
Math Competitions. __ __ _ __ _ _ _ ____ _ 

Alberta High School Mathematics 
Competition 2016/17 

Part 1 
l. If it is I 0:00 AJ\1 on a Tuesday, which day would it be 2016 hour s later? 

[a) Tuesday (b) Wednesday (c) Thursday {d ) Friday {e) Saturda y 

Solution: 
Since ZOI l) == :12 >< 9 x 7 = .lZ x 7 x 2,1. 1he mt~wt·r isl 0:00 Al\-1 011 a 'Hwsda~r (12 we<•ks from tbt~ original dnyj. Tlw answer is 

lal. 

2. If x > O. x 'f; 1. and (log2 x) 2 = log4 x, then: 

(a) 0 < X <] (h) I < x < 2 (c) 2 :'::: X < 4 (d) 4 $ X < 00 (c) the situation is impossible 

Solutlun: 
·nw cq11ation can be writlt'll <1<; (log2xi2 "' ~ Jog2 x. nml since x tc l, th i~ t'qllation is equivakni- to log2 x = ! with the 
solution.r = v2E 11.21. 'Ib~ an~w<'ris tbJ. 

3. A ring of IO grams is 60% gold and 40% silver. A jeweller wants to melt it down , add 2 grams of silver and add 
enough gold to make it 70% go ld. How 1rnmy grams of go ld shou ld be added? 

(a)4 (b) 5 (t:) 8 (d)9 (e) more than 9 

Solution: 
Let x !w the gr.mis of gold which should ht• added. Then 

}_ ,c- 10 X 'Jf} +~ 

10 10+2+x 

Sol\'ing the.· equation o,w obraim. x = a. 
Altf'matfre .sol111io11: The original ring contaim -1 g or siln ir and f, g of gold. The rww ring will con t.iin ~ + 2 = (, g of silver. 
which musr accoun t for :mu;, of the• tnral. Th1.1.~ the new ring mu~I weigh n K J,{! = 20 g. uf which tlwrefor!' zn-H>·:!=-8 g 

must he added gold. The nns-wer is 1~·1. 
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4. A quadrati c polynomial f (x) = ru2 + hx + c, where a.band c arc integers, satisfies /(2) = 4 and f (?.) = 9. TI1e 
numb er of such polynomia ls is: 

(a) 0 (b) I (cl 2 (d ) 3 (cl mor e than 3 

Solution: 

lJsing the ~ivcn ni nditin n Wl' get ·1a + 2/1 + c ,_ 4. 911 +JI,+ r· = q from whid1. ~oh ing for J,, r in ll'm1, of n. nnt • ob tain!. 
/, '- ::.( l - nl. r· =-(i(a- l l. tlrnt is. intinitdy many .intc'gt'r sollllions. Tlw a11s1wr i,; (('). 

5. For any integer n, the expression n2 + 3n + 2 cannot assume the value 

(a) 0 (h) 2 (c) I JO (d) 375 (c) 420 

Solution: 
.'-,inn~ r/ + :in-t· 2 =-(11-+ l )(11 + 2l ii mu,t bl· eh·n. Thu, . :17:, i~ 1wt ,1nai11nhll'. Th(· othl' r four numb(: r\< in th e~ list fan be! 

acra iw:d using 11"' - 1, r, = 0, 1z = ') und 11 :- 19. rc·spL'nivdy. Till' ,m~WL·r is (d .i. 

6. 1\vo straight lines with nonzero x and y-intercepts have the following property : the x -intcrcepl of the first 
line equals the y -inler C<:'pt of th e second lin t', and the x-i ntercepl of the second lin e equals they-intercept 
of the first line. If the slope of the first line is m, then the slope of the secon d lin e is 

(a) m (b) - 111 (c) (d ) (e) none of these 
m m 

Solution : 
II is gi\' t'll 1hat if (a.()) and (fl, l>l lie on th<' fir~t lirw tlwn 10, aJ and f /7. OJ Ii<· 011 tlH' <;t•cm1d linr. T lw slnpPs ol i!)(' lilws arc 

then rn = -/J!a and -al/, = I Im. Tf'SJ)L'ctivt>ly. Tlw .trl"iWPr i~ lt'J. 

7. Th e angles of a triangl e wh en measured in degrees are all pri me numbers. The small es t pos sible size of the 
larg est ang le is: 

(a) 61° 
Solution : 

(b) 67" (c) 79° (d) 81.J0 (c) the situation is impossibl e 

Let ,\ 5 H s <.' bt · th e mcas\lll '~ in <legr~es oftbP ;mgl, ·~ o f t:,.Al3C Since A+ H+ C = l 80° one of th e angle'>should OP<:Wn 

and lwncr A = 2·~. On tlwotherhnnd, J-;"f\'' = u-c: 5 2C. lwnn· C :-..g~J~. Sinn•H9hprimc, w<'n 111 takt> H = C = 89°. A "'2<· . 

ThP an,wN ji; (d) . 

8. How many three-digit numhcr s can be writte n nfter 52:1 to yield a six-dig it numb er ,,vhi ch is divisible by each 
of 7, 8and 9? 

(al 0 (b ) 1 (c) 2 (d)3 (e) 4 

Solution: 
Sine ,•, . ll ,1nd 9 arP p,1irwis, • r'l'lmiv ,,ly prinw . th<' ,ix -digit numbt·r mlht h .. ;i nrnltiplt• of7 y H x \-l '- 5(J4. \'\·lwn ~z39q9 

is dividl'd liv 504, tlw rt·mairnfr r is :l ·J:1. lo gt'I ,1 muhiplt · or :,ll-1. \\'<' .,uhtran 3-1:, from /199 to obtain 6:ifi. This js om· of 
lh l' am,wcJc;, aud 1n:-have :i~:si;:;r;"" "i" 8 " !I , lll:\11. \\'e c-.m gl'l anL,tbcr ,m,,n,r hv ~uhrr.icting r,0.1 from b!:i6 Ln obtain 

I ~>2. and \W ha \'L' :,:!:-:! 152 == 7 x fl x !l y I O:lr\. Thi, ,ubtr.icti un cannot he repL'a led \-\'itliout rN luring Lhl' difforl'nt:e bP]O\\ 
S:!3000. I knn : 6:,o an d l.:i2 are the ouh po~sil>IP ,ul,\\l' r~. 

Afr,,mmh·e Sulmio11: Th<' six digit 1111111b<"r ,..hmrld ha\'C' ttw Int 111'.if).'}111,·lwn·· 11 h :1 pmitl\ ·1· intq,Pr. Th<' ronditions nf the 

prnhlem Iii ad to rtw irwqn ,11 it~ :o2'.l l 00 < :ifl111 ~, :,:,:19\lH or equi\',1i1't1t ly I 038 <: 11 ~ 10'.l'l, ,md lwn cP 11 '- 1038 or 11 == ·, O'.·Hl. 

\Vith tlw sf' two l'nhws of 11. oni- Dht:1ins nrn thrP t·-diµit n11mb('1~ IM\·ing th<· n·qu(',H•<l propertie s. The :mswer is (c l. 
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9. \'Vhen x4 + .r~ + xJO + x 17 + x 100 is divided by x 1 - I rhe remaind er is 

(a) x+2 (b l x+ 3 (c.J2.x+3 (d) 3x + 1 (eJ 3x +2 

Solution: 
The rl'rnain<lcr must be .. 1 first degrn· polynumial Ax+ Band if Q(x ) is the quotient th<'n 

x'1 + x,; .. t x·io + XF + ~.HIO = Q(x)(x 2 •· I)+ ,lx ~ B 

for any rt'~1l x. T:1king x =-± I in the almH• c4u.:11iDll \W ob tain A+ B = 5 and -A+ B == I hcm ;c !\ .:-2, B = 3 and thu~ the 

rl'maindcr is 2x + 3. The ans\\'N b !C'). 

10. Let D be an arbitrary poi nt o n the side BC of the equilateral triangle ABC. Point s E and F arc on AB and AC 
resp ectively so that f) E .L A B and /)F .LAC and E1, Fi are points on BC such that E E1 .L BC and F F1 .L BC. 
If E1 Fi has length ½ then the len gth of BC is 

2 
(a) -

3 

Soluti on: 

4 
(b) -

5 
(c) l 

3 
(d )-

2 
(e) y'3 

Let BC = a. We haw DE1 ::: DJ:cu.,,30'; = '? DE and DF1 = DFcus30 '' = '} Dl·: ht•JJn' E 1 r 1 = ¥CDfl+DFJ. On r.lwother 

hand VF An+ l)f' ,AC = 2Art>,1( ,\B(.'J tlrn t is. n(l)J :'+ [)F) = !'.:{1 and hen,r. /)/:'+ DF ==-~.T herefor(', ;;1 h = '.'.f. Sinre 

E1 Fi =~ WC Ulll<;f hm ·P a = f 'nw ano;wcr is ia). - . 

11. A box cont a ins two red balls, two green ball s and two yellow ball s . If you randomly remove thre e b alls from 
the bo x. without replacement, what is the probability that you have removed one of each colour? 

I 
(a) -

8 

Solution : 

2 
(b) -

5 

l 
(c) -

2 

4 
(d ) -

5 
(e) none of these 

111ere art• a total uf ((l = 20 possibilities and only Hare favourabll •. The requested probability is ,Jh "" f The an-;wcr is (bl. 

12. Let f: IR - ~ be a function such :.:f( x) + (I - x)f(- x ) = x2 + x + l for any real number x . The great est real 
number M for which f (x) ~ M for all real numh crs x , is 

3 
(a) -

4 

Solution : 

5 
(h) -

(j 

7 
(c) -

8 

lf x b replnc:t'd hy- ,t in tlw giv('n cq11a1ion tlwn 

-xf C-xi + 11 +x lftxJ = .12 -x+ 1. 

9 
(d) -

10 

II 
(c)-

12 

Using 1.hl' given l'4uution and the one 1hat is oblai1wd abovl', 01w obtain~ by !-Ubtrattion 1hat {(-x) = f{x l + 2.t. so 
xf(x) + 11 - x)tffx) + 2x:, = s 2 + x + I ,\lld thu, 

·, ·, ( l )L l I 
(\X I= x- + X + I - 2Xi 1 - Xi= 3.r ' - -~ +] =-:l X - - + -
· 6 12 

::ind henrt ~ f f. \·) 2: ,H. Jf. r"" A then WC' get f ( ~) ::. H. ·nw answ er is !el. 
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I:-l. In a school's math dub, the number of diffcrrnt 3-pcrson commit tees that could be formed containing two 
girls and o nc boy is 2016 more than the number of different :1- person committees containing rwo boys and 
one girl. The numhcr of girls in the club is: 

(a) I (h) 63 (c) fi4 (d] 20]6 (c) not uniquely determined 

Solution: 
[,:•t m. 11 tknote the munbL·r vf f,'irls and rt''.J)Pdi\·dy boys in tlw clnh. Tlw condition nf tlw prohkn1 is 

(
. 111) (n) . ,, 

".~ -Ill 
2 

"':'OJfi <-=-:> 11111(111-11)=-2x20Jbccb'.lx6 -lcc;tx:l-Y7 

Let k = i111, 11.) b(' the gre,lle;.1 conmwn dirisor of m, 11. Sin re/.:: is a (fo·i~ur of 112, 11, ,n - n. thn1 /,/ will lw a divisor uf 

i' x 32 x 7 '-= ml/( m - nl hence k E. i] .2.4:. If J.:"" .I the t>nl\' ronw·nil'tll ..,oJutions an:_, 111 • 64, 11 ·= l ,md n1"' l\.i, 11 ""GJ. 

otherwise m > i;:1. wllkh is not possible. lf k =-2 then m-=- 21111 .11 = 2 ri1 with i 1111, 111) -= l. ancl IIIJ nil rllJ - 111 l := 8 x 
fl x 7. No com·,'11.ient integt'r n1h1cs ror 1111,ni nm lw found in this ca;,,• . Similarly. if k = 4 tl1(;'t1 Ill:. ,11112, n ::, 411~ with 
(m;, n:,:)"' I, am! the rquation nm be sirnplifil'cl 10 111;,11;; m ! · 11;,i =, ii .x 7. whkh does not lwve integt'r solutions. 

Alten1111iue Solwio11: The sohnions of the equutiwn urn( m ··- 11) ,,. :!G" :12 x 7 ean be found usinb auoth('r approach. Hnst 
01w nm remark hy i\c;rvi i11eq1ialitv that 

· Ji -t !fl _. Tl l tn~; 
4032 .,. 11111(m - 111 ::Sm(-----·- - ) = -··-

2 .·1 

henn• m:i 2: ·1 bl 2H and 1hus 111 2: .?.G. On the utht'r hand if m > b-1 tbt·Jl 

(·i·l - Ii~\=- mn(m - 11.i > <H 11(64 - u)j 

6'.~ > ntf>-.J - 11) = (11 - lH11-(i'.1i > n 

n11d thus 11 > b3, which is 1101 po ssibll' -;im:e m 11(111- 11] "'G3 · b4. 

\\'e ronrlu (ic• th.it m £ 12fl,J2.3fi ,42, 1B. :,(i,iD, r~li. ·nw only nmvf'nient \'alu<' i<-m"" G-1 \\'hirh g.ivPs tlw equation 11(1il -

1fi - G'.1 ,t1Hl lwnn:; 11 ::: I , 11 =· (\]. 

Tlw <1riswcr i-. (ci. 

14. The product of all real number s x th a t arC' solution s of thC' equati on t· x 2 + x + ~11 x2 + x + 3 = 3 is 

(a) -26 (bl -24 {cl 4 (d )2 0 (e) 26 

Solution: 
Tlw funninn ful cc ( 'x~1 ~x+ 1. CE: ['ti~ Jl)('f(';Jsing !wnre f(f(f) J = l = f(l) = [ that lt>ads to the rnncl11,inn that the 

n·al ~nlmimi~ ol the given Pquation a nd \t~·:: _;_::'.l .-.. 3 an· lhl ' ,nnw . Thi· ~olutions of ttw last equation an ' Just the 

~olminn::, of the quadrnric t'quarion x'i + x -24 = 0. for 1vhich tlw prndll r t ()f the snl11tion:-, h -2•1. ___ ,_,,_ 
Alrenwril ,c Solution: I ,d y ~ (.ix~+ x + J tlwn tlw gin·n l'(Jllalion nm he writWll a , 

and then x 2 -~· x -· 24 =-()_ The :m~wt•r h i bi 
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15. The area of the trapezoid ABC f) with AB II CD, AD l. AB and AB= 3C D is equal to 4 . A circle inside the 
trape zoid is tangent to all of its sides. Th e radius of the circle is 

y'} 
(a)-

5 

Solution: 

v'3 
(b)-

4 

J3 
(c)-

3 

/) E C 
r r ; , _T..;..'-, F 

,. t / rt _l'>,. 
!/ \ /,. \' .. 
t r I_.. \ "' r 

11 
(d)~ 

2 

11 r--- -t o i -....,., 

rt~>,.i ,:<~/ .:~~ 
il r <; Y R 

Using t)w notations from tlw above di::igram and tJw ronditiOll'- from th(' problem one obt.iin~: 

]tr+ x) =rt _r = J "'.l.,· + 2r 

;111c.l 

Hence 

? 2 '> ' / 
(x+y)~ = ,1r +{(r+yJ-[r+xl)~ = ,\T=r~. 

x(Jx + 2 rJ ::c r 2 = x = !:. 
:l 

nnd eons1•que-ntly y c..1r. ()n lh<' other hand the nrca nf tlw rr::tJH'7oid :l/JCI) i!; 4, rhus 

(r+x-1 r+,rlr=4. 

Suhstiruting for x = ~ ,md y = :1r we gN r::. Y. 'lhl: an~wer is (d). 

(e) none of these 

16. A quadrilateral is called convex if its diagonals inter sec t inside the quadrilateral. A convex quadrilater al has 
side kngths 3, 3, 4. 4 not necessarily in this order, and its area is a po!-.itive int eger. The numb er of non­
congruent convex quadril atera ls having the se properties is: 

(a) 12 (h)24 (C) 28 (d ) 35 (e) none of the se 

Solution: 

(i) Assume rhat the sides of the quadrilat l'rnl arc of ll'ngths :-;,4,3,4. ill this urc.lL•t. The quaclrilntl'ral is a parallelogram 
lW it is con\'exJ . Lt'I a E: W. 9" i he the measure in radian!> of an angll' of thl' p,uall<'logr:1m and Sits are>a. Tiwn we have 

5 
S = ]2$ina = sina= .. -. 

12 

Sincell< sin a~ I there, are t\\'elv t• rnnvt'llient intt•gni.l n1Jut!S of S. namely J ,2.· · · .12, mid thus twdve distinet values CJf 
". ·111erefore wt, gt'! twelve 11011-congrut·nt p,:irnll(•logrnm~ with arei'I a posi ti\•(• integer. 

I ii) Assume that Thi.' sides of the q uadrib leral an: uf lenglhs 4 ,·l.J.:l, in this order. Lt•l u bt· t.he mL·a~un• in radi :ms of 

lht· angle bl!tWCt'n two sidl!s oflengtli~ -1.111d 3. The q11<1drilateral b nm1·e:-: if a E (/J,nl \\'itli sin/l == ~;. . :'\o le !ht• tht · 

lower limit /l for the angle u ucnm, \\'hC'n the> ,;ides of ll'nglh 3 arc both un tht• ~umt• lint• and hen<"e, lht · quadrilatcmil 
dcg<:neral C>s to an isost('ks triangle uf ~lde~ 4,U,. 
A~ uhow , Ollf! obtains sin a "" ;'1. If a£ [ g, rr) thE'tt' an• l2 integer \'a ltH·~ f'<,r S for wh ich WP g\' l !Wl" )H' disriocr values for a 

and hem :e one obtains l\n•ln! noo- rn11l'(rt1('ut ~u~1tlrih1ternls. If n f' [p. i) 1ht·r1 ~in {i < sino < l -= \' < ,inu < l = 
v'!D < S < l~. There are four illll·gt•r valut•, for Sin ( vr63, 12] and rhu~ four c.listim:l ralucs for ,r E (JJ, i) ~ud1 that sin a = 

·f for \\'hich on<' obtains fou r Jton·rongntt·nl coiwex g11<1dri1;1t(·rak Tlw m1mbN nt rc·qucstcd cotWt'X qti.idrilat~·rals is 
.12+12+4=:28. 
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Al1ernari1•f Appru(lch: TlHi lnrg(•st p;1ralklog,ram of ~ilk\ iii the order \,1 ,J,·1 i:-. c!C'arly 1he r(•ctangf(' ia!- ir Ji.is Jargt•s1 
altitude ) of .ir(•,t 12. ,11\d ~o other [.1arall1!logra11b in 1hi~ fom ilv tan ha\·t· area~ l ro 1.1. Similarly the quadrilaterals with 

~idt>s in the urdc ·r 4 A.::i.:-i arl' all composed of two rnngrncn! triangles with m·o of the ~icll·~ being 4 and 3, \dth arc,, at 
most 6, so the largt'st surh quadrilntPrnl will nlso haw ,m·a 12. A-; tlw ,111glC' hetwc·en tlw sides ·1 and 1 hec-ornc•, grPatPr 
thnn 90°'. 11·<! gc•t 11 moH· c-,rn,·px qnadrilatrr;ils of arc;1 1 l!1 l l. \\'h<'n thi~ nng1£' i, less th nn YO<,. wt• stay c:onv1•x ,F, long.,, 

tlw t\1·n sidr.s ul'lc•ngrh 3 <lo n ot align. 1·d1ich ktppens wlwn 1lw quadrilar!'ra] ht>rOJn('~ :in i~n-.n·k~ rri,ing!P of sidi •s •l.'1 ,fi 

of ;m•,1 ,'i:i:i < H. Tht1:<l\'l' gl'l four 111orecomc\ quadrilaternb of ureas !S.!l,10 and 1 la!< 1-vdl. fora Iota] of 28. Thc,111:.wcr 
is (<.:1. 

Part 2 

Problem J 
Suppose for some real numb ers x, y and z the following equation hold s: 

2x2 + y2 + :::,2 = 2x (y + ;:). 

Prove we must have x = y = z. 

Solution : 
lkwriting tlw Pqua1io11 gin's Lr - yl 2 + (X - .:)2 "' /J i111plying x =-.I' and x =-.:. 

Alrn11rilil'e S()/utio11: The gin•n NlWtlion can lx· rt•\uitten ai- ?x~ _ .. ~[y ·• .::ix,.. I y~ + .::::.!) e:c 0. ;1ml hc11c·t' 

.. ----:;----.-, -- .,- ,----., 
2[y+ .zl ± \' ' 4(y + .:::1--Bty-+ .:::-J y+ ;.:± \'. -ly-.z)-

x =--- - _., _____ .......... --·-· -· -· ... _ .. ___ ---- =- "---·---··-------·- _,. ... _ . 
4 2 

Sinn• x 11111, 1 lw re;1I. i.r- .::J~ < O \\·hic-h nwan, y =.::.and tl1<'n x =-¥ =· y. 

Problcm2 
Two robots R2 and 02 arc at a point O on an island. R2 can trave l a t a maxim um 2 km /hr and 02 a t a m aximum 
of I. km/hr. There are two treas ure s located on the island, an<l whichever robot gets to eac h tr eas ur e first gets to 
keep it (if both robots rea('h a t reasure tit th e same tim e. nei the r one c.111 keep it ). One treasure is located at a point 
P which is l km west of 0 . Suppo se that the seco nd trea sure is located at a point X which is so mewhere on the 
straight line throu gh P and O (but nut at 0). Find all such point s X so that R2 can ge t both treas ur es, no matter 
what 02 doe s. 

Solution: 
lJsi11g Carte~ian cor,rdin,tt£',;, wr put O ,_ (O,Ol. /' = r- J ,Ol ancl X ,_ /.\,OJ for sonw rt•al numlwr x I 0. The treasurr lon1ted at 

point l' will b<: dt•n otcd /'. ;ilJ(J similar!:, fo r the trea~11rt' k>c.ill'd a t X. Fir~t rl(ltc tlml if x < 0, then R2 can tr:ivd west i11 a str, ii!(lll 

line and get bo1h twa~url.'s, <me after the ot}u;r, bl'l'ore IJ:!. :-,;m,· ~uppo~t· 1ha1 -~ > 0. 

lai If R:! 1r1wd.,· we ,,1 t!/ a 11w.xi111111n speed r<, 11/c( 1111 fJ wu/ 1!1t·11 n:111ms cml to uid: 11p X, it ncc•tb J..!.J,.tl = ~~l hour s . D2 

ha~ no ch,1tH'L' to gt'!/•, lwnct· ir shnt1!d t.rawl east fnr al Jcasr .r hmir~ and 11T w pit:k up X. H ½:!.<.I' or<~q11i\·ak;1tly x > 2, ft! 
,,ill g<'I both trt'il!'>ltres. 

(l,J If RZ tmt :d, e(I.,/ at <I 111axi11111m speed ru 11ic/.: up.\'. mu/ 1lw11 Tf!lums U't'S{ ru ;,:et P, it lll' l'd~ a ,!+.:~=...l. = .::'.~:l hours . 02 

should tr,wcl we st tr, pirk up I' , for which it need~ at l,·;i-;1 ,,1w hour. If ;'.~_l < I or equirnlemly x < !, . H2 ~,·ii) gPI h.oth trea~im •s. 

!rl If x E i~ .2) tlH'rl' is no winning ~Jratq. ,•y for H:!. ·1 hi\ i, t•qt 1h·;i)f'nl ~n ~ho\\'ing th :11 nlwnys U2 ~-an pn•v•·nt H:! g,·tr ing hnth 

treasure~. He; : is D2 's siratt•gy: wlfil R2 ie1s one nr:11srm ·. lJ:! mol •c., so !h(lf ir., pu~irio11 i.,· alcrnys 011 tl,e ot/1e1· side of t/1,· poi11r 
Ofivm fl::'.~ 1•ositiun, lull 01 lwlfrl1e di.,tw?Ce {roll/ n 1/1111 fl:! 1~,. lllH .T H2 ge1, 1,m· of the 1.n:a,L1rt·~. R~ b ,tl h·.'ii~l twice a~ for from 

the other lrca~ure th-111 DZ: then D2 !wad~ straight lo tlil' oilier tre.i~ure and gel~ 1lwr(• before H2. 
If x = 2 or .r = ~ . /)2 rnn pn•1't'nt R2 to gC't hotll trc·a~ures b,· tl',ing 1h£' samt' ;trntegy as nlim ·t•. In th h ca,e both rnbors reach 

one rrcasu rc at the sa nw time , !'>O nC'ithPr 01H ' ran 1.-,·,·p ir. 

From [;i).(hl a1id 1c1 WP cond11dt' that H:.-'. ha~ \tral<'giP, lu gf'1 bo1li trt•;h1m ·, nu m at ter wh.it 1)2 dn1·s if ;rnd nnly if x E: 

(- co.OJ U (0. ½) U l~,<X>l. 
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Problem3 
One or more pie ces of clothing arc h anging on a clothesline. Each p iece of clothing is held up by eith er 1, 2 or 
:~ clothespin s. Let a 1 denote the number of cloth espin s holding up th e first piec e of clothing . a2 the number of 
clothe spin s holding up th e second pie ce of clothin g, and so forth . You want to remove all the clothing from the 
line. oh eyi ng the follm,ing rules: 

(i) yCJu must remove the clothing in the order that the~' are hanging on th e line; 

(i i ) you must remove either 2, :-i or 4 clothespin s at a time, no more. no less; 

(iii) all the pins holding up a piece of dolhing mu st be removed at the same time. 

Find all sequ ence s a 1, a 2 , ... , a,, ot" any length for which all the clothing can be removed from the line. 

Soluti on: 
Wl' claim that the dothing cun be rt'mcwt'd for all sequences t!.(ceµl for 1, IJJ, 13131, and so on; th,H is, the t·xn·ptional se­
quc,ncc,s are> of till' form 

a1.az, .. . ,a 11 =-l,'.l.1.3, ... , l.:l. J, 

whe re tlw I':, and 3\ alternall', st,uting anti c•nding \.;,.ith I. Call such ,1 ~cqt1cnct , a /Jad sequence. 

If flJ . tt2, ... , an =· l ,3, 1,3, .... 1.3 . .l. 1lwn in your first ~tcp you am fnH:ed ro n•mo\'l' thl' fir:-! two pit•ccs. u~i11g l. rmd :l pins 
rt·t;pectivdy, becaw,(• rou numot fC'uwve ju..,t ont' pii1 and can not fl' lt!OVl' 5 pins at a time. This cont inues rig ht tc, tlw en d , till 
there is only one pin lefi. whi ch you canno l rt·movc. Thus a ll t.he had st·quencc~ n'sult in clothing left on the line. 

l':m-.· we prove that ,my mH1-b,1d ~tx1uc11tc a1. a:~ .. .. ,al/ can be remnwd. Of cour st' the l-digit st>quenc<• I !which i~ bad ) 
cannot b(• remuved , while the no11-bad ~l'<Jlll'IICl'S 2 and J can bt'. \h· proceed by induc1ion. Choosl! a 11011-bad sequence 
n 1• a2, . .. • a,, of l \, 2's and :rs, and suppose that nll ~honrr nun-had ;;rq111·11cc~ can be 1einn\ ·cd. 

If 111 = 2 or 3, and the s('q11u1n · a~. liJ, . .. .r1 11 is nu! bad. thl'11 IH' rem ove flJ by itself, anti !he remaining se4m•nct' c.in be 
removed by induction. lf a1 ::: 2 or 3, and rhc· r.-maining :wq1wn,.e ti-.!_, a ;;, .... (In is bad, then Wt' removr a, and a 2 =- I lwhir h 
add up ro 3 or 4 l. nnd the• rt·maining ;.,·qw.:nr<' a:i- .... n,, is not bad so ,.in be rcmovc•d by induction. 

If a1 = l. and the '-t'<lllt'JlCt' a;{.<q, ... , a,: is not had , th<·n we remove. ,.11 and ri;! (which n<l<l 11p to 2. '.l or-l l. and the rerm1ining 

sequence can lw n.•mon.>d by induc·1 ion. H GJ = I and llw .,equenc-£' 11:i, t1,1, .... a 11 i;; had , and a:! = I or 2. then"'" remnn : ni , n2 

and u~ :: J (which add up to cl or 4) , and t)w n •n1;1ini11g sc>qm·nn• can hv nmioved by indut:t:ion. Flnally. if a1 =-I and tlw 

s<'q11e11c(' '7•1. n,1 •... , nn is bad. and al "'· :l, tlwn tht' ~cquence a1. er.,_, .. . , a,, i~ in lac! bad, whic-h is il contradirtion. 
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Problem4 
ABCD is a conv ex quadrilateral such that L BA C = 15\ L CAIJ = 30°, L.A DB = 90° and L.BDC = 45° . Find L ACB. 

Solution: 

C 

l.C'l AP=- a. then DB= t1,VF := 4,l!E::: fl(l - -t),All,,.. av,.:! . .0.,1£:B b.. ~irnih.r to L:i.CFD thu ~ {J//._ = h_:·
1_11• and henu· 

,''l y:l '" - ,.-,., 

I JC -=. a ,':!; / i;. J n J:,.H {)<~. hy u~i ng c-o~i,w law \W gc>t 

1) ' J ' ,I , ") ,t2,a~4\,•J1 ') v2-t \{t, \.~ :> 
Be- "" JJW -t· })<: · - Zf)B · £>C:cos4:i" =-,r +-·--·· -·-···-- - -:!_a---·------- · -- = 2a · 

,J 2 2 

thus HC.,., n/J. whkh k•ads to D/lB( · b isusrc les, lH·nc <: LB(.' ,1"" ~H,1C,... l '.i". 

Problem 5 
Find the minimum value of Jx+ 4y + 7zJ where x.y, z arc non-equal integers sati sfying the equation 

(x- y)(y-z)(z - x) = x +4 y+ 7z. 

Solution: 
Han inkgt•r 111 is n multiple uf 3 ll' t u-. write> m "' .//3 . lf .r. _r. z h:iw diffen·nt n•malnder~ when tlwy are di\ ·idc>d by :l. rlwn 

xc-.//3+ r1, y =-../1:l+ rz.;; = .11 ,l + r~ wherc' !q . r2.1·::l-.. W, l.?l. O,w obtain\ that .1 +•1_r+7.:: ~a.,/f:l+ ri + r2 + r;; =.lt:~wh ilt> 

[x-- yJly ..:JL:--.n =-[ •. /13+ q -- r~)[ .. 1(3+ ,-~ 1.1•[ .. H:1 .. rr · r1J = .. /fl+ f r1 -· r~Jf r'.!- n1llr:1 -ri) -f;; .lt:\ which bucontradktiun. 
Thereflirl' al k(i,t tw o rcm,iindt :i,; are L'qual and ht>mT 

'.!!(.r·- y)(y ·- ;:;)(;;- ,r) =-·:, :\!(x + ·l_r-,. 7.::l -== :l !l.r + y+ z) = ;l j (r1 + r2 + r;\!. 

Since two of rhe n•mainder~ are l'lj u.il. :iilri + r2 + qi if and 0111,· if all tltrce re111aimkrs an· equ:,J. Ther<:fon· 

27!(x-y)(_r-;:H.;:· - .\'/ ~ 27 'x+- 1_r+7.:. . 

Take x -· y ... :lt4. y "';:; + 3/J and x+ ~y + 7;: "'' 271.-wlil'n· 11, /1. I. ;m• illl('gN~. Sinn• x. y,.:: are di,1i11t't. one obtains that no ne 
nf tht' intrg ('r~ n. !1 nr a+ his <'<Jlial t'n 0. Hy n~ing the se' nntation,. tlw gi\('Jl ,'quation ,.1 - yiiy - ;:tr;: - x) "" x + 4y + 7 z can ht• 
wri tten "" --al,(a + hi '"" k . ft i~ cka1 th:11 :J.:, ?' 2. Tht' vah11• J;j =-2 could l)p nhtaint•d it" WP take a '- 1, I> "' 1. for wfo('h Wt' gt•t 

.\ = 0, y =--'.l mnt:::. '- -h. \Vr C"onclude that ilw 111inim11111 \:1lu1• of \X + ·1 )' + 7.:::1 i, 2, -2 =-'.>•1. 

48 delta-K, Volume 55, Number I, Jun e 20 18 




