TEACHING IDEAS

The Banff Game: Probabilities Applied

A Craig Loewen

I am not entirely sure of the origin of this game. I
remember playing it as achild, butit was only recently
that [ introduced it to my children on a muggy sum-
mer day in Banff.

We had already swum at the pool, watched TV,
finished shopping and consumed the bear claw
chocolates. Worse yet, it was raining and my chil-
dren were bored. We desperately needed to find
something for the kids to do. That’s when I remem-
bered this dice game, and we began to play. As we
played we talked, and the kids asked me several
interesting questions that led to some fun problem-
solving challenges.

Here is how the game works.

Scoring

The chart below shows various combinations of
dice, which when rolled on a single roll have the
corresponding values.
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For example, assume a player rolls all six dice and
the following values result:

I ]

This roll has a value of 600 points: 500 points are
scored for the three [&]s, and the single (j) scores a
further 100 points.
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The Rules

Players: This game is played with six regular six-
sided dice and any number of players. (Note: It can
also be played as a solitaire game testing to see how
many turns are necessary to reach the final score).

1. On a turn a player starts by rolling all six dice.

2. The player now chooses to keep the points rolled
(if any) or remove at least one die or combination
of dice that have valueaccording to the chart given,
and then reroll the remaining dice.

3. The player continues to roll the dice, always re-
moving one or more dice and rolling the remaining
dice until one of the following happens:
= The player chooses to stop and take the points

rolled on this turn. Play passes to the left once
the points are scored.

* A combination of values is rolled that scores no
points. If this happens, the player loses all the
points accumulated on thatturn, and play passes
to the left.

* All of the dice have been successfully rolled;
thatis, value combinations have been made us-
ing all six of the dice. If this happens, the player
picks up all six dice and begins rolling again,
adding to the total accumulated thus far on that
tumn.

4. The game ends when a player has reached 5000
points; however, all the other players get one final
turmn.

5. The player with the highest score wins.

An Example Turn

Assume a player rolls the following values with
her first roll:

I 0 Y R

The player must now remove at least one die. She
would likely choose to remove the two [+]s because
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they have a value of 200 points. The player must
choose to either take the points or to risk them by
rolling the remaining four dice. Assume the player
chooses to risk the points and thus rerolls only the
four dice that do not contribute to the pointtotal (the
FelsIEeEe]). Now let’s assume the player gets the
following results from the new roll: ﬁd@ . This
second roll has produced a further 150 points (100
points for the (<], and 50 points for the [€]). The player
has three options:

» Stop rolling and take the 350 points accumulated
over the two rolls.

+ Take the [*] from the second roll (adding it to the
two [*]s from the first roll—a score of 300 oints)
and reroll the remaining three dice (the[sl, &l and
(<) hoping for a higher score.

* Take the fl and the [*%| from the second roll (add-
ing it to the two (s from the first roll—a score of
350 points) and reroll the remaining two dice (the
(s] and 3.

A turn does not end until a player chooses to stop
and score the points collected, or rolls a combina-
tion of dice with no value. Remember, if at any time
the player rolls a combination of dice that does
not produce any points, she loses what she has col-
lected on the turn thus far and play passes to her
opponent.

A Few Questions

We were having a good time simply playing the
game until my children started asking some interest-
ing and rather difficult questions.

* What are my chances of rolling a (] or a(%]? At
what pointam I better off to stop than to roll again?

+ How hard is it to roll a straight (*] through #]) in
a single roll? Why is grandma the only one who
seems to be able to roll a straight?

+ Should I keep a B8] if I don’t have to?
The last question was actually mine:

* What are the chances of rolling all six dice and
getting nothing? And, why does this always happen
to me?

A Few Answers

A sample space is a list of all of the possible out-
comes from a chance event. When you roll a single
die, the sample space is quite easy to determine. It

looks like this:
‘ [ ] [ ] o @ ® e ]
[ ] [ ] [ ]
[ ] [ ] [ N ] L N J
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From this sample space we can determine a few
things: any value E]pthrough 11 may possibly ap-
pear, and (if the die is fair) there is an equal chance
of each value appearing. That chance is determined
by counting the number of possibilities for any spe-
cific outcome (any given number), divided by the
number of possible outcomes in the sample space.
So, the chance of rolling a[ts] with a single is 1/6 as
there are six possible outcomes. The equation looks
like this:

P (gy ) = Number of outcomes containind’d - 1.
Size of the sample space 6

It is more difficult to show the sample space for
the rolling of two six-sided dice, but there are 36
possible outcomes, six possible outcomes on each of
the two dice.
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When you are rolling two dice, the chances of rolling
alts] on at least one die go way up. As it turns out, 11
different combinations of two dice contain at least
one (2], and there are 36 possible outcomes in our
sample space. It follows then that the probability of
rolling at least one four is 11/36 or slightly less than
1/3. Likewise, we can calculate that there would be
216 possible outcomes with three dice (6 x 6 X 6 =
6°=216), and there would be 1,296 (or 6*) outcomes
with four dice, 7,776 (or 6°) outcomes with five dice,
and 46,656 (or 6°) outcomes with six dice.

We are now ready to tackle some of those important
questions that should help us play this game more
cleverly (and perhaps win).

What are my chances of rolling a ] or a [B]? At
what point am I better off to stop than to roll again?

The answers to these questions will obviously
depend on how many dice you arerolling at the time.
Let’s start first with a simpler case; that is, where we
are considering only a single outcome such as rolling
a[s]. As before, if the probability of rolling a 8] is
1/6 with one die and 11/36 with two dice, then
presumably the more dice you have, the better are
your chances of rolling a [ee]. The following table
shows the chances of rolling at least one (el with up
to six dice.
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No of Possible Positive .

i Dice | Outcomes | Outcomes Enobability |
1 6 1 0.167
2 36 Y 0.306
3 216 91 0.421
4 129 671 0.517
5 | 1,776 4,651 0.598
6 | 46,656 31,031 0.665

We should be able to make similar computations
with respect to rolling a (<] or a [%]. This time we
need to consider two outcomes, but the chance of
rolling al[*] or (%] would be 2/6 (or 1/3) with a single
die, and the chance of rolling at least one [] or
with two dice would be 20/36. The chance has gone
up from 'A to over ¥z simply by adding the second
die! This table shows the probability of rolling at least
one (2] or one (%] with up to 6 dice.

No of Possible Positive Probability
Dice Outcomes | Outcomes robabriity
1 6 2 0.333
2 36 20 0.556
3 216 152 0.704
4 1,296 1,040 0.802
3 1,776 6,752 0.868
6 46,656 42,560 0912
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The values in our chart can be verified using a tree
diagram. Rolling six dice and hoping to get at least
one [*] or one ‘ﬁ] is identical to the task of rolling a
single die six times and hoping for at least one (] or
one [%] before your rolls are used up. The tasks are
identical because each roll is independent from the
others whether or not the dice are rolled simultan-
eously. The tree diagram shows the likelihood of
success (rolling at least one (<] or one (8]) if you are
rolling a single die six times. In the diagram the
number of possible successful rolls is shown with a
black background. With a single die you have a 2 out
of 6 chance of rolling at least one [*] or one (<l,a20
outof 36chance with twodice, 152 outof 216 chance
with three dice and so on.

We can apply what we know to build a strategy in
playing this game: as long as we have two or more
dice, the probabilities are on ourside if we choose to
roll again. But don't forget: having the probabilities
on your side does not mean that you are guaranteed
to roll what you want; there is still always the chance
that you may “scratch.”

Challenge: What is the probability of scratching if
you are rolling only one die? Two dice?

Challenge: What is the probability of flipping a fair
coin six times in a row and getting heads each time?
Try to modify the tree diagram to calculate the
probability.

How hard is it to roll a straight (a (] through M)
in a single roll? Why is grandma the only one who
seems to be able to roll a straight?

As it turns out, it is very difficult to roll a straight.
We can use the same formula to compute our
probability.

Number of positive outcomes

Probability = -
i Size of the sample space

Number of outcomes conlaining one of each
Size of the sample space

Calculating the size of the sample space is relatively
easy and has already been done above (6° = 46,656).
Calculating the number of positive outcomes (that is,
the outcomes that contain exactly one (2], one [d],
one (], one ,one (%] and one ) is more difficult.
We can simplify this though by solving a similar and
simpler problem: without repeating, how many num-
bers could you write using just two different digits;
forexample, justusing a | and a 2? We can write only
12 and 21: there are two such numbers. How many
could you write using three different digits (1, 2 and
3, norepeated digits)? We could write 123, 132, 231,
213, 312 and 321, a total of six in all. Keep going:

P (straight) =
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without repeating, how many ways are there of using
fourdifferent digits (a 1, 2, 3 and 4) to build four-digit
numbers? As it turns out, there are 24. Do you see a
pattern?

1 x2=2
Ix2x3=6
Ix2x3x4=24

If we continued our pattern, we would see that
120 numbers could be built using the digits 1 through
5 in various combinations, and 720 ways to use
each of the numbers 1 through 6 without repeating a
digit while writing unique 6-digit numbers. In other
words, there are 720 different ways to arrange the
digits 1 through 6. So, how is this like our dice
experiment?

It is tempting to think there is only one way to roll
a straight, but this would be a mistake. You see, we
do not care which die gives us the (2], or which die
gives us the (2] or B}, This means there are many
different ways (720, in fact) to get one each of the
values [*] through (8. We can put these numbers in
our equation to calculate the probability of rolling a
straight.

Number of outcomes containing one of each

P (straight) =
( ony Size of the sample space

720
46 656
This value is obviously very small: it should be very
difficult to roll a straight.

Here is a second way to think about this problem:
we can imagine this situation by pretending that we
are only rolling a single die, but rolling it six times.
Each time we need toroll a valuedifferent from previ-
ous rolls. Any value will work for the first roll, but
the second roll only has five possible values, and the
third roll has four possible values and so on. The
probability of rolling six consecutive usable values
is calculated as follows:

P (straight) =

= _720

igh)=8 x 3 x4x3x2 _720
P(stranght)-sx XEXgrex 16656

1
6" 6 6

This computation produces a probability of approxi-
mately 0.015. It is fair to say that a player shouldn’t
be able to roll a straight very often. While I have no
proof of cheating, perhaps grandma should explain

why she is so uniquely fortunate at rolling straights
when she plays this game!

Challenge: What is the chance of rolling an “almost
straight;” that is, rolling six dice and getting exactly
one pair?

Challenge: What is the chance of rolling a short
straight (a [*] through (%], or a ['d] through:@) with
a single roll of six dice?
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Should I keep a ie] if [ don’t have to?

This is an interesting question, and the answer may
depend on a number of variables, such as a player’s
tolerance for risk, the number of dice this would leave
for rerolling, the score in the game and so on. It is
helpful, though, to consider some common scenarios
in the game and to use our probabilities to help de-
termine what the best choice may be in each case.

Scenario 1: Four dice have been successfully set
aside, and rolling the remaining two dice produces a

and a[®]. In this situation you do not need to take
the (%], so you are faced with a decision: take the
and reroll the remaining die, or take both the [+] and
(%] and roll all six dice. In each case you must consider
the possible consequences of the choice you make.

If you choose to take the (2] and reroll the (<], what
are the possible outcomes of this subsequent roll? If
youroll a (], your gamble worked. If you roll a (<],
you are in exactly the same situation as if you had
not chosen to roll (that is, you are no further ahead).
If you roll a (e, B8], B3] or B, the results are cata-
strophic. Obviously only one of the possible six
outcomes improves your situation, and four of the
possible six outcomes are disastrous. Clearly, the odds
are not in your favour, and you should consider in-
stead taking both the [*] and [%]. Further, if you take
the [¢] and (and thus have successfully scored all
six dice), you may now pick up the dice and start over,
and we have already seen that your chances of rolling
further points in this situation exceed 90 per cent.
This is the best option.

Scenario 2: A more interesting situation emerges if you
have rolled your final three dice and received oneh,
one (8] and another value you cannot use. In this case,
are you better off to take the (<], or to take both the[*]
and (%] even though you are not obligated to do so?

In this case the player’s tolerance for risk is very
important. Taking both the (2] and (8] leaves you in
the unfavourable position of rerolling a single die.
Taking only the ‘ﬁ leaves you in a better position
because your odds of succeeding with two dice are
much better than with one; keep in mind, though, that
the odds of succeeding with two dice are only slightly
in your favour (55 per cent). The conservative player
will probably opt to take both the [*] and (%], and pass
the dice to his or her opponent. Of course, if you are
not risking many points, you may just choose to roll
anyway. In this game, as in life, risk can be tolerable
or not, depending on both the odds and what is to be
gained or lost.

Challe[:zfe: Are you better off to roll again or to take
three Lels if you don’t have to?
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What are the chances of rolling all six dice and
getting nothing? And, why does it always happen
to me?

This question is probably the most difficult to
answer. We are essentially looking for the number of
possible combinations that have no (2], no[®] and no
triplets (or 4, 5 or 6 of a kind). Of the 46,656 possible
outcomes, there are 45,216 possible safe rolls with
six dice, and thus only 1,440 ways to scratch while
rolling six dice. Using our formula we can calculate
that there is only about a 3 per cent chance of scratch-
ing while rolling all six dice! There is therefore no
explanation as to why it happens to me so often. I'm
just (un)lucky I guess!

Challenge: How do you calculate the number of safe
rolls with six dice according to the rules of this game?

Variations

It is always fun to change the rules of a game just
to see how it affects the game’s outcome. The follow-
ing variations simply increase the challenge or intro-
duce other ways to score points.

A player must have a score of 450 to start the game.
If the player does not get at least that many points he
or she simply scratches the turn and play passes to
the left.

Rolling four of a kind “doubles the triple;” that is,
if a player rolls four [S]s all at the same time, she or
he has rolled a value of 1,000. Put another way, the
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first three [8]s are worth 500 points, and the fourth
(%] doublesthatscore fora final value of 1,000 points.

Play with five rather than six dice. A straight can
be either a [Ce] through [, or a [*] through &] in a
single roll.

A Word About Problem Solving

The Banff Game is genuinely enjoyable and worth
playing for that reason alone; however, what it does
have in common with other games is that it is a type
of extended problem.

All problems have a list of conditions and restric-
tions as well as a purpose or goal. Solving the problem
always requires inventing or selecting and applying
astrategy. In comparison, games have conditions (the
rules, how to roll the dice, how to score points), goals
(reaching 5,000 points) and strategies (considering the
probabilities): games qualify as problems inevery way.

Anyone can play a game without being particularly
strategic, but by asking a few questions a game can
also become an opportunity to create an interesting
problem-solving context. By applying problem-
solving knowledge, we build new skills and develop
mathematical understanding. The Banff game pro-
vides one context in which we may explore concepts
related to probability and chance.

Craig Loewen is the associate dean in the Faculty of
Education at the University of Lethbridge.
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