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Beading with numbers can be an exciting way to
engage children’s mathematical thinking and develop
their proficiency in addition. In this paper, we will
explore a hands-on problem, “Irritating Things”
(Galileo Educational Network Association [GENA]
2009). which combines colour coding with integers
from 0 to 9, to create colourful beaded bracelets. In
solving this problem, students will use logical think-
ing and addition to translate the numbers into beads.
The patterns and relationships in this problem can be
represented and described with words, tables, num-
bers and bracelets. The multiple representations will
help students organize and communicate their ideas.
By working with multiple representations, students
will gain flexibility in their thinking and develop their
proficiency in addition. The problem has multiple
solutions; therefore, students can experience different
ways to solve a problem. Working with problems with
multiple solutions and representations gives students
opportunities to discuss and learn each other’s
problem-solving strategies and solutions. This might
help them gain deeper understanding of addition,
pattern and their own reasoning ability. “Irritating
Things” easily lends itself to differentiated instruc-
tion, giving all students opportunities for challenges
and success. While the problem has considerable depth
and can extend into computer programming, coding
theory and discrete mathematics at a university level,
the following activities are targeted to Grades 4 to 6.

“Irritating Things” Problem

There are 10 beads of different colours, numbered
from O to 9.

®D e

1. Pick afirst and second bead. They can be the same
number, or not. For example, pick bead # 6 and
bead #7.
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2. To get the third bead, add the numbers on the first
and second beads. If the sum is more than 9, just
use the last (ones) digit of the sum. Adding 6 + 7
equals 13. Using the rules, drop the first digit and
use 3.

3. To get the next bead, add the numbers on the last
two beads used, and use only the ones digit.

4. Keep going until the first and second beads repeat,
in that order.

5. Tie them in a loop to make a bracelet. (Don’t use
the last two beads, since they ust repeat the first
two beads.)

Instructional Strategies

Day 1: Creating a Colour-Coded
Addition Key

Before students begin beading, we suggest that
students make their own colour addition chart to help
them with the beading addition. In the top row, start
with the + sign in the uppermost left-hand cormer.
Sequentially, place the numbers O through 9 in each
column of the top row. In the left-most column, se-
quentially place the numbers O through 9. Then fill
in the table with the accurate operations and colour.

Developing this colour-coded addition key should
take one 45-minute class. It is important that all the
students work with the same colour codes—for ex-
ample, a red bead should always be 0. If everyone
has the same colour code, finding addition errors will
be much easier. Also, in order that patterns in the
bracelets be recognized, all beads have to use the
same number representation. See the appendix for a
template that can be used in class.
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Figure 1: Example of a colour-coded
addition key

Day 2: Introducing the Problem

Materials needed:

* Numerous beads with at least 10 different colours.
Each group will need approximately 150 different-
coloured beads. Inexpensive opaque pony beads
from craft stores work well.

* Thick cording or shoelaces to thread beads—five
strings per pair of students.

Demonstrate to the students how to begin to create
their bracelet. Pick two beads, for example, ?).
#5@ 2@ . Add the numbers on the beads together:
b = 13. There are no beads that represent 13,
so there is one more step to find the next bead. The
rule is to drop off the first digit. When the first digit
is removed from 13, the next bead is f% Reinforce
how to find the next bead with the colour-coded ad-
dition key. A SmartBoard is useful for demonstrations
with the colour-coded addition key. Circle the row
beside the 6 and the column under the 7. The num-
ber 3 is the bead that is where the 6 row and 7 column
intersect. Students can follow their colour-coded
addition key with their fingers.

To find the fourth bead, add the last two beads to-
gether: @p+&j = 10. There is no bead that repre-
sents 10, so when the first digit is dropped. a .
remains. Demonstrate how to find the fourth bead
with the colour-coded addition key. Circle the row
beside the 7 and the column under the 3. The num-
ber O is the bead where the 7 row and the 3 column
intersect.
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Figure 2: Example of adding 7 + 6 on
the colour-coded addition key

Figure 3: Example of adding 7 + 3
with the colour-coded addition key

String the fourth bead on the shoelace.

Encourage students to work in pairs, checking their
work as they put each new bead on the bracelet. Pair-
ing students together encourages collaboration and
makes the problem easier to tackle. Persuade each
student to be responsible for the accuracy of the ad-
dition. Plan for the bracelet making to take a couple
of classes to complete.

Day 4 or 5: Finding the Patterns in
Class Discussion

Find bracelets that are the same size. Have students
compare their bracelets. Lead them to discover that
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bracelets of the same size are actually the same brace-
let. Starting with any two beads on the bracelet even-
tually results in the same bracelet. For instance, if a
student picked ° and £ the bracelet would be the
same bracelet with the same length if they picked Q
and °

Another interesting pattern is that when the total
lengths of all the bracelets are added: 1 +3+4 + 12
+ 20+ 60 =100. 100 equals the total number of beads
in the rows and columns of the colour coded addition
key. 100 equals 10 rows times 10 columns for multi-
plication—the number of different ways beads can
pair together.

Solutions to “Irritating Things”

There are exactly six different bracelets, with the
numbers of pairs of beads of 1. 3, 4, 12, 20 and 60.
Expect many errors in addition. If the students have
created a bracelet with a total number of pairs beads
that is not equal to 1, 3, 4, 12. 20 or 60, you can be
certain that an addition error has been made. Have
the students find their error. If available, a few parent
volunteers could help students find the error. Once
an error has been found, remove all the beads past
the error. In our experience, students express dismay
when the error is found and they have to pick up from
the mistake. However, they very quickly go back to
beading again.

One ideafor differentiating is toencourage a group
with slower addition skills to start with one of the
smaller bracelets. Pick out the beads for @) and o
so that students will find a bracelet that is 12 beads
long, or pick out the beads 2jand Q for a pair to
find a bracelet that is 20 beads long. They will find
success more quickly with a smaller bracelet.

When students find their bracelet, there are several
more to be found. The students with quicker addition
skills can find more bracelets. Ask them to find a
different-sized bracelet. With differentiation, the
entire class can be engaged.

Solution:

#ofpairs | 3 4 12

Sequence 0 0-5-5 4-2-6-8 2-1-3-4-7-1-
8-9-7-6-3-9
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2.2-4-6-0-6-6-2-8-0-8-
8-6-4-0-4-4-8-2-0

Mapping to the Program of
Studies

“Irritating Things” addresses the mathematical
processes discussed in the front matter of the math-
ematics program of studies (Alberta Education 2007).
“Irritating Things” connects addition to pattern; en-
courages the development of fluency with addition,
visualization of addition and pattern; and develops
mathematical reasoning through problemsolving. The
colour-coded addition key is a guide that can corre-
spond to developing strategies for mental addition.

Students solve this problem primarily by using
whole-number addition to discover a repeating pattern.
Throughout the problem solving, students are translat-
ing whole numbers to colour-coded beads. The chart
provides another representation to facilitate the trans-
lation. The representation of whole-number addition
symbolic beads and a pictorial chart address many
specific outcomes in the program of studies. The fol-
lowing figure outlines the specific outcomes by grade.

Algebraic Extension

The steps for addition and dropping the 10s column for
addition provide an excellent exploration for algebra and
the distributed property. The following explanation is
beyond the elementary levels of the activities, but might
be useful for further understanding of the problem.

This is an algebraic explanation of the solution.
Consider the first bead as ¢ and the second as . The
firstbead can be represented as 1a + 0b, and the second
as Oa + 1b. When you add them together—lua + 0b +
Oa + 1b, you get the third bead 1a + 1b. The sequence
of subsequent beads follows:

la +0b

Oa + 1b

la + 1b

la + 2b

2a + 3b

3a +5b

Sa + 8b
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(Alberta Education 2007)
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Figure 4: Specific outcome curriculum mapping for Grades 4 to 6
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The next bead requires the special condition of
dropping the 10 digit. We need toapply the distributed
formula to see how this works. The next bead in the
sequence is 8a + 13b. Using the distributive formula
for b, we get 8a + (10 + 3)b = 8a + 10b + 3b. However,
the rule means that 105 is equal to zero. Thus, the
next bead is 8a + 3b. The sequence continues as
follows:

8a + 3b
3a+ 1b
la + 4b
da + 5b
S5a + 9b
9a + 4b
da + 3b
3a+7b
Ja+ 0b
Oa +7h
Ta+7h

Continuing with this algebraic sequence would
eventually lead to 60 pairs of beads before the se-
quence repeated: the maximum size of the bracelet.
This is one algebraic proof of the maximum size.
Notice that if @ or b equals 0O, then the bracelet will
be the maximum bracelet size. If a and b both equal
0. then the minimum bracelet is found. What bracelets
are found with other values of a or b?

Conclusion

“Irritating Things” provides an exciting opportu-
nity to explore addition and pattern with problem
solving. Creating a colour-coded addition key rein-
forces the correspondence of number and addition.
Building the bracelets provides a non-pencil-and-
paper method for developing proficiency with addi-
tion. Finding that each bracelet of the same size is
the same bracelet is an exciting discovery of pattern.
Importantly, this set of activities isrigorous, demand-
ing and fun.

“Irritating Things” is a rich problem that can be
explored in different ways. For instance, what hap-
pens when a different number of beads is used? How
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about 8 beads? How about 12 beads? Are there more
bracelets? Or are there fewer? How long is the longest
bracelet? How long is the shortest? Using different
numbers of beads takes students into operations with
a non-10 base. Most of all, have fun exploring this
investigation into addition and pattern.

Bibliography

Albenta Education. 2007. Mathematics Kindergarten to Grade 9.
Edmonton, Alta: Alberta Education. Available at http://
cducation.alberta.ca/media/645594/k1o9math.pdf (accessed
September 22. 2011).

Galilco Educational Network Association (GENA). 2009, “Ir-
ritating Things.” Available at www.galileo.org/math/puzzles/
IrritatingThings.htm (accessed September 22, 2011).

Papert. S. 2002. "Hard Fun.” Available at www.papert.org/articles/
HardFun.html (accessed September 22, 2011).

Krista Francis-Poscente is an assistant professor of
education at St Marv's University College, in Calgary,
Alberta. Her research interests include mathematics
education, technology integration, e-learning,
curriculum inquiry and science education. Like
Trevor Pasanen. Krista strives to share the fun in
doing mathematics.

Sharon Friesen is the associate dean of the Office of
Professional and Communiry Engagement (PACE) in
the Faculry of Education at the University of Calgary.
She is also the director of the Galileo Network for
Leadership in Learning. Her research interests
include curriculum theorv, curriculum inquiry,
mathematics education and technology integration.
As an extension of her academic research interests,
Dr Friesen has coauthored three books. Over the
course of her career she has received numerous
awards for her research and teaching practice.

Trevor L Pasanen received a BSc in computational
science and mathematics and an MS in pure math,
with specialization in group representation, from the
University of Alberta. He is currently an instructor
at the University of Alberta and strives to share the
fun in doing mathematics.

delta-K, Volume 49, Number 1, December 2011



Appendix: Colour-Coded Addition Key Template
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O000000000

Q000000000
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