learned concepts, they might not be able to use
them in various problem-solving situations. In this
sense, the students’ mathematical knowledge will be
compromised because they do not understand what
they are learning.

Stein, Grover and Henningsen (1996) claim that

Complete understanding [of mathematics] ... in-
cludes the capacity to engage in the processes of
mathematical thinking, in essence doing what
makers and users of mathematics do: framing and
solving problems, looking for patterns, making
conjectures, examining constraints, making infer-
ences from data, abstracting, inventing, explaining,
justifying, challenging, and so on. (p 456)






















Book Announcement

Selected Writings from the Journal of
the Mathematics Council of the Alberta
Teachers’ Association: Celebrating
50 years (1962-2012) of delta-K

Edited by Egan J Chernoff, University of Saskatchewan
and Gladys Sterenberg, Mount Royal University

A volume in the series The Montana Mathematics
Enthusiast: Monograph Series in Mathematics
Education. Series Editor: Bharath Sriraman,
The University of Montana

The teaching and learning of mathematics in
Alberta—one of three Canadian provinces sharing a
border with Montana—has a long and storied history.
An integral part of the past 50 years (1962-2012) of
this history has been delta-K: Journal of the Math-
ematics Council of the Alberta Teachers' Association.
This volume, which presents ten memorable articles
from each of the past five decades, that is, 50 articles
from the past 50 years of the journal, provides an
opportunity to share this rich history with a wide
range of individuals interested in the teaching and
learning of mathematics and mathematics education.
Each decade begins with an introduction, providing
a historical context. and concludes with a commentary
from a prominent member of the Alberta mathematics
education community. As a result, this monograph
provides a historical account as well as a contempo-
rary view of many of the trends and issues in the
teaching and learning of mathematics. This volume
is meant to serve as a resource for a variety of indi-
viduals, including teachers of mathematics, mathe-
matics teacher educators, mathematics education
researchers, historians, and undergraduate and gradu-
ate students. Most important, this volume is a celebra-
tory retrospective on the work of the Mathematics
Council of the Alberta Teachers' Association.
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