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Assessment and instruction are inteJWoven in math
ematically rich formative assessment tasks, so employing 
these tasks in the classrooms is an exciting and time
efficient opportunity. To provide a window into how these 
tasks work in the classroom, this article analyzes sum
maries of student work on such a task and considers 
several students' solution strategies to exhibit the useful
ness of these tasks in assessment, learning and teaching 
in the classroom. This article also provides some guid
ance on implementing these tasks in the classroom. 

The literature is replete with descriptions, uses and 
effects of rich mathematical tasks . These tasks draw 
on students' prior understanding; create conceptual 
connections among mathematical ideas; provide stu
dents with the opportunity to engage in activities that 
require them to attend to precision, use tools appropri
ately, model with math and critique the reasoning of 
others; provide interwoven assessment and learning 
experiences; direct students' attention to precise math
ematical concepts rather than skills; engage student s 
to creatively investigate and communicate concepts ; 
and provide teachers with opportunities to assess stu
dent understanding, misunderstandings and gaps in 
knowledge (Arbaugh and Brown 2005; Boesen, Lith
ner and Palm 2010 ; CCSSI 2010; Henningsen and 
Stein l 997; Herbst 2003; Smith and Stein 1998). 

It is commonly recognized that formati ve assess
ments provide opportunities for teachers to assess 
student understanding through "evidence of students' 
reasoning and misconceptions to use in adjusting 
instruction" (NCTM 2013, para 1 ). However, through 
well-designed formative assessment tasks, students 
can also learn the mathematics inherent in the task. 
Thus, formative assessments through mathematically 
rich tasks can have multifold effects of assessing 
student understanding and misunder standings and 
discovering gaps in student understanding; providing 
information through which teachers can adjust in
struction; offering student feedback to support their 
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own learning; and being an engaging task through 
which the mathematics at hand can be encountered 
and learned (Black and Wiliam 2009; Clark 2011; 
Hobson 1997; Long, Clark and Corchran 2,000; 
NCTM 2013; Pryor and Crossouard 2008). 

In concert, rich mathematical formative assess
ments possess a number of recognizable characteris
tics . They address conceptual understanding of pre
cise mathematical concepts recognizable by both the 
teacher and the student; assess student understanding 
of particular mathematical concepts and also serve 
as springboards through which the associated con
cepts can be investigated and learned; can be gener
ated to address any grade-appropriate mathematical 
concep t ; can be differentiated quite easily to address 
students of differing ability levels; often address 
Krutetskii's (1976) three processes of reversibility, 
flexibility and generalizability; and are solvable 
through multiple heuristics. 

A Sample Task and Classroom 
Context 

The task shown in Figure 1 was designed to pin 
point student conceptual understandings and misun 
derstandings regarding constructing and comparing 
function models (CCSS.Math .Content.HSF.LE .A.2) 
(CCSSI 20 I 0). While seemingly straightforward and 
unambiguous, this rich task encompasses numerous 
notions associated with the concept of polynomials, 
including the definition of polynomial functions and 
their continuous nature; the role of the leading coef
ficient and the degree of a polynomial on the graph' s 
extreme behaviours; the definitions of factors , linear 
factors and a factored polynomial; the graphical ef
fects of roots of odd and even multiplicity; and the 
association of zeros, roots, factors and x-intercepts 
between the polynomial function and its graph. 
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Beginrung with concepts from introductory algebra, this task 
intersects precalculus through the generalized solution 

y = K(x - a )odd (x - b )°' 0
" (x - c )odd(x - d) m" 

where K e: R+ and a, b, c, de: R. 
This specific task addressed three of the basic processes 

identified in Krutetskii 's ( 1976) model of mathematical 
abilities (that is, reversibility, flexibility and generalizabi l
ity). It required that students reverse their thinking about 
polynomials and factoring in a direction counter to what 
they typically experienced during instruction ; flexibly solve 
a problem in more than one way and under stand more than 
one solution; and generalize from specific cases to make 
deduction s from given or known facts . 

Below is a trun cated graph of a polynomial (All 
the behaviour near the x-axis is shown .) Ther e 
is no sca le for the y-axis. Write the equation of 
a polyn omial function that would produ ce this 
trun cated graph. 
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Figure I. This is an example of a mathematically rich 
formacive assessment task . 

This mathematical I y rich formative assessment task was 
selected for a number of reasons. All students were from 
the same high school class under the same teacher and had 
previously investigated polynomial functions and graphical 
and algebraic representations in their high school precalcu
lus class. They had all experienced identical content, in
structional practices and extended problem-solving chal
lenges. The task served as a means through which student 
knowledge, gaps and misunderstandings could be observed. 
The cla-;sroom teacher assessed the task as both challenging 
to most students and doable by all. 

All students were given up to two hours to comple te the 
three tasks; most took less time ( 10 to 90 minute s), as they 
were either able to solve the problem quickly or struggled 
to persevere through the problem-solvin g process. Students 
were primarily left alone to demonstrate what they knew 
and to learn through the activity while the researchers ob
served student work and assessed student understanding. 
The findings and summari es are addressed below in two 
parts: assessment and learning. 

Assessment 
The following are syntheses of narrative accounts of 

students' activity as they worked independently on the task. 
Th ese summari es abbreviate much fuller tran script s; 
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omitted material s were deemed as not furtherin g the find
ings. (See Bosse, Adu-Gyamfi and Chandler [2014] for a 
more detailed description of the associated study.) 

Student l holds a course grade of C. The teac her 
believe s that he will be able to do the task , albeit with 
a struggle. Tryin g to create a correct graph, Student 
I un successfully uses trial and error, entering values 
and polynomial functi ons into the calculator . He doe s 
not know what "trun cated graph" means and strug
gles, unnece ssarily , to predict the beha viour of the 
graph above and below the x-ax is. He claim s that 
polynomials are in the form .x1 + 2x + 3 and does not 
und erstand "polyn omial in factored form." Through 
trial and error, he unsucce ssfull y plug s numb ers in 
for a, b. c and d into 

y = ax 3 + hr + ex + d. 

He claims that a graph is the answer to a problem, not 
the beginnin g point. After he is shown (x - a), (x - b ), 
(x - c) and (x - d) as factors, he is unsur e how these 
are connected to the graph . When he is told that 

y = (x - a)(x - b)2(x - c)(x - d)2 

represents a possible solution, he trie s to rewrite it in 
the form 

px'' + qx 1
•
1 + ... + rx + s 

and shows no und erstandin g that the leading coeffi
cient has to be positive. Throughout, he is continually 
frustrated. 

Although the teacher expected him to struggle some, 
she expected him to do better . She was surprised that he 
struggled with the vocabulary, linear factors and poly
nomials and that she had not seen this before. 

The rema inder of the work of Student 1 (beyond the 
summary provided) demonstrates that he perc eives the 
polynomial function and graph as mostly disjo inted and 
unconn ected. He does not recog nize zeros on the grap h 
and doe s not under stand the correspondin g (x - _ ) 

binomial in the factored form of the pol ynomial or 
consider the far-left and far-right behaviour of the graph 
in respec t to either the degre e of the pol ynomial or the 
sign of the leading coefficient. He reco gnize s "polyno 
mial" only in the form y = px 3 + qx 2 + rx + s . Altogether, 
this stud ent has sign ificant gaps in his knowledge that 
were revealed to the teache r through the implementation 
of thi s task . The teac her recog nizes that much effort 
will be needed to brin g him to sati sfactor y unde rstand 
ing and that most concep ts will need to be readdressed 
in novel ways . 
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Student 2 holds a course grade of C. The teacher 
believes that this student will be quite successful 
with the task. Student 2 writes down expressions 

(x + 2)(x + l 2)(x - l)(x - 2"), 

(x + 2)(x + 1)2(x - l)(x - 2)2, 

and - 3x' + -2x 2 + 2x + 3, 

superficially analyzes them, and then attempts to 
graph the function. She struggles as to whether a 
and b should be represented by -a and-b. She repeat
edly attempts to graph polynomial s entered in 
general form and some in factored form. She rec
ognizes that the roots are squared at a and c, but 
does not know how to represent that condition in 
factored form. She tries values for a, b, c and d in 
polynomials of the form ax' + bx 2 + ex + d. She 
remember s that a, b, c and d must be inside paren
theses , but does not remember how to do this. She 
claims her confusion is because they are variable 
and not numbers. She struggles to determine if the 
linear factors should be (x - a") or (x - a)2 and 
decide s on the example 

(x + 2)(x + 12)(x - l)(x - 22). 

Her continued investigation (with numerous brief 
pau ses) is full of inquisitiveness and problem solv
ing, without any semblance of frustration. 

The teacher is relatively plea sed with the stu
dent's work but is surprised by her lack of under
standing linear factors, positive and negative roots, 
and the position of the exponent. 

lbrough this and additional work (beyond the tran
scripts provided), Student 2 recognize s a number of as
pect s of the graph itself, including the far-left and far-right 
behaviour of graphs of polynomial functions; the associa
tion of zeros, roots, and x-intercepts between the graph 
and the equation; and the nature and effects of roots of 
odd and even multiplicity. However, the specific nature 
of linear factors together with their multiplicitie s remains 
an obvious gap in her knowledge ; she is unsure if the 
factors should be (x - a) · (x - b) or 
(x + a) · (x + b ), and she is confused regarding whether 
the exponentiation should be inside or outside the pa 
rentheses. Notably, she attempts to map a, b, c and d 
from the graph to the equation without understanding 
the interconnection of zeros and intercep ts on a graph 
and zeros and real roots of a function. While this student 
has significant gaps in her knowledge, they are less so 
than for Student 1, and the teacher comes to better un
der sta nd preci se concepts with which the student 
struggl es. Now the teach er recognizes the particular 
concepts that need to be addre ssed to complete the stu
dent 's under standing. 
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Student 3 has an A+ average in the course. The teacher 
expects that he will fully master all the concepts in these 
tasks. Almost immediately, Student 3 recognizes that 
the polynomial is of even degree (at least 6) with a posi
tive leading coefficient. He claims that a, b, c and d 
represent the zeros of the function and write s 

y = (x - a)(x - b) 2(x - c)(x - d) 2, 

then rewrites the expression as 

Y = e (x - a )00d(X - b )"'"(x - c )odd(x - d) even, 

where e > 0. 

Student 3 has a strong under standing of mathemati
cal concept s embedded in this task. He fluently under
stands both representations and can communicate such 
without effort. The context of the problem immediatel y 
directs him to the structures that are most important in 
both representations. Through observing this student 
perform the task , the teacher recognizes that she has 
not sufficiently challenged the student in respect to his 
ability and current understanding. She decides to pro
vide him additional mathematically rich tasks targeted 
to additional concepts. 

Assessment Summary 
As seen in some summaries, the teacher was sur

prised at the under standing , misunderstanding s and 
knowledge gaps that she was able to observe through 
student work and communication on the task. Even 
though these students had pas sed her previous tradi
tional assessments on thi s topic, she was surprised by 
the degree to which they struggled in general and on 
which concepts in particular. Specifically, she was 
pleased by the tar geted way the task revealed individu
alized preci se concept understanding among the stu
dents and prescribed similarly precise and differentiated 
instruction to help each and all be successful. 

Learning 
The following excerpt describes Student 2's 

progres s. 

Approximately 45 minutes later , Student 2 realize s 
that the polynomial has to be raised to an even power 
to produce the correct left and right behaviour, but 
she does not know how to use parentheses to ac
complish thi s. She decides to graph 

y = (x + - 3)(x + -l)( x - l )(x - 3) 

and other such cases. Throu gh protracted trials , she 
reco gnize s that 

y = (x + 3)(x + l)( x - l)(x - 3) 

impli es 
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y = (x - a)(x - b)(x - c)(x - d). 

After more investigation, she recognizes that the 
graph reveals some single and some double roots; 
struggles to know which are which; recognizes the 
need to distinguish these through (x - b2

) or 
(x - h)2; writes 

(x + 2)(x + 1)2(x - l)(x - 2)2; 

and after more thought and experimentation, re
writes this into 

(x - a)(x - b)2(x - c)(x - d) 2 

and finally to 

(x - a )odd(x - b ren(X - C )odd(x - d)"' n. 

The teacher is pleased that the student learned 
through only one task within one class period, since 
after days spent previously covering the associated 
mathematical topics in class the student had not 
gained sufficient understanding. 

This student received no assistance from the teacher 
or the interviewer, but was given sufficient time to work 
through the investigation. Fortunately, since she ~ad 
previously experienced time-intensive problem-solving 
tasks, she was able to persevere through this task. ~e 
progression from Student 2's previous transcript~ to this 
transcript (over the total span of about 90 minutes) 
demonstrates a growth from misunderstandings and 
knowledge gaps to understanding most of the associated 
concepts. Moreover, the concepts learned are n?w 
strongly interconnected both within each representat~on 
and between the two representations, rather than beillg 
treated disjointedly. Altogether, the teacher was pleased 
at the rapidity, efficiency and thoroughness of the stu
dent's learning and credited this success to the nature of 
the mathematically rich task and the protracted time 
allowed for its investigation. 

Learning Summary 
While Student l's extensive misunderstandings and 

knowledge gaps significantly slowed his learning of the 
concepts, extended transcripts reveal that he learned 
many of the mathematical concepts, but at a slower pace 
than Student 2. The teacher was pleased with the learning 
of Student 1, but she stated that she believed that if a 
simp ler version of the task had been provided before 
this one, the students would probably have done better 
on both tasks. The teacher decided to create concept
similar tasks that would scaffold to this type of example 
for this student (for example, begin with quadratic func
tions). Additionally, the teacher decided that she would 
allow this student to work with another student on some 
future tasks to simultaneously scaffold his learning and 
diminish his frnstration. Since Stud ent 3 was already 
familiar with most of the mathematical content 
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associated with the task, the transcripts show little gain 
in understanding. The teacher decided that she could 
create parallel tasks (using transcendental functions) to 
challenge this student and lead him to more advanced 
concepts. 

Implications for Instruction 
As demonstrated above, the mathematically rich for

mative assessment task served its dual purposes of assess 
ing student understanding, misunder~tandings a.nd 
knowledge gaps while providing them with an effective 
learning experience. As students responded to the task, 
their understanding and connections of mathematical 
concepts deepened. Through these tasks, teachers can 
assess much more than whether or not students can answer 
questions or perform mathematical calculations; stu?ent 
conceptual understanding of numerous embedded notions 
can be assessed, and teachers can use that information to 
plan further instruction. 

Students with greater gaps in understanding tend to 
learn much from rich mathematical tasks, albeit at a slower 
pace than others. Initially, they balk at these unusual tasks 
in which they are not given explicit direction on how to 
complete the task or what the correct response may be. 
However, as these tasks become more common, students 
will wann to them. For these students, it may be best to 
initially scaffold their experiences by using versions of 
tasks that are differentiated for their specific needs before 
employing more complex tasks. These students may nee~ 
to complete a greater number of these tasks than may therr 
classmates. Since these students are often more prone to 
be frustrated in problem solving and have difficulty per
severing in such, care must be taken to not break their 
spirits. Thus, it is valuable to limit the duration of the tasks 
initially and increase the duration of tasks as is tolerable. 
Allowing students to work with others, rather than inde
pendently, may also help them avoid being overly 
frustrated. 

Students who are comfortable with more advanced 
mathematics should be given tasks that also meet their 
needs. Most mathematically rich tasks are easily modified 
to be deeper and more challenging. These students o~en 
enjoy such tasks. Students can be given these tasks pnor 
to instruction on particular topics; they can learn through 
these tasks, sometimes even independently of an instruc
tor. Also, students can be asked to create and solve their 
own rich mathematical tasks, leading to tremendous 
learning experiences. 

What to Expect in the Classroom 
Mathematically rich formative assessment tasks may 

seem more difficult initially than traditional classroom 
instructional questions, particularly if they are seen as 
unusual or unfamiliar. These tasks address or assess 
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Selecting the Mathematical Tasks 
For any mathematical topic at any level, rich mathematics tasks are available . We provide additional 

examples applicable to high school. For each example, a variation differ entiates the problem to be eithe r 
more or less mathematically complex. 

1. The following functions are equivalent, but in 
different algebraic form s. What information 
regarding the function is revealed or hidden in 
each of the forms? 

fi.x) = 2x2 + 3x + 1 
g(x) = x(2x + 3) + I 
h(x) = (2t + l)(x + 1) 

To make the task simpler: Provide options such 
as showing the function is a quadratic ; showing 
its factors; revealing its roots; revealing its y
intercept; showing that it is concave up. 

2. Explain why the accompanying function and 
graph are inconsistent. 

(x -2 )2 (x + 1) 
fi.x) =- -- - 

x2(x + 1) 

To make the task simpler : Use polynomial 
function s. 

precise mathematical concepts and cau se students to 
think more deepl y about the mathematic s at hand and 
the interconnectedness amon g mathemati cal concept s 
and representati ons. Although student s may balk at 
these tasks at first, many students quickly come to enjoy 
the challenge and heartily participate in cla ssroom 
discu ssions. 

Classroom tim e mu st be planned for stude nts to 
struggle with and lea rn throu gh a math ema tically rich 
task. Combining formative assessment and instruction 
focused on conceptua l understanding can break the 
cycle of skills-ba sed instruction, assessme nt, follow-up 
instruction and further assessment. Teachers must place 
some tru st in students as lear ners and commun icate 
high expectations to them . As student s work through 
the se tasks, their conceptual understandin g can grow 
at an exception al pace . When students show significant 
misund ersta ndin g or knowledge gaps, teachers can 

delta-K. Volume 55, Number 1, June 20 18 

3. For fix) = 2x + 3 and g(x) = (x - 3)/2, we find 
that j(g(x)) = g(f(x)) . Is it usually the case that 
j{g(x)) = g(fix))? Explain why or why not. 

To make the task more complex: Explain neces
sary conditions forfi.g(x)) = g(ftx)) to be true. 

4. For _x + _ = _x +_, fill in the blanks 
such that the equatio n has one solution; no 
solution; an infinit e set of so lutions. 

To make the ta sk more complex: Create an 
equation including a quadratic and a linear 
function. 

5. Without converting the graph belo w to an 
equation, explain everythin g you can about the 
graph and its re spective function. 

5 

5 

To make the task simp ler: Use a polynomial 
function. 

interv ene with instruction directed at particular con
cepts and scaffold understandin g while not forfeiting 
tim e globa lly addr ess ing concepts that students may 
have mastered. 

There is a delic ate balanc e between allowing stu
dents to persever e throu gh the prob lem-solving task 
and providi ng them assistance before they becom e too 
frustrated and shut down. Classroo m teac hers mu st 
know their student s well, adju st the task or the time 
allotted for the ta sk appropriat ely for individual stu
dent s and the clas s, and kno w when to intervene . We 
recomme nd that th ey allow learning to happen organi
cally and not provide hints too quickly ; jumping in to 
assist skews interpret ation s regard ing what students 
know or learn . 

Most of these tasks are exce llent fodder for collabora
tive assessment and instruction. This practice elicits rich 
communi cation and dia logue among students, giving 
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teachers greater access to student thinkin g and giving 
students access to greater learning . Teachers also enjoy 
students' robust mathematical dialogue. 

The most obvious question for any teacher may now 
be, "But I have 30 student s in my classroom! How can 
I possibly do this?" First, no one educational practice
even using mathematically rich tasks-is a panacea for 
all student learning. These tasks should supplemen t, 
and not completely replace, other instructional tech
niques. (See sidebar, Selecting the Mathematical Tasks.) 
Second, novel instructional techniques take time and 
practice to master. Third , when initially using these 
tasks, it may be beneficial to try them as either instruc
tional or assessme nt tasks rather than integrating both. 

We hope that this brief introduction to rich mathemati
cal formative assessments will evoke interest in these 
tasks and encourage teachers to try them in their class
rooms. The authors have used these tasks with great re
sults. We hope others see their worth and enjoy them also. 
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