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Introduction

Mathematics teaching has been the target of criti-
cismrecently (take, for example, the extensive media
response to the latest PISA results). In part, these
criticisms are derived from the belief that doing
mathematics regardless of the nature of a learner’s
understanding is sufficient for schooling purposes,
and that thinking mathematically is necessary only
for mathematicians. These beliefs seem to be deeply
rooted in our society and are difficult to change.
Because of that, new approaches for teaching math-
ematics are being judged negatively. Sierpinska
(1994) states that

Sometimes understanding is confused (or deliber-
ately merged) with knowing, and argued that this
is perhaps not a desirable thing to do in education.
Unfortunately, institutionalized education is
framed to develop students’ knowledge rather than
thinking. This is a heritage of along-standing tradi-
tion. (p 68)

Regardless, many different approaches to teaching
mathematics for understanding have been investi-
gated over the last few decades (Kilpatrick, Swafford
and Findell 2001). In spite of positive learning out-
comes demonstrated by many of the approaches,
discussions continue about what it means to teach
for mathematical understanding. Therefore, one
purpose of this paper is to discuss teaching mathe-
matics for understanding by considering its rele-
vance, advantages and challenges, as well as the
factors that contribute to the implementation of
mathematical understanding activities in class. The
second purpose is to present three theories of math-
ematical understanding: Pirie and Kieren's (1994)
model of the growth of mathematical understand-
ing; Tall’s (2013) model of the three worlds of
mathematics; and Kilpatrick, Swafford and Findell’s
(2001) model of mathematical proficiency, each of
which can be used to observe students’ mathematical
understanding.
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Teaching Mathematics for
Understanding

As many teachers are aware, mathematical under-
standing can be related to more than one kind of
understanding in mathematics. Skemp (2006), for
instance, proposes two different meanings for the
word understanding. He claims that understanding
can be instrumental or relational. Relational under-
standing means “knowing both what to do and why”
(p 89), while instrumental undersranding is described
by “rules without reasons™ (p 89). This paper will
refer to relational understanding when discussing
teaching for understanding.

Teaching for understanding presents advantages.
For students to develop understanding, the required
instruction will correspond to what Ben-Hur (2006)
calls concept-rich instruction—ie, instruction based
on conceptual knowledge. As a consequence, the
constructed knowledge should be stronger and longer
lasting; hence students can draw on the meanings and
understandings they have assimilated rather than
depending on (perhaps long-forgotten) memorized
facts and processes when they encounter new math-
ematical situations and problems. Kilpatrick, Swaf-
ford and Findell (2001) remind educators that if
students cannot make different associations among
the learned concepts, they might not be able to use
them in various problem-solving situations. In this
sense, the students’ mathematical knowledge will be
compromised because they do not understand what
they are learning.

Stein, Grover and Henningsen (1996) claim that

Complete understanding [of mathematics] ... in-
cludes the capacity to engage in the processes of
mathematical thinking, in essence doing what
makers and users of mathematics do: framing and
solving problems, looking for patterns, making
conjectures, examining constraints, making infer-
ences from data, abstracting, inventing, explaining,
justifying, challenging, and so on. (p 456)
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