Alberta High School Mathematics
Competition 2011/12

The Alberta High School Mathematics Competition
is a two-part competition taking place in November
and February of each school year. Book prizes are
awardedfor Part I, and cash prizes and scholarships
Jor PartIl. Presented here are the problems and solu-
tions from the 2011/12 competition.

Part |
November 15, 2011

1.

34

If 2212 4 41 = 24, then i is

(a) 2013 (b) 2014 (c) 3018
(e) not an integer

(d) 4024

Mini-marshmallows are cubes of 1 cm on each
side, while giant marshmallows are cubes of
3 c¢cm on each side. The number of mini-marsh-
mallows whose combined surface area is the same
as the surface area of one giant marshmallow is

(@3 (b6 ()9 (d)27 (e)54

The number of customers in a restaurant on
Tuesday is 20% more than the number on Mon-
day. the number of customers on Wednesday is
50% more than the number on Monday, and the
number of customers on Wednesday is n% more
than the number on Tuesday. The value of 7 is

(a)20 (b)25 (c)30 (d)50 (e)none of these

Sawa starts from point S and walks 1 km north,
2 km east, 3 km south and 4 km west. At this
point, her distance, in kilometres. from S is

(a)V5 (2v2 (©4 (8 (e)l0

A millennium number is a positive integer such
that the product of its digits is 1000. The number
of six-digit millennium numbers is

(a)60 (b) 120 (c) 140 (d) 180 (e) 200

Let x, x,. ... be a sequence of positive rational
numbers such that x, = 16. x, = 32 and

Xn-1 1 Xn_
Xp =

2
for all positive integers n 2 3. Then the value of
X, 1s
()24 (b)25 ()26 ()27 (e)28

10.

12.

The number of real solutions of the equation
2x2 = 2x = 2xVx2 — 2x + 1 is
(@0 ()1 ()2 (d)3 (e)4

Let flx) be a quadratic polynomial. If f{1) = 2,
f12) =4 and f(3) = 8§, then the value of f{(4) is
()12 (b)14 (c)15S (d)16 (e) 18

A lucky number is a positive integer n such that
7 is the largest divisor of n that is less than n. The
number of lucky numbers is

@l 2 ©3 D4

The perimeter of a square lawn consists of four
straight paths. Annabel and Bethany started at the
same corner at the same time, running clockwise
at constant speeds of 12 and 10 km/h, respec-
tively. Annabel finished one lap around the lawn
in one minute. During this minute, the number
of seconds that Annabel and Bethany were on the
same path was

(a)36 (b)42

(e) more than 4

(c)48 (d)S0 (e) none of these

. ABCD is a quadrilateral with AD = BC and AB

parallel to DC. It is only given that the lengths of
ABand DC are 20and 15 cm, respectively. Adrian
puts 72 copies of this tile together so that the edge
BC of each copy coincides with the edge AD of
the next, and the edges DC of all copies together
form a regular n-sided polygon. The value of n is
(a6 (b)8 (c)12 «(d)20

(e) not uniquely determined

The sum of 20 positive integers, not necessarily
different, is 462. The largest possible value of
greatest common divisor of these numbers is

(a)21 (b)22 (c)23 (d)33 (e)42

. The largest real number m such that

(x4 y*)* > m(x* + ¥*)* for any positive real num-
bers x and v is

(@ (b)Y2 ()1 (d)2

(e) none of these

. Ofthe 49 squares of a 7 x 7 square sheet of paper,

two are to be coloured black while the others
remain white. Two colourings are called distinct
if one cannot be obtained from the other by rotat-
ing the sheet of paper about its centre. The num-
ber of distinct colourings is
(a) 288 (b)294 (c) 296

(d) 300 (e) 588
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15.

16.

The lengths of the sides of triangle ABC are con-
secutive positive integers. D is the midpoint of
BC, and AD is perpendicular to the bisector of
ZC. The product of the lengths of the three sides is

(a)24 (b)60 (c) 120 (d)210 (e)336

For any real number 7, |r] is the largest integer
less than orequal to » For example, || =3. Letn

be a positive integer. Let ;1 =n, a2= I%‘ Jaz= _32_
and a44= a3J The number of positive integers
n trom 1 to 1000 inclusive such that none of
a1, a2, a3 and a4 is divisible by 3 is

(a)144 (b) 192 (c)210 (d) 280
(e) none of these

Solutions

1.

We ha\/e 2'_’013 + 4![)06 - 220I2 + 230l2 = 22()13. The

answer is (a).

The surface area of a mini-marshmallow is
6 sq cm while that of a giant marshmallow is
54 sq cm. Thus, the desired number of mini-
marshmallows is 54 =+ 6 = 9. The answer is (c).
Suppose there are m customers on Monday. Then
there are 1.2m on Tuesday and 1.5m on Wednes-

day. The increase of 0.3m from Tuesday to
Wednesday is 25% of 1.2m. The answer is (b).

Sawa is 2 km south and 2 km west of S. Her
distance from S, by the Pythagorean theorem, is
V22 + 22 = 8 = 2v2kmfromS. The answer is (b).
Since 1000=2 x2 x2 x5 x5 x5, the digits can
only be 1, 2, 4, 5 and 8. Three of them must be
Ss, and they can be placed among the six digits
in (6) = 20 ways. The product of the other three
digits is 8, and they are (1, I, 8), (1, 2, 4) or
(2, 2, 2). They can be placed in three, six and
one ways, respectively. Hence, the total number
of six-digit millennium numbers is
20(3 + 6 + 1) = 200. The answer is (e).

We have x, =24, x, = 28, x, =26 and x, =27. The
answer is (d)

Squaring both sides of 2x? — 2x — 1 = 2xV/x2 — 2x,
we have 4x* — 8x* + 4x + 1 = 4x* — 8%, which

simplifies to 4x + 1 = 0. Hence, the only solution
is x = —V4. Indeed,

and

(DY 213

The answer is (b).
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8.

10.

11.

12.

13.

14.

Note that g(x) = f(x + 1) — f{x) is a linear
polynomial. Since g(1)=f(2)-f(1)=2 and
£(2) = f(3) - fi2) = 4, we have g(3) = 6. Hence,
fi4)=4(3) + g(3) =8 + 6 = 14. The answer is (b).
Since a lucky number n is divisible by 7, it has
the form n = 7k for some positive integer k. If
is not a prime number, then it has a divisor h
where 1 < h < k, and 7h is a divisor of n larger
than 7 but not equal to n. Hence, k must be a prime
number. Moreover, it cannot be greater than 7.
Hence, there are only four lucky numbers—
namely, 14, 21, 35 and 49. The answer is (d).

Annabel spent 15 seconds on each path, and
Bethany 18 seconds. On the first path, Bethany
was with Annabel all 15 seconds. On the second
path, Bethany joined Annabel 3 seconds late, and
was with her for 12 seconds. On the third path,
Bethany was with Annabel for 9 seconds. On the
fourth path, Bethany was with Annabel for 6
seconds. The total is 15+ 12 +9 + 6 =42 seconds.
The answer is (b).

We can draw a regular polygon of any number of
sides such that the side length is 20 cm. We can
then draw aregular polygon of the same number
of sides but with side length 15 cm, placed cen-
trally inside the larger polygon. Then, a tile can
be chosen that can pave the ring-shaped region
inside the larger polygon but outside the smaller
one. Hence, the answer is (e).
Let x,, ..., x,, be the given numbers. If d is the
greatest common divisor of these numbers. then
Xyt ot xg = d (4 + 20 = 462 = 21 22.
20 d d
The value d = 22 is obtained if x =---=x  =4d
and x,, = 2d. For each i, xi/d 2 1. Hence,
d< 462/20 23.1. Since # divides 462, the largest
value for d is indeed 22. The answer is (b).
Dividing throughout by y, we have
(z2 + 1) > m(z* + 1), where z = x/y. This is
equivalent to
(1-m)z8+3z+ (3 -2m)z>+1-m>0
for any positive real z. Hence, it is necessary to
have | —m 20 (1e, m < 1). If we take m = 1, the
inequality (x? + v*)* > (x* + y*)? is equivalent to
Xy ((x - y)? + 2x2 + 2y?) > 0,

which is clearly true. The answer is (c).

There are ( ) = 1176 colourings. The number
of symmemcal colourings with respect to the
middle square is

49 -1
2

=24.

35



These colourings are counted twice. All the other
colourings are counted four times. The desired
number is

24 1176 — 24

> + 7 = 300.

The answer is (d).

15

. Let AD intersect the bisector of £C at G. Then
ZCGA = 90° = £CGD, £GCA = £GCD and
GD = GD. Hence, triangles GCA and GCD are
congruent, so that AC = DC. It follows that we
have BC = 2DC = 2AC. Now among three con-
secutive positive integers, one is double another.
This is only possible if the integers are 1, 2 and
3,o0r 2, 3 and 4. The former does not yield a tri-
angle. Hence, AC =2, AB =3 and BC =4, so that
AB - BC - CA = 24. The answer is (a).

A
s,

B

. Note that if we write a positive integer m in base
3, then the base 3 representation of l;J is simply

the base 3 representation of m with the rightmost
digit removed. Also, a positive integer m 1s divis-
ible by 3 if and only if the rightmost digit of m
is 0. Hence, in order that none of a,. a,, a, and a,
is divisible by 3, the rightmost four digits of the
base 3 representation of n are all non-0. Note that
1000 > 2(3° + 3* + 3* + 3* + 3 + 1). If n has at
most six digits in its base 3 representation, the
first two can be any of 0, 1 and 2, while the last
four cannot be 0. There are 37 x 2* = 144 such
numbers. Clearly, n cannot have more than seven
digits as otherwise n > 37 > 1000. Suppose n has
exactly seven digits. As before, the last four can-
not be 0. Since 1000 < 3 +3° + 3* + 3* + 3 + 1,
the first one must be 1; the second must be 0; and
the third can be any of 0, 1 and 2. Hence, there
are 3 x 2* = 48 such numbers. The total is 192.
The answer is (b).

Part Il

February 1, 2012

1.

36

A rectangular lawn is uniformly covered by grass
of constant height. Andy’s mower cuts a strip of
grass 1 m wide. He mows the lawn using the fol-
lowing pattern. First he mows the grass in the

rectangular “ring” A, of width 1 mrunning around
the edge of the lawn. Then he mows the | m wide
ring A, inside the first ring, then the 1 m wide ring
A, inside A,, and so on until the entire lawn is
mowed. Andy starts with an empty grass bag. After
he mows the first three rings, the grass bag on his
mower is exactly full, so he empties it. After he
mows the next four rings, the grass bag is exactly
full again. Find, in metres, all possible values of
the perimeter of the lawn.

. In the quadrilateral ABCD, AB is parallel to DC.

Prove that
PA (PD\?
PB (PC) ’
where P is a point on the side AB such that
£ZDAB = £DPC = £ZCBA.

. A positive integer is said to be special if it can be

written as the sum of the square of an integer and
a prime number. For example, 101 is special be-
cause 101 = 64 + 37. Here, 64 is the square of 8,
and 37 is a prime number.

(a) Show that there are infinitely many positive
integers that are special.

(b) Show that there are infinitely many positive
integers that are not special.

. Intriangle ABC, AB =2, BC =4 and CA = 2V2.

P is a point on the bisector of £B such that AP
is perpendicular to this bisector, and Q is a point
on the bisector of £ZC such that AQ is perpen-
dicular to this bisector. Determine the length of

PQ.

. Determine the smallest positive integer 7 for which

there exist real numbers x, ..., x, 1 < x, <4 for
i=1,2,...,n which satisfy the following inequali-
ties simultaneously:

n
x1+x2+~-+xn_—3—
and
1 1 1 2n
X1 X2 n 3
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Solutions

1. Let the dimensions of the lawn (in metres) be a by
b. The area of the first three rings is given by
ab — (a—-6)(b—6)=06(a+b)—-36.Similarly, the
area of the next four rings is given by (a — 6)
(b—6)—(a—14)b-14)=8(a+ b) — 160. These
two regions contain the same amount of grass, so
they must be the same area. Thus,
6(a + b) — 36 =8(a + b) — 160. It follows that the
only possible value of the perimeter of the lawn is
2(a+bh)=124m.

. Since £DAB = ZCBA and AB is parallel to DC,
we have AD = BC. Since AB is parallel to DC,
£ZBPC = £PCD. It follews that triangles BPC and
PCD are similar. A similar argument shows that
triangles ADP and PCD are also similar. Hence,

(PD)2 _BC AP PA

PC/ ~BP AD PB

as desired.
A P B
D c

. (a) For any positive integer n, n* + 2 is special.

(b) We claim that for infinitely many positive
integers », n? is not special. Suppose n> =’ + p
for some integer m and some prime number p.
Then, p = n* — m> = (n — m)(n + m). We must

delta-K, Volume 50, Number 1, December 2012

haven-m=1landp=n+m=2n-1.1f we
let n = 3k + 2 for any positive integer k, then
2n — 1 = 6k + 3 is not a prime number. This
justifies the claim.

4. Extend AP and AQ to cut BC at M and N, respec-

tively. Then, ABM and ACN are isosceles, so that
BM = 2 and NC = 2V2. Hence, MN = 2V2 - 2,
Now PQ is the segment joining the midpoints of
AM and AN. Hence, PQ = MN/2 = V2 - |.

A

\
B N A @
. Suppose the real numbers x , ..., x , 1 < x, <4 for
i=1,2, ..., n, satisfy the two given inequalities.

Then, (x, - 1)(x,~4) <0 so that x, + 4/x, < 5. Equal-
ity holds for x, = 1 or x, =4. From these inequalities
and the given ones, we obtain

7n 8n
5n=—+?Sx1+x2+-~+xn
1 1 1
+4<—+—+---+—)55n.
Xy X3 Xn
Hence, x, = 1 or 4, i =1, 2, ..., n. Suppose
xlz,\',zv»-=x‘=landx“_lthz:n-:x”:ﬁl

for some index k. Then x, + x, + -+ + x =k +
4(n — k) = 7n/3. Hence, Sn = 9k so that 9 divides
n. It follows that the smallest value of n is 9, with
the numbers 1, 1,1, 1, 1,4, 4,4 and 4.
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