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From the Editor's Desk 

Lorelei Boschman 

I was reminded recently as I prepared for one of my undergraduate math courses about the beauty and ex­
quisiteness in mathematics. The early cultures astounded us with their measurements, designs and depth of 
inquiry into mathematics. The golden ratio, found in nature, biology and even our bodies as well as embodied 
in art, music and architecture is absolutely stunning. We see beautiful geometric designs, tessellation s, fractals 
and 3-D images that illustrate this math ematical beauty. Snowflakes, crystals of salt forming perfect cubes, 
tiling and Fermat equation generated surfaces dazzle us with this beauty. We see eloquent mathematical proofs 
and detailed solutions to problems. The beauty of logic, motion and statistics challenge us daily. To allow 
students to envision some of these aspects of math is wonderful. How can we teachers present some of these 
aspects to students throughout the curriculum? Can we help them to see the beaut y that mathematics can create 
and that mathematics is? 

A review by the Economist (1999) about Keith Devlin's book The Language of Mathemati cs : Making the 
Invisible Visible ( 1998), states: "Devlin succeeds both in giving us a glimpse of the internal beauty of [mathemat­
ics] and in demonstrating its usefulness in the external world." Devlin has expanded on a definition of math 
that one must truly stop and consider: mathematics is the identification and study of pattern s (originally from 
W H Freeman's Scientific American series Mathematics: The Scie nce of Pattems). When we consider the 
strands of mathematics, and especially the strands we currently focus on in today's curriculum, we can see that 
pattern s exist in all of them . In fact, patterns are prevalent in all of them. The beauty of these patterns is some­
thing I truly hope all students, and people in general, can experience throughout their lives. 

In this journal you can explore articles on group problem solving, university acceptance of high school 
mathematics and creativity. Ideas for lessons to use right away are provided in the Teaching Ideas section . Also 
included in this section is an article written by the Alberta Regional Professional Development Consortia (AR­
PDC) through the Elementary Mathematics Professional Leaming (EMPL) initiati ve which discus ses the equal 
sign . (There are a tremendous amount of resources to explore and use for all math levels at http ://leamin g.arpdc . 
ab.ca. Click on the ARPDC Leaming Portal and then click Elementary Mathematics Profe ssional Learning 
Resources link .) Make sure to check out the Math Competition s section in this journal as well with great ques­
tions and solutions provided. As always, we've included conversation starters , problem -solving moments , a 
book review and some website highlight s. We hope to create thought and discussion on mathemati cs for you 
personally as well as for your mathematic s setting . 

As an ending note, a recently released report entitled Mathematics R eview : Report to Premier and Minister 
(December 2016) was compiled by the Mathematics Curri culum Review Working Group with various panels 
of educators' input. "The scope of the committee's work was to provid e insight into the transition from K-12 
mathematics to post- secondary mathemati cs courses from their perspective " (p 4) . This report is well worth 
the time to read to get a truly current per spective on mathematic s education . The link is https ://educa tion .alberta. 
ca/media/3402 I 36/final_mathematics-curriculum-review _ OSdec l 6pdf . pdf. 

Thank you for your continued thought , effort and dedic ation to providing excellent math learning opportuni­
ties for students. You provide their beginnin g glimp ses and experiences in mathemati cs and take students through 
to their secondary development of mathematics principles and thought. You have a valuable role to play! 

Reference 
Eccunomisr. I 999. Review of The Lm1g1wgl' of Mathemarics : Making the hn·isible Visible. by Keith Devlin . www.economist.com/ 

nodc/325505 (accessed May 5, 2017). 
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Conversation Starters: Issues in the Field - - ---- -------

History of Mathematics and 
the Forgotten Century 

Glen Van Brummelen 

The history of mathematics is being reinvented. 
Over the past few decades, we have started to realize 
how delicate a matter it is to portray historical math­
ematics without distorting it with our modem view­
points, especially if the subject is centuries old. For 
instance, we are now careful to avoid expressing , say, 

Elements 11.4: " If a straight line be cut at random, 
the square on the whole is equal to the squares on 
the segments and twice the rectangle contained by 
the segments." 

as its algebraic equivalent, (a+ h)2 = a 2 + b2 + 2ab . 
This repre sentation changes the impact the theorem 
would have had on Euclid 's audience, in this case 
obscuring its applications to irrational magnitudes 
and conic sections . This new sensitivity is a good 
thing. History isn't about translating ancient accom­
plishments into modem equivalents; it's about under­
standing how other communities and cultures thought 
differently from ours. 

But we still have a long way to go. There is more 
to representing history than our choice of language. 
For instance, we still often select what mathematical 
topics in history to study by their interest and acces­
sibility to us. As a result, the broader mathema tical 
community considers the story of European mathemat ­
ics to be not far off from the story of the development 
of today's university mathematic s curriculum. We talk 
a great deal about the origins of calculus (not a bad 
thing, on its own!) and the associated pivotal transition 
of mathemati cs from its Euclidean life in the Platonic 
realm to interactions with the physical world. We also 
hear of the beginnings of analytic geometry, and more 
recent topics such as 19th-century analysis, the rise of 
abstrac tions resulting in abstract algebra and so forth. 
To some extent, by what we choose to discuss , we are 
still talking about us, not them. 

Puttin g thi s to the test: quickly. name a I 6th­
century European mathematician . Names like 
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Newton, Fermat, Descartes and Leibniz roll off our 
to ngues easily .. . but they were all active in the 
17th century. If pressed, some of us might come 
up with Girolamo Cardano, who solved the cubic 
equation, or Franc;:ois Viete, who is associated with 
the establishment of symbolic algebra. But that's 
about it. Was the 16th century really so sparse? 

In fact, there is a flourishing communi ty of scholars 
who focus on this period, but their efforts have not 
entered easily into the popular mathematical imagina ­
tion. What has filtered through, in addition to Cardano 
and Viete, are several contributions to the emergence 
of algebra and the beginning of various notations, 
Rafael Bombelli's early discovery of complex numbers 
and the invention of decimal fractions. Again, these 
are topics related to the modem mathematics curricu ­
lum. Behind this, the literature contains crucial devel­
opments, many yet to be discovered. Some of the most 
important of these should lead us to reconsider whether 
or not it was calculus that brought European mathemat­
ics in contact with the physical world. 

My own recent readings in my resea rch area , the 
history of trig onometry , have brought these points 
home . Of course, I may well fall victim to my own 
critique that we tend to focus on historical topics 
selected by our own interests! However, most of this 
story is not well known . Spherical trigonometry and 
early approaches to mathem atical astronomy , alas. 
are not on everyone's lips these days . This is a clear 
instance where shifting tides in today's school math­
ematics have obscured for us significant historical 
events in mathematics. 

The fundamental work in trigonometry of the 16th 
century was Regio montanus' s De triangulis om11i­
modis, written in 1464 but not published until 1533. 
As the title indicat es, it provided solutions to all types 
of triangles, both plane and spherica l. His purpose , 
as with all such writings at the time, was to provide 
effective tools for mathematical astronomy. In fact, 
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he referred to his book as "the foot of the ladder to 
the stars." Unlike surveying, the sciences, or other 
applications, astronomy was considered to be a fit 
subject for higher mathematics. When mathematics 
was needed for earthly matters, more elementary tools 
from "practical geometry" were used. 

The middle of the century saw the appearance of 
the six nowstandard trigonometric functions in Georg 
Rheticus's 1551 Canon doctrinae triangulorum, and 
in this same work, a hint of the discovery of the 10 
standard identitie s for right-angled spherical triangles. 
These results appeared explicitly in Viete's first math­
ematical work , Canon mathematicus seu ad triangular 
(1579), where, incidentally, we first see his propensity 
toward symbolic representations. But still, authors' 
eyes were fixed firmly on the goal of astronomy. 

This began to change just a couple of years later. 
In I 581 Maurice Bressieu hesitantly included an ap­
pendix to his Metrices astrvnomicae that showed how 
to use trigonometry to find the altitude of a castle. 

delta-K, Volume 54, Number I , June 2017 

Just two years later, Thomas Fincke's influential 
Geometria rotundi included an entire chapter devoted 
to the use of trigonometry in surveying. Mathemati­
cians' enthusiasm for these new benefits of their work 
continued to accelerate; Bartholomew Pitiscus 's 1600 
Trigonometriae (the first appearance of the word) lists 
prominently on its title page geodesy, altimetry and 
geography, along with the more conventional as­
tronomy and sundials. 

Around the same time, Edmund Gunter and others 
were building instruments, such as his quadrant and 
his scale, to solve problems that could be used in 
navigation and other practical arts. These tools be­
came popular, but they were not immediately ac­
cepted by the mathematical establishment. Inter­
viewed by Henry Savile for the first post of Savilian 
chair of geometry at Oxford, Gunter demonstrated 
the amazing powers of his instruments. It is reported 
that Savile responded, "Do you call this reading of 
geometry? This is showing of tricks , man!" 

Broader acceptance of math­
ematical method s received a 
major boost with John Napier's 
introduction of logarithms in his 
1614 Miriffci logarithmorum 
canonis descriptio. Napier's 
purpose in thi s work was to 
streamline calculations espe­
cially in spherical trigonometry, 
which frequently requires the 
multiplication of irrational trig­
onometric qu an titie s. Laplace 
later said that Napier, "by short­
ening the labours , doubled the 
life of the astronomer." But the 
biggest impact of log ar ithms 
was not heavenly, but earthly. It 
accelerated the accep tance of 
mathematics by practitioners. 
Authors like John Norwood 

Figure 1. Title page, 
Bartholomew Pitiscus, 
Trigonometriae, rev ed ( 1600), 
Rare Book and Manuscript 
Library, Columbia University 
in the City of New York. See 
v1·ww.maa.orglpress/periodicals/ 
convergence/mathematical 
-treasures-bartholomew 
-pitiscuss -trigonometry. 
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started writing manuals demonstrating the use of the 
combined trigonometry and logarithms to facilitate 
calculations for topics such as military architecture. 
The world , truly , was becoming mathematized. 

It was in thi s context that Galileo's famous quota­
tion from The Assayer (1623 ), that the universe is 
written in the language of mathematics, was written. 
The inventions of analytic geometry, and later the 
calculus, were just around the comer. But the integra­
tion of mathematics into the physical world was well 
on its way before these innovations came along. With 
this episode, along with other s, we might enrich our 
understanding of the history of mathematics by fol­
lowing a few paths that are now overgrown with 
weeds, but were once major thoroughfares. 
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Logarithmorum 
Canonu defcripcio, 

Glen Van Brummelen is founding faculty member 
and coordinator of mathematics at Quest Univer­
sity (Squamish, BC). He is author of The Mathe­
matics of the Heaven s and the Earth (Princeton 
2009) and Hea venl y Mathematics (Princeton 
2013 ), and has served twice as CSHPM president. 
In January, he receiv ed the MAA's Haimo Award 
for distinguished teaching . 

This article was originally published in CMS 
Notes , Volume 47, Number 6, December 
2015 and is reprinted with the permission of 
the Canadian Mathematical Society. Minor 
amendments have been made in accordance with 
ATA style. 

Figure 2. Title page, John Napier, 
Mirifici logarithmorum canonis 
description (Edinburgh, 1614) 
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Math PAT Changes Are Regressive and 
Counterproductive 

Jonathan Teghtmeyer 

When I was in the classroom, I taught mostly high 
school mathematic s. I see great importance in mental 
mathematics, including the ability to easily recall 
math facts. Without these fundamental skills, students 
will continue to struggle in future years. 

However, the biggest challenge I experienced in 
teaching mathematics was tryin g to overcome the 
deeply entrenched math phobia that affected so many 
students. 

Consequently , I was very disappointed to learn that 
Alberta Education is introducing a 15-question , 
timed, no-calculator number section to the Grad e 6 
provincial achievement test (PAT). 

Now, I should note that mini stry officials are 
quick to argue that thi s new part A is not timed 
because teacher s are provided the opportunity to 
extend the 15 minut es allocated to it. But I'm not 
convinced. Extra time allowed for part A comes 
from any extra tim e allowed for part B and is limit ed 
to a combined total of 30 minute s. Students who 
struggle on part A will be left with limit ed time to 
complete part B, and they will be rushed by the sight 
of students who have handed in part A and received 
their calculator to start on part B. 

This undoubted ly will create higher stress for many 
students when it is neither helpful nor necessary. It 
simply exacerbates the test and math anxiety that exists 
for far too many stude nts. A pressure test of basic 
number facts like thi s is regressive and counterproduc ­
tive toward achieving the goal of ensuring that students 
have strong mental math and numeracy skills. 

The department is fully aware of how these testing 
chan ges will reverse engineer instructional practice 
in schoo ls-frankl y, it' s their intent. But I'm worried 
it will drive bad practices in schools, like the wide ­
spread reintroducti on of "mad minutes," which do 
nothing to challenge strong student s while simultane­
ously doing nothing to help the students who need it 
the most. 

Some will confuse my concern with a desire to 
remove rigour or stress from education. Nothing could 
be further from the truth. I prefer authentic rigour and 
authentic stress that actua lly equip students with skills 
to endure and manage stress healthily. 
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Authentic stress is created by presenting students 
with problem s and challeng es where it' s not imme­
diately clear how to get the answer . Teachers ensure 
that the students have the knowledge, skills and 
resources required to get the answer but also let them 
struggle with how to get to it. Thi s struggle and stre ss 
is actuall y quite healthy beca use student s build 
confidence through discoverin g they have the skill s 
and capacity to succeed. For students who don't have 
the required skill s, forcing them to sit through a 
manufactured stress test only teac hes them helpless­
ness and reinforc es any self-perception of failure. 

But my biggest concern is how this testing change 
was made as a knee-jerk conce ssion to back-to-ba sics 
crusaders who have manufactured a math crisis out of 
a moderate 6 per cent decline over 12 years in Pro­
gramme for International Student Assessment (PISA) 
scores-a decline that still leaves Alberta tied for the 
tenth-best jurisdiction in the world. These vocal crusad ­
ers want Alberta to be more like the countries overtak­
ing us, countries where rigid, regimental drill -and-kill 
instruction is combined with ridiculous amounts of 
after-school boot-camp- style tutoring. 

If this perspective is winning the ear of Alberta Edu­
cation on testing, then it will prove quite problematic as 
we enter new curriculum design. Our new curriculum 
should aim to achieve an Alberta-made vision of public 
education instead of trying to meet the goals established 
by an international economic cabal like the Organisation 
for Economic Co-operation and Development (OECD) 
(which administers the PISA tests). Our curriculum 
should strive to educate students for 2030, not 1950. 

Then aga in , perhaps I'm overreact in g. Minor 
tweak s to PATs will become irrelevant once the tests 
have been eliminated, as promised. 

I welcome your comments-contact me at 
jona than.t eghtmeyer@ata.ab.ca. 

Jo11atha11 Teghtmeyer is the editor -in-chie f of the 
ATA New s. 

This editor ial was originally published in the ATA 
News, Volume 51, Numb er 2, September J 3, 2016. 
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A band of 10 pirates is going 
to disband. They have divided 
up all of their gold, but there 
remains one gian t diamond that 
cannot be divided. To decide 
who gets it, the captain puts all 
of the pirates (incl uding him­
self) in a circle. Then he points 
at one person to begin. This 
person steps out of the circle, 
takes his gold and leaves . The 
person on his left stays in the 
circle, but the next person steps 
out. This continues with every 
second pirate leaving until there 
is only one left. 

• Who should the captain point 
at if he wants to make sure he 
gets to keep the diamond for 
himself? 

• What if there were I I pirates? 
What if there were 12 pirates? 
What if there were 27 pirates 
and so on? 

The Pirates and 
the Diamond 

Peter Liljedahl 

Reprinted with pennission from Vi'Ww.peterliljedahl. com/teachers/good-problem . Minor amendments have 
been made in accordance with ATA st\'le. 
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Kite in a Square 

NRICH Mathematics 

ABCD is a square . M is the midpoint of th e 
sid e AB. By constructing the lin es AC, MC, BD 
and MD, the shaded quadrilateral is fo rm ed. 

What fraction of the total area is shad ed? 

Below are thr ee different methods for finding 
th e shaded area. Unfo rtunat ely, the statement s 
have bee n muddled up . Can you put them in the 
co rre ct order? 

Coordinates 
1. The shaded area is mad e up of two congruent 

triangles, one of which has vertices ( 1/3, 2/3), 
(1 /2, 1 /2), () /2, 1 ) . 

2. Th e lin e joining (0, 0) to ( I /2, 1) has equati on 
y = 2x. 

3. Area of th e triangle = 1/2 (1/2 x 1/6) = 1/24. 

4. The line joinin g (0, 1) to (1 , 0) ha s equation 
y = 1 -x . 

5. Therefore the shad ed area is 2 x 1/24 = 1/12. 

6. Th e point (a, b) is at the int ersect ion of the line s 
y = 2x and y = I - x. 

7. Consid er a unit square drawn on a coord inate grid. 

8. The perpendicular heigh t of the triangle is 
1/2 - 1/3 = 1/6. 

9. Soa=113 ,b=213 . 
J 0. The lin e joining (0 , 0) to (], I ) ha s equation 

}' = X. 
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Similar Figures 
1. As line AC intersects line MD at point E, the two 

opposite angles LMEF and L.AED are equal. A M B 
2. The line MF is half the length of AD . 
3. Line AD is parallel to line MF, so L EDA and 

L EMF are equal, and LEAD and L EFM are 
equal (alternate angles). 

4. Therefore, MED and tiFEM are similar. 
5. Therefore, the line EH is half the length of PE. 
6. Let ABCD be a unit square. 
7. Therefore, the shaded area MEFG = 1/24 x 2 = 

l /12 sq units. 
8. PH ha s length 1/2 units , so PE ha s length 

1/3 units and EH has length 1/6 units . 
D 9. tiMEF has area 1/2 (1/2 x 1/6) = 1/24 sq units. 

Pythagoras 
1. The area of tiDMC = 2 sq units . The area of 

tiDFC=1 sq unit. Thus the combined area of 
tiDFE, tiCFG and shaded area MEFG is 1 sq unit. 

2. (EH)2 + (HFf = (EF)2 A M B 
EH =H F 
(EH)2 = 1 /2 (EF)2 
EH = EF/2 ..j 

3. Areas of tiDFE, tiCFG and shaded area MEFG 

4. 
are equal, so each must have an area of 1 /3 sq units. 
Area of t-..MEF = 1/2 (1 x EH)= 112 (EF/2 ..J) 

5. By Pythagoras, DF has length 2{ 
6. The total area of the square is 4 sq units , so the 

7. 
shaded area is 1/12 the area of the whole square. 
Area of tiDFE = DF x EF/2 = 2..J x EF/2 = EF/2~ 

8. So the shaded area MEFG is equal to the area of 
D J t-..DFE. 

9. Assume that the sides of the squar e are each 2 
unit s long. Thu s, DJ and Fl are each 1 unit long. 

Reprinted with permission of NRICH Mathemarics . 
http://11rich.math s.o rg/830 J. Cop yr ight © 1997-
2017. University o.f Cambrid ge. All rights rese ,wd. 
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Research Articles - - ------ --- -- -- ---- -- ------

What Problem Are They Posing? Viewing 
Group Problem Solving Through an 

Enactivist Lens 

Nat Banting 

Instructional practices that 
facilitat e deep mathematical 
under sta nding and elicit student 
thinking were thrust into th e 
limelight by the National Council 
of Teac her s of Mathematics 
(NCTM) by two and a half de­
cades' worth of influential cur­
riculum documents () 989, 2000, 
2014). Closer to home , th e 
Western and Northern Canadian 
Protocol (2008) called for similar 
peda gog ical approaches in the 
mathematics classroom, includ­
ing the incorporation of mean­
ingful student discussion as a 
channel for developing mathe­
matical under standing . Group 
problem solving presents itself as 
a key structure for the classroom 
teacher attempting to fulfill these 
curricular man date s. For thi s 
rea son, group work in the math­
ematics classroom warra nts ex­
amination from var ious theoreti­
cal frameworks, each of which 
brin gs different impli cation s for 
employing the structure in the mathematics class­
room. In thi s article, gro up problem solv ing is 
viewed through an enactivist lens, which stresses 
the evolutionary natur e of problem solvin g as the 
learners and the probl em mutu ally define one an­
other. In other words, a problem does not live outside 
of the solvers; it is the interaction between knowers 
and task that shapes the nature of the problem . A 
mathematical problem, then, take s on a plural 
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character as the solution to a provided task may 
involve severa l instan ces of problem drift, where a 
new problem becomes the focus of attention because 
it emerges as a releva nt inquiry in the cou rse of ac­
tion with the evolving mathematical enviro nment. 
A portrait of grou p action is provided to illustrate 
the evolutionary process of comin g to know, and the 
implication s of problem drift for teacher action are 
discus sed. 
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Problem Solving for the Social 
Constructivist 

This shift in the interpretation of a prob lem-solving 
activity is better explained when compared to the 
learning theory through which group problem solving 
is usually supported: social constructivi sm. Though 
there are many branches of social constructivism 
(Ernest 2010), I use the work of Lev Vygotzky ( 1978) 
to stmcture the discussion because of the importance 
he placed on languag e development and his construct 
of the zone of proximal developm ent (ZPD ) as a 
vehicle for its development , both of which are often 
discussed in introductory psycholo gy courses and as 
part of teacher training . According to thi s the ory, 
learnin g occurs when students intern alize subjective 
meanings that fit into their social (and mathematical ) 
worlds. In order to pull learnin g forward, interac tions 
must fall within the learners ' ZPD , a theoretical space 
that consists of tasks a novice could not carry out 
without an expert's guidance. The process of inten­
tion ally supporting learners to go beyond what they 
could do individually is called scaffo lding. Small­
group cooperative work, then , activates students as 
scaffo lds. In other words , it allows students to en­
counter those with more sophisticated knowledge and 
thu s provides scaffoldin g toward an understandin g of 
the mathem atical problem . It is the job of the students, 
throu gh the use of sociall y negotiated language, to fit 
their under standing to invariant s in the environm ent. 
It is the job of the mathematic s teacher to pro vide a 
mathematical environment, in the form of a task to 
be completed, and to mitigate the learners' personal 
meaning of that environment. Teaching, then, is the 
process of diagnosing where in the so lution process 
the learners are and decidin g what assistance will 
allow them to move forward. 

Problem Solving for the 
Enactivist 

Enactivism and soc ial constructivism are not dis­
joint (Reid 1996); both learning theories treat social 
interac tion as the impetus for learnin g. Howeve r, a 
key difference is that constructivism is conce rned 
with issues of fit, whereby learner s use exper ience in 
an environment to construct sense from it. Enactiv ism, 
on the other hand, is "not so much about the invariant s 
within the environment , but about the coordination 
of the knowe r and the environme nt" (Proulx and 
Simmt 20 13, 66). According to enacti vist theory, 
environm ent and cog niti on evo lve alongside one 
another. In the case of group probl em solving in the 
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mathemati cs cla ss, the environment con sists of both 
the given task and the other learners working with 
the task. The ac tions of participant s negotiat e their 
way through a world that is not fixed or pregive n, but 
rather one "that is continually shaped by the types of 
action s in which we engage" (Varela, Thompson and 
Rosch 1991 ). The nature of the mathematical task 
that the learner s are operating with and the mathe­
matical knowl edge used to arrive at coherence are 
constantly influencing eac h other. Problem solving 
is thus a proces s of "dynamic co-emergence of know­
ing agent-and -known world" (Davis 1995, 8). Acting 
within a mathematical environment changes the na­
ture of the environment. Thi s allow s the chara cteris­
tics of the task to become prob lematic for the learners, 
and, thus, the environment to trigger further action. 

Problem solvers enter a mathematical environment 
with patt erns of act ion established through their past 
interactions with environments. In other word s, learn­
ers bring their history of viable, mathematical action 
with them when they begin to solve a problem. Inter ­
action with the new environment begin s here. The 
feedback provided by interacting with the structure 
of the new environment shift s the nature of the envi­
ronme nt. Beca use the gro up now has more informa­
tion about the nature of the task, there is further im­
petus for action, which is reciprocated by a shifting 
of the mathematical task. This is the image of evolu­
tionary coming to know, the proces s of bringing forth 
a wo rld of mathematic al significance (Kieren and 
Simrnt 2009; Proulx and Simrnt 2013) where problem 
and solvers concurrently define one another. The task 
is not fixed; it is defined by the solvers. The action s 
of the solvers are not fixed; they are pro scribed by 
the task. Probl em solving , then, involves a fundamen ­
tal circularity between knowers and their environment 
as they mutually spec ify one another (Davis 1996). 
According to enactivist theory, learner s are not ap­
propri ating an individual , subjective meanin g through 
the mechanism of soc ial intera ction , as proponent s 
of soc ial constructivism wo uld contend; rather , 
through their interaction with others and environment, 
learners are bringing forth-enacting-mathematical 
meaning toge ther. 

In order to solve problems , problem solvers have 
the ability to pose "relevant issues that need to be 
addressed at each moment. These issues are not pre­
given, but are enacted from a back ground of action" 
(Varela, Th ompson and Rosc h 1991, 145). In other 
words, the math ematical problem does not reside in 
the task itself ; the structure of the task only triggers 
ac tion. Through an enac tivis t lens, "prom pt s are 
given, not problems. Probl ems bec ome probl ems 
when knowe rs engage with them, when they pose 
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them as problems to solve" (Proulx and Simmt 2013, 
70). That is, the prompt is not thought to contain the 
mathematics to be internalized. Instead, mathematical 
knowledge "emerge[s] from the knower's interaction 
with the prompt, through posing what is relevant in 
the moment" (Proulx and Simmt 2013, 69). Problem 
solving, then, is the process of coordinating intelligent 
action in an ever-changing process of problem posing. 
In order to do this, learners pose the problem that they 
believe will focus their mathematical action toward 
a coordination with the task 's requirements. These 
relevant problems evolve as the group acts with the 
task, and I have termed this shift in the relevant prob­
lem that focuses students' action problem dnft. 
Viewed through the lens of enactivism, learning is 
the process whereby problem solvers redefine their 
action in relation to the shifts in the mathematical 
environment ; it is the process of bringing forth math ­
ematical significance. Teaching, then , is the proce ss 
of providing information, orienting attention and 
coordinating the possible in the mathematical envi­
ronment (Towers and Proulx 2013 ). It require s attun ­
ing to the probl em of relevance and coordinating 
further encounter s with the environment to continue 
the problem-solving (posing) proce ss. 

A Classroom Portrait of 
Problem Drift 

To illustrate the evolutionary process of knowledge 
and the notion of problem drift, an excerpt from a 
group of Grade 1 1 students working with the Squares 
Task (Appendix A) is analy zed. The Square s Task 
was a two-part task that asked Piper , Ben and Carter 
to first count the total number of square s that did not 
contain a blacked-out portion on an eight-by -eight 
grid and to determine the po sition of the blacked-out 
portion that would maximize the number of such 
possible squares . The excerpt begin s as the group 
addre ssed the second question of the task. The use of 
an ellip sis represent s a gap in tran scription ; all name s 
are pseudonyms. 

Piper : Wouldn ' t the smartest thing to do be to put 
it in a corner so you can get the large st 
amount of area? 

Ben: Yeah, because then you'll get the .... 
Carter : But we aren ' t talkin g about the bigges t 

squares, we' re talking about the most squares. 

Piper: Reg ardless, there 's going to be 55 , one-by ­
one square s. 

Carter: Yeah. Some thin gs can't change . 
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Ben: 

Carter: 
Piper: 
Carter: 

Ben: 

Carter: 

Piper: 
Carter: 

Piper: 

OK, we11 like, the most that we got was two­
by-two, right? Do you think if we moved the 
square anywhere on the piece it would 
change the amount of two-by-two s? 
Two-by-twos wouldn ' t change. 
Three-by-threes wouldn't change either. 
Because it still takes the same amount of area. 

If we just blanked out a comer, what would 
change? 
Two-by -twos would be the same because 
you 're still having the same area. 
Yup. 
Three-by-three is going to be the same, but 
you do get four-by -fours and five-by-fives. 
Exactly, so the comer is the best! 

Thi s interaction between Piper, Ben and Carter 
maps an example of problem drift as their action 
couples with the environment. Not included in the 
episode, for sake of brevity, is the solution strategy 
for question one of the squares task (see Appendix 
A). The group used a combination of multiplication 
and subtraction operation s to count the number of 
one-by -one squares and then decided to use a system 
of dots (Figure I) to count the two-by-twos . After all, 
the prompt asked them how many, and the counting 
strategy paired well. 

As the group began to addre ss question two of the 
squares task , there was a converging of past histories. 
Piper suggested that moving the square as far out of 
the way as possible would be most effective , and 
Carter was quick to remind her that the goal of the 
task was not to create the most space, but to create 
the most square s; this action revealed hesitancy to­
ward using the mathematical idea of area to solve the 
problem. For Piper , the relevant problem might be 
framed as, "What is the large st pos sible square we 
could fit on the grid?" , but Carter 's action signalled 
that the relevant problem for him was, "How can we 
creat e the largest number of squares?" The structure 
of the probl em offered both of these possibilitie s, but 
Piper and Carter' s mathemati cal past s led them in 
different initial directions . A social constructivist 
might interpret Piper and Carter as having constructed 
different underst andings of the nature of the task, but 
an enactivi st sees the onset of two very different 
worlds of mathemati cal significance-o ne interacting 
with concepts of size and area , and the other with 
systematized enum eration. 

I, as the provider of the ta sk, anticipated the rel­
evant probl em to become, "Wh ere do you place the 
blacked -out porti on to create the most squar es?", 
but Piper 's comment that the numb er of one-by-one 
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squares would not change regardless of the placement 
caused the group to attend to a new problem that they 
deemed important to the resolution of the task; 
namely , "Which sizes of squares will be unaffected 
by movement of the blacked-out portion?" In other 
words, Piper's comments produced problem drift. 
This was immediately validated by the other group 
members. Ben extended this line of action by wonder­
ing if Piper's pattern would remain true for the two­
by-two squares . At the end of this episode, the action 
of all three students centred on the probl em that was 
deemed as relevant to move toward a solution. The 
group was not solving the problem I encountered 
("Where do you place the blacked-out portion to cre­
ate the most squares?"); rather, they were coordinat­
ing their actions to solve the new, drifted problem, 
"What is the largest possible square we can create 
that doesn't include the blacked-out portion ?" This 
was something quite similar to the proposition made 
by Piper at the onset of action, but quite different than 
the counting of squares that they engaged in through­
out the middle portion of their time with the task- to 
verify that the number of squares was unaffected by 
the movement of the blacked -out section. For the 
enactivist, the mathematics emerged through interac­
tion with the prompt , and the prompt was reciprocally 
redefined by the group's action on it. The process of 
probl em solving (posing) evolved within and along­
side the mathematical environment. Piper, Ben and 

Figure I. The group's final ~mrkspace. When 
counting the ttt.·n-by-nt·o squares, each dot 
represented the celltre of a two-by-hm square . Their 
final solution was shaded in the bottom-l eft comer. 
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Carter all became convinced of the conjecture that if 
larger squares are possible, then more squares are 
possible, and their solution can be seen shaded in the 
bottom left corner of the grid in Figure 1. 

The task afforded many possible actions; counting 
squares presented itself as viable for question one. 
Question two triggered the group toward a much dif­
ferent collective understanding, one where the notion 
of area emerged as crucial to the task. At the end of 
the episode, the group arrived at the understanding that 
maximizing the number of possible squares is the same 
as maximizing the area of the largest possible square . 
Their action led them to play with the notions of area 
and quantity in a geometric and arithmetic amalgam-a 
much different world of mathematical significance than 
was originally available to all three. 

Implications for Teaching 
How, then , should teachers act when viewing group 

problem solving through the lens of enactivism? The 
recognition of problem drift affects how teachers 
choose, prepare and enact problem solving (posing) 
activities in the classroom. First, the understanding that 
mathematics is an actively evolving phenomenon 
implie s that classroom structure should provide spaces 
for student acti on. Problem -solving tasks should be 
designed to make students active produce rs (rather than 
strictly consumer s) of mathematic s, and provide arenas 
for worlds of significance to manifest. Teachers are 
called to include tasks with multiple avenues for con­
ceptualization (like the arithmetic and geometric no­
tions emerging through the Squares Task) and allow 
for student choice, conjecture, discussion, disagree­
ment, justification and refutation. These visible (and 
audible) mathem atical interchanges widen the sphere 
of mathematical action. 

Second , problem drift requires teachers to be in­
tentional in how they anticipate student responses to 
problem- solving (posing) activitie s. The goal is not 
to engineer a situati on where student s will act in 
particular ways; rather , it is to anticipate which fea ­
tures of the task will grab student s' attention and to 
decide what intervention may trigger further student 
action. However, no matter how much teacher s an­
ticipate student interactions with the mathematical 
environment, the evolutionary character of knowing 
resists predictability. It is crucial that teachers , as they 
become fully involved in the knowing action in their 
classroom, re main flexible when student action 
breaches the sphere of anticipated strategy. To allow 
room for problem drift. lesso n plannin g need s to give 
way to lesso n prepari ng. 
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Third, while enacting problem-solving tasks, 
teachers must attune themselves to problem drift­
what the group has posed as a suitab le way for­
ward. Attuning to a group's mathematical knowing 
begins with the identification of problem drift in 
the moments of teaching. This is more than the 
recognition that groups may find several solution 
pathways through a task or hold different construc­
tions of the problem-it is the recognition that 
groups may actuaJly be solving several different 
problems altogether. It means that the orienting 
question of teaching moves away from "How did 
th ey solve the problem?" and toward "What prob­
lem are they posing?" Viewing group problem 
solving (posing) through an enactivist lens allows 
the teacher to see the mathematical as plural, as 
emerging in the moment. We can no longer speak 
of pathways within a single problem, but must 
rather think of each problem as unique, emerging 
through the group's action wi th the ta sk. The 
teacher is then tasked with anticipating possibili­
ties, recognizing where the probl em has drifted in 
classroom activity and acting with the groups to 
further the mathematical action. 
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University Acceptance of High School 
Mathematics in Alberta 

Richelle Marynowski and Landry Forand 

The transition between secondary and postsecond­
ary mathematics is a complex process which involves 
an array of problems and issues that students have to 
overcome. Some of the issues that students experience 
transitioning to postsecondary mathematic s 
include "type of mathematics taught, concep ­
tual understanding, procedural knowledge 
required to advance through material, and 
changes in the amount of advanced mathemati­
cal thinking needed" (Hong et al 2009, 878). 

will benefit them in future degree completion; thus, 
ensuring that students have the appropriate experi ­
ences with mathematics in high schoo l is important 
to consider. 

With both the transition experience of stu­
dents and the content of high school mathemat­
ics courses impacting student degree completion 
in mind, we investigated the Alberta high school 
mathematics program of studies and its accep ­
tance at certain universities in Alberta. Our main 
goal was to illustrate which high school math-Hong goes on to say that research on this topic 

indicates that the mathematical under-pre­
paredness of students entering universit y is an 
issue. Additionally , Kajander and Lovric (2005) 
stated that "there is evidence of similar gaps in 
other disciplines in science and beyond , it 
seems that the transition in mathematic s is by 
far the most serious and most problematic " (p 

"-~ -
ematics courses in Alberta are being accepted at 
which universities in Alberta for which pro­
grams. With new curriculum currently being 
developed, it would be important for both sec­
ondary and postsecondary education to collabo ­
rate and maintain educational pathways full of 
options that do not limit student potential to be 
successful in postsecondary. Within the new 149). With this in mind, understanding the 

relationship between secondary mathematics 
and university mathematics is key to ensure the 
smoothest possible transition for students. 

a 

curriculum, ensuring that students are able to ac­
cess multiple pathways to get experience with 
algebraic mathematics would be beneficial for all 
students. In addition, completion of algebra-intensive 

high school math ematics cours es has been 
shown to improve the likelihood of students 
later completing a bachelor's degree at postsec­
ondary. Ade lman ( J 999), through the U S 
Department of Education, used data from a 
national longitudinal study that spanned from 
1980 to 1993 to illustrat e that of all the courses 
within the high school curricula, finishing high 
school mathematics courses had the strongest 

m 
In 20 10, Alberta's high school mathematics 

program was in the proces s of changing . New 
Grade 10 courses were being implemented in 
2010 with Grade 11 following in 2011 and 
Grade 12 in 20 J 2. The mathematics program 
that was introduced in 2010 was developed as 
part of the Western and North Canadian Protocol 
(W NCP) which included four provinces 

effect on future bachelor's degree completion. 
Trusty (2003) performed a similar study with 5,257 
partic ipants taken from the National Education Lon­
gitudinal Study finding that the greater numb er of 
math courses (trigonometry, pre-calc ulus, calculus 
and algebra 2) a student took, the greater the likeli­
hood of that student completing a bach elor's degree. 
Furthermore, finishing eve n one algebraic math 
cour se more than doubled the likeliho od of a student 
completing a future degree. The studies from Adel­
man and Trusty clearly illustr ate that providing stu­
dents with opportunities to take algebraic math classes 
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(A lberta , British Columbia, Manitoba and 
Saskatchewan) and three territories (Nunavut, 

Northwest Territories and Yukon) . The WNCP's vi­
sion was to provide high-quality K-12 education for 
a ll stud ents (Sys tem Improv eme nt Group 2006) . 
Specifically, the mathematics program was designed 
to provide students with the mathematical skills and 
competenc ies necessary to make a smooth transition 
from secondary mathematics studies to post secondary 
programs and the world of work. 

The se new courses and course sequences repl aced 
the Mathematics Pure and Applied course sequences 
that had been in place since 2000 (Albert a Leaming 
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2002 a, b). One of the critiques of the Applied course 
sequence was that it was universally not accepted as 
a gateway to university entrance due to its lack of 
algebraic focus (System Improvement Group 2006). 
Students who were interested in pursuing bachelor 's 
degrees were required to take Pure Mathematics 30, 
thus relegating the Applied course sequence to those 
who were seen as not going into university studies. 
The System Improvement Group report (2006) sug­
gested three high school pathways that should satisfy 
stated admission requirements for the appropriate 
postsecondary program s or workforce requirements 
as follows: 

1. Ensure that Pathway 1 satisfies the entrance re­
quirements of the calculus-bas ed (and similar) 
post-secondary programs with the fewest possible 
outcomes. 

2. Ensure that Pathway 2 satisfies the entrance re­
quirements of most of the remainder of the non­
calculus-based programs. 

3. Ensure that Pathway 3 satisfies the entrance re­
quirements of the trades and agriculture, and with 
a few additions, meets the needs of busine ss and 
industry for positions for which they recruit from 
high schools. (p 57) 

While the other WNCP provinces accepted the 
three pathways as articulated above, Alberta altered 
the content of Pathway 2 in order to satisfy additional 
algebraic requirements as articulated by Alberta's 
postseco ndary institutions to ensure acceptance of 
Pathway 2 for university entrance. As the focus of 
this paper is illustrating the Alberta university ac­
ceptance of mathematics courses in Alberta, we will 
focus on the first two pathway s. 

The course descriptions from the Alberta Program 
of Studies for the " - 1" and "-2" course sequences that 
were introduced in 2010 are as follows: 

" -1" Course Sequence: ll1is course sequence is 
designed to provide students with the mathematical 
understandings and critical-thinking skills identified 
for entry into postsecondary programs that require 
the study of calculus. Topics include algebra and 
number ; measurement; relation s and functions; 
trigonometry; and permutation s, combinations and 
binomial theorem. (Alberta Education 2008, I 0) 
"-2'' Course Sequence: This course sequence is 
designed to provide students with the mathematical 
understanding s and critical-thinking skills identi­
fied for post- secondary studies in programs that 
do not require the study of calculus. Topics include 
geometry, measurement, number and logic, logical 
reasoning, relations and functions , statistics, and 
probability. (Alberta Education, 2008, 10) 
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Both the "-1" and "-2" sequence descriptions ad­
vocate for entry into postsecondary programs. The 
"-I" is for programs that entail calculus, and the "-2" 
for studies that do not require calculus. Even though 
the high school mathematics course sequences had 
changed to better align with university expectations , 
teachers were unsure if universities would accept the 
"-2" sequence as an entrance requirement for those 
programs that do not require calculus. This paper 
illustrates the acceptance of the " -1" and "-2 " se­
quences at five univer sitie s in Alberta in order to 
highlight potential opportunities for students based 
on secondary mathematics courses. 

To illu strate the current acceptance of Alberta 
high school mathematics courses , we 
investigated the entrance require­
ment s of five Alberta univer sities : 
Mount Royal University, MacEwan 
University, the University of 
Calgary, the University of Alberta 
and the University of Lethbridge. 
These univer sities were chosen as 
they repre sent five of the six largest 
universitie s in Alberta. The data 
so urce s included the universit y's 
websites, course outlines and aca­
demic calendars from summer 2016. A A A 
We obtained entrance requirements 
for all programs at the institution as 
well as the listed prerequisite s for 
entry level mathematics courses. In 
our investi ga tion we also included 
which university programs and in­
dividual mathematics courses listed 
Math 31 as a prerequisite. Math 31 
is the high school level calculus 
co urse in Alberta that did not go 
through a redesign with the WNCP 
course development thus it has 
been unchanged in Alberta since its 
introduction in 1995 (Alberta 
Education 1995) . 

In Figure 1, the faculties and programs that require 
mathematics in order for students to be accepted are 
illustrated . Only programs that require mathematics 
as a prerequisite were listed along with the specific 
course that was identified as the prerequisite. If a 
program is not listed , it did not state a high school 
mathematics cou rse as a prerequisite. 

At the University of Leth brid ge, there are 12 pro­
grams in the Faculty of Arts and Science and the 
Faculty of Management that require Math 30-1 for 
admission. Of these programs, five of them do not 
need calculus to progress through the degree. With 
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Figure 1. Illu stration of the mathematics requirements fo r entrance to specific programs atfive universities 
in A lberta (Marynowsk i and Forand 2016 ). 

respect to the University of Calga ry, the Faculty of 
Nursing is the only faculty that not only accepts 
Math 30-2 but also gives preference to Math 30-2 
over the other mathematic s courses. Of all the facul­
ties at the University of Alberta, four of them accept 
Math 30-2 as a prerequisite. 

In addition to mapping out specifi c program math­
ematics requirem ents, the prerequisites for individual 
first-year university mathematics courses were identi­
fied. Figure 2 illustrate s how many first-yea r uni ver­
sity mathematics courses require which high school 
math course as a prerequi site. The intent of the map­
ping was to visually di splay the predomi nant accep ­
tance of Math 30- 1 as a prerequi site for university 
mathematics courses and to illustrate that Math 30-2 
sequence is also accepted as a university mathematics 
course prerequisite, only on a smalle r scale . Only the 
uni versity mathemati cs courses that requ ired a high 
school mathematics course as a prerequisite were 
inclu ded in the graph . 

A total of 40 first-year mathem atics course s are 
offered by the five universities shown above. Of those 
courses, Math 30-1 is indicated as a prer equisite for 
every introductory university mathemati cs cours e. 
Math 30-2 is accepted as a prerequi site for 11 of the 
40 courses whil e Math 31 (calcu lus) is a prerequi site 
for 8 courses. Of the 40 universit y mathem atics 
courses, on ly 15 of them are identified as calc ulu s 
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courses, implyin g that Math 30-2 could lead to 25 
university courses based on the Alberta Educ at ion 
descr iption for the "-2" sequence. The acceptan ce of 
the Math 30-2 course as a university prerequisite is 
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Figure 2. First-year university math emat ics cours e 
prerequisites. 
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a positive development from the Applied Mathematics 
sequence that existed prior to 2010 . 

The intent of the current math curriculum in 
Alberta was to make both Math 30-1 and Math 30-2 
acceptable prerequisites in Alberta. As shown above, 
the "-1" sequence is much more prominent and does 
not limit the student's choice when looking into post­
secondary options. Math 30-1, in comparison to the 
previous mathematics course Pure Mathematics 30, 
has fewer outcomes and concentrates on the prepara­
tion of students to be successful in calculus. Content 
like statistics and probability are no longer included in 
the "-1" sequence with the focus of the course sequence 
being algebraic manipulations and algebraic represen­
tations of functions in preparation for students to study 
calculus. Math 30-2 in the meantime includes statistics, 
logical reasoning and set theory which are content that 
is applicable for noncalculus courses. 

According to Alberta Education (2008, l 0), "each 
course sequence is designed to provide students with 
the mathematical understandings, rigour and 
critical-thinking skills that have been identified for 
specific postsecondary programs of study." The inten­
tion for the "-2" course sequence was not to be easier 
than "-1" but to provide opportunities to engage with 
different content. Ideally, students choose which math­
ematics course sequence to take depending on the 
topics covered and postsecondary aspirations (Alberta 
Education 2008) rather than on the difficulty of the 
course. However, the legacy that Applied Mathematic s 
left in Alberta as a course that was perceived by teach­
ers and students to be less rigourous than Pure Math­
ematics might be impacting the implementation of the 
intended rigour of the "-2" sequence. 

Despite both the "-1" and "-2'' sequences being 
designed for students entering postsecondary, Math 
30-2 is not accepted as widely as it might be. However, 
knowing specifically why the "-2" course is not ac­
cepted for noncalculus courses at these five universities 
in Alberta cannot be determined from this data. Further 
exploration is needed to identify what, if anything, is 
prohibiting the "-2" course sequence from being more 
widely accepted and to gather information from col­
leges and technical institutes in Alberta with respect 
to what secondary mathematics courses serve as pre­
requi sites for their programs and courses. The intent 
of thi s article was primarily to highlight improvements 
in the accepta nce of the "-2" sequence over the Applied 
sequence and secondarily to inform secondary educa­
tor s as to the universi ty programs that acce pt the exist­
ing mathematic s courses so that they can infonn their 
student s of the options available to them. 
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Creativity in Mathematics Classroom 
Settings: Recognizing the Collective Level 

Ayman Aljarrah 

Introduction 
Researchers see creativity as an essential life skill 

and recommend that it should be fostered by the edu­
cation sys tem (Burnard and White 2008; Craft 2000; 
Torrance 1988 ). For example , Burnard and White 
(2008) suggested that creativit y is need ed to meet the 
multiple need s of life in the 2 I st centur y, wh ich calls 
for enhanced ski lls of adaptation, flexibilit y, initi ative 
and the ability to use knowl edge in different ways. A 
glance at the litera ture on both creativity and "educa­
tion reform effo rts" asserts that creativity in the 
classroom is not an added frill to be taken or left ; on 
the contrary, it is an imp ortan t thinkin g and acting 

20 

ski ll that should be fostered. It is "now considered 
good for eco nomie s, good for soc iety, goo d for com­
munities and good for education'' (Burna rd and White 
2008 , 669). Friesen and Jardine (2009 ) argued that 
in today's globalized context, eve ryone needs robust, 
rigorous thinking abilities and skills-one of which 
is creativity-that not only the labour market incr eas­
ingl y ca lls for but also life in all its manifestations. 

Sawyer has done extensive work in the field of 
creativity, in particular identifying creativity as a 
co llaborative emergent phenomenon (for example, 
Sawyer 1999, 2001 , 2003 , 2011 ). According to him , 
creat ivity is an emerg ent phenomen on that res ult s 
"from the collective activity of social groups .. . . 

delta-K, Volume 54, Number I, June 20 17 



Although collaborative emergence results from the 
interactions of individuals, these phenomena cannot 
be understood by simply analysing the members of 
the group individually" (Sawyer 1999, 449). 

As my concern here is classroom settings, it is 
important to point out that Vygotsky (2004) recog­
nized the importance of the development of creativity 
in the process of constructing a human collective. For 
him, creativity should be conceived as essentially 
collective, and it is the pedagogue's responsibility "to 
create collaborative, imaginative, and ethical class­
room communities that could empower and motivate 
teachers and students" (Knapp 2006, 108). These 
suggestions are congruent to both Davis's (2005) 
argument that "the classroom community can and 
should be understood as a learner-not a collection 
of learners, but a collective learner" (p 87), and Martin 
and Towers's (2003) suggestion to consider levels 
other than the individual at which mathematical un­
derstanding may emerge in classroom settings , 
namely, the collective. 

As much as this glance at the literature explains 
the importance of creativity in education, it also in­
cludes implicit and explicit suggestions to go beyond 
the individualist view of creativity. These suggestions 
are supported by findings of studies which tried to 
combine collectivity and creativity. For example , a 
study of collective creativity in the workplace by 
Hargadon and Bechky (2006) considered collective 
creativity to emerge when the social interactions 
between individuals yielded new interpretations that 
could not be generated by an individual working 
alone. Moreover, Sanders (200 I) argued that collec ­
tive creativity can be very powerful and lead to more 
culturally relevant results than does individual creativ­
ity. In relation to collective creativity in mathemati cs, 
a study by Levenson (2011) found that working as a 
collective may actually encourage students to perse­
vere and try new ideas. In addition, Sarmiento and 
Stahl (2008) found that creativity is often rooted in 
social interactions and that innovative creations 
should often be attributed to collectivities as a feature 
of their group cognition . 

Creativity and Education 
Huebner ( 1967) asked "how does a person learn 

to be cr~ative?" According to him, "the very question 
itself demand s a definition of the word creative" 
(p 134 ). Huebner put forward the pos sibilit y that 
creativity is not learned but is an aspect of human 
nature. Huebner argued that there is much theological 
thought that supports thi s idea. Therefore, "it would 
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be more appropriate to ask what prevents creativity 
than to ask how one learns to be creative" (p 134). It 
may be possible that creativity is not confined to 
specia l people or to particular arts-based activities, 
nor is it undisciplined play. Craft (2000) described it 
as "a state of mind in which all our intelligences are 
working together [involving] seeing, thinking and 
innovating" (p 38), and the NACCCE report ( 1999) 
defines it as "imaginative activity fashioned so as to 
produce outcomes that are both original and of value" 
(p 29) . 

A brief tracking of the origins and uses of the word 
creativity in different cultures indicates that this word 
reflects a kind of biological fruitfulness, which means 
to bring something new into being. This definition is 
why most scholars in the field of creativity suggest 
newness and fruitfulness as two criteria for judging 
creativity . The richness of the word creativity, which 
can be seen through its multiple synonyms (for ex­
ample, innovation, imagination, inspiration, novelty, 
originality, resourcefulness and so on), requires a kind 
of description that can reflect such richness. 

In the field of mathematics education, Sinclair, 
Freitas and Ferrara (2013) used a sociocultural ap­
proach to frame creativity in a mathematics class­
room. Their approach "emphasizes the social and 
material nature of creative acts" (p 239), and it does 
not conceive of creativity as a propert y or competency 
of children, but as emergent from their actions and 
doings. According to Sinclair, Freitas and Ferrara 
(2013), creative acts occur in the confluence of mate­
rial agency, the people in the classroom agencies and 
the agency of the mathematical discipline, and they 
"co llectiv e ly engender .. . a new space, which 
enable[s] new forms of arguments to emerge" (p 251 ). 
Such acts introduce or catalyze the new, they are 
unusual , unexpected or unscripted, and they cann ot 
be exhausted by existent meaning . 

Collectivity and Education 
Gathering together, as a collective of all our diver­

sitie s. stories and perspectives, lays the ground for 
effective problem solving, which also requires cre­
ative collaboration. Although diver sity may increase 
the difficulty of collaborat ing, it also can make our 
expe riences richer, worthier and more memorable. It 
"increases the creativity and wisdom of solutions" 
(Gray 1989, 13). and it "increases acceptance and 
support for creative ideas" (Isaksen 1994, 2). Accord­
ing to van Osch and A vita l (2010), collectivity "refers 
to the collective and collaborative engagement of a 
group of people (i .e., a community) with shared 
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interests or goals in meaningful actions" (p 5). It is a 
kind of a learning collective in which the focus on 
"the activities and insights of the collective [does not] 
mean to erase or to minimize the activities or insights 
of individuals" (Davis and Simmt 2003, 147). On the 
contrary, working collectively can "make space for, 
and support the development of, individual student's 
ideas" (p 147), and offer opportunities for all of the 
participants to be more creative (Davis, Sumara and 
Luce-Kapler 2008). Davis (2012) assumed that indi­
vidual and collective knowing are inseparable , inter­
related and interwoven. 

It might be important to start to think how we 
can- those who gather together in the classroom ; 
teachers and students-start "thinking the world to­
gether" (Jardine, Clifford and Friesen 2003 ). The 
starting point in this great, imaginative and exciting 
adventure lies, as Pratt (2006) explained it, in "the 
willingness of the teacher to be re-positioned, not as 
knower but as a significant participant" (p 93). Such 
a participatory approach to teaching, triggers the 
emergence of"collective, momentary , situated knowl­
edge" (p 93), and this is how the knowledge is col­
lectively created. Pratt (2006) stated that "experi­
ences, interpretations, learning , teaching, 
epistemologies, all of these are dynamic negotiations 
that occur in-between, neither yours nor mine, yet 
both of ours" (p 94). 

Some informing studies embraced the collective 
process in mathematics education (fo r example, 
Martin and Towers 2003, 2009; Martin, Towers and 
Pirie 2006). For example, Martin and Towers (2003) 
suggested that students' collaborative work and "im­
provi sational performances" in mathematics trigger 
the emergence and the evolving of co11ective math­
ematical understanding . According to them, collective 
mathematical understanding "is a phenomenon that 
emerges and exists in collective action and interac­
tion" (p 251 ). Martin, Towers and Pirie (2006) de­
scribed collective mathemati cal under standing as an 
emergent and gradually growing phenomenon, which 
cannot be traced to the individual learners , but 
emerges from their coactions as a collective. By coac­
tions, Martin, Towers and Pirie (2006) refer to specific 
kind s of mathematical actions that are carried out by 
the members of a group, and that , at the same time, 
are "depende nt and contingent upon the actions of 
the others in the group. [They] can only be meaning­
fully interpreted in light of, and with careful reference 
to, the interdependent actions of the others in the 
group" (p 156) . 
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Martin, Tower s and Pirie (2006) described doing 
and understanding mathematics as "a creative pro­
cess, and thus believe that because mathematical 
understanding can grow at both the individual and 
the collective level (and will be different in the two 
contexts) it is necessary to consider it at both levels" 
(p I 76). Through coacting, the mathematical ideas 
and actions "stemming from an individual learner, 
become taken up, built on, developed, reworked, and 
elaborated by others, and thus emerge as shared un­
derstanding s for and across the group, rather than 
remaining located within any one individual " (p 157). 

Collective Creativity in 
Classroom Settings 

A dominant and an unresolved challenge in study­
ing creativity in classroom settings is to find a well­
established definition that is widely accepted and 
applicable in such settings. According to Torrance 
( I 988). although there have been many attempts to 
define creativity, it still defies a precise definition. 
According to him , it seems unseen , nonverbal and 
unconscious, but it also involves every sense and 
extrasensory perception . Despite such claims about 
creativity, when we want to study creativity, and/or 
educate for creativity, it seems unavoidable to ap­
proximate a de scription as a framework. While trying 
to do this , it is important to keep in mind that creativ­
ity in real life exists in many different forms (Tardif 
and Sternberg 1988). Therefore, I believe that it will 
be more appropriate to describe creativity in class­
room settings based on the actions and doings of the 
classroom community while they are working on 
worthwhile problematic situations, ones that require 
a learn er or a group of learners "to develop a more 
productiv e way of thinking about [them]" (Lesh and 
Zawojew ski 2007, 782). 

Based on a brief review of the literature about 
creativity in different contexts and at different levels, 
I found that although scholars in pedagogy, mathe­
matics education and teacher education have gener­
ated a solid literature base promoting learning for 
individual creativity, the fostering of individual cre­
ativity and characterizing mathematical creativity 
(Leikin 2009; Silver 1997; Sriraman 2009), only a 
few of the current approaches to creativity are suited 
to the distributed and collective enterpris e of the 
classroom (Levenson 2011 ; Sinclair, de Freitas and 
Ferrara 2013 ). This does not mean that earlier 
accounts are wrong or unfruitful; on the contrary they 
provide food for thought concerning creativity in 
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mathematics education . They may, however, be in­
complete, given that they mostly restrict themselves 
to one path, vision, description or experience of 
creativity. Because of such incompletene ss "people 
seem to be talking past each other " (Klein 2013, 108). 

Based on both an interpretive review of the literature 
on creativity and collectivity and many problem­
solving sessions with groups of learners, I perceive 
collective creative acts as the actions, coactions and 
interactions of a group of curious learners, while they 
are working on an engaging problematic situation. 
Such acts , which may include (1) overcoming obsta­
cles, (2) divergent thinking, (3) assembling thing s in 
new ways, (4) route-finding , (5) expanding possibili­
ties, (6) collaborative emergence and (7) originating, 
trigger the new and the crucial to emerge and evolve 
(Martin and Towers 2003, 2009, 2011; Martin, Towers 
and Pirie 2006; Sinclair, de Freitas and Ferrara 2013). 

I based my description of collective mathematical 
creativity on three elements: ( 1) an assumption that 
creativity is not a property or competency of children, 
but rather is an emergent from their collaborative 
actions and doings (Martin, Towers and Pirie 2006; 
Sawyer 2003; Sinclair, de Freitas and Ferrara 2013), 
(2) the origins and uses of the word creativity that 
reflect a kind of biological fruitfulness, which means 
to bring something new and crucial into being and 
(3) as suggested in the seven metaphor s above, that 
can be used to describe the experience of creativity 
as it emerges in classroom contexts (Klein 2013) . 
This is an attempt to add to our understanding of this 
phenomenon , and consequently to transform our 
practice as educators by thinking about how to create 
and offer genuine classroom opportunities for stu­
dents to exercise creativity; opportunities that have 
the potential to transform the classroom into a space 
of expanding pos sibilities. 

My suggested description of collective mathemat i­
cal creativity indicates that the starting point to trigger 
collective creativity in mathematics learning environ­
ments is to create and offer genuine classroom op­
portunities for students to practis e collective creativ­
ity: opportunities that encourage students to do what 
real mathematicians do. According to the NCTM 
(2000), to enrich students' mathematical experiences, 
deepen their know ledge, and enhance their opportuni­
ties and options for shaping their futures, we need to 
promote their understanding and applying of math ­
ematics, and to engage them in what Davis ( 1996) 
named the mathematical, which he used to refer to 
"inquiry which has allow ed our math ema tic s to 
emerge. It involves a noticing of sameness, pattern 
and regularity amid one's exp loration s. It involves 
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comparing, ordering, creating, and naming" (p 93). 
And, it involves a dialogical conversation about, and 
"an active and inter subjective questioning of the 
world" (p 94). 

As I noted before , doing and understanding math­
ematics are usually described as creative acts (Martin, 
Towers and Pirie 2006). To do mathematics, accord­
ing to King ( 1992), means to produce mathematics 
that is new and significant. Herein, creativity is not 
the final end product that results from students' in­
teractions and coactions while they are working on a 
mathematical task; rather creativity is located in the 
coactions and interactions them selves that result in 
what might be considered as new and significant to, 
at least, the local classroom community. 

Martin, Tower s and Pirie (2006) offered some 
suggestions regarding tasks that have the potential to 
prompt mathematical doing and understanding . For 
example, they should be open-ended tasks that allow 
for a variety of responses and invite a variety of paths, 
and they should be at an appropriate mathematical 
level. In addition, such tasks should encourage stu­
dents to use different mathematical processes (prob­
lem solving , reasoning, communicating, connecting 
and representing) to deepen their mathematical un­
derstanding and apply their mathematical knowledge 
(NCTM 2000). In other words , mathematical task s 
should be rich, approachable and encourage mathe­
matical inquiry (Davis 1996) . 

I think it is important to include an example of a 
ta sk that may encourage students' mathematical 
sensibilities and mathematics to emerge , interact and 
evolve. The task was used in a recent research study 
of collective creativity in elementary mathematic s 
classroom settings. The participants were two math­
ematics teachers in a Canadian school setting, and 
their sixth-grade students in the academic year 
2015/16. The task was introduced to a group of three 
sixth grade student s (SI, S2 and S3) in an interview 
setting with the author. The task states that "thre e 
children, Alex, Zac and John, sha red a chocolate 
bar . Expla in in as many ways as you ca n how thos e 
children may divide the chocolate bar into thre e 
piec es such that Alex will get twice what John got, 
and John 's part is no more than one-fourth of the 
original bar and no less than one-tenth of it." Herein, 
I am includin g acco unt s drawn from a 25-minute 
problem-solving sess ion with the thr ee stude nt s. 
The se accou nts are included here to exemplify just 
two of the seven metaphors of creat ivity (name ly, 
overcoming obstacles and expandin g possibilities). 
In addition, a brief description of each of the seven 
metaph ors is inc luded. 
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Overcoming Obstacles 
This metaphor suggests that the spark of creat iv­

ity glimmers whe n we are add ressed by a wort h­
while problematic si tuation. Consequently , many 
scholars in the field of mathematic s education 
describe problem so lving as a form of creativity 
(Mann 2006; Silver 1997; Sriraman 2009). Accord­
ing to Silver ( 1997), problem -solving and problem­
posing tasks can be used to foster creativity. Such 
task s include le ss structured, open-ended problem s 
that permit the generation of multiple goals and 
multiple solutions. The first obstacle that the par­
ticipant group confronted was "where to start, and 
how to proceed. " 

"But it is [Pau se 2 seco nd s] John barel y gets any," 
S 1 commented after S3 finished reading the problem. 
"Wait, but how much does Zac get?" S3 asked. Hi s 
question initiated kind of collective overcoming 
obstacles activiti es. "Let's ju st give him a third,'' SI 
suggested. "It is just whatever's left," S2 responded 
to S3' s question and SI 's suggestion . After a brief 
conversation S 1 sugg este d to "Draw the chocolate 
bar ," and on a shared piece of pap er, he drew a rect­
angle and split it into four equal-sized pieces ( quar­
ter s) to repre se nt the chocolate bar. The three stu­
dent s engaged in a conversation while they were 
working collectively on their shared representation 
of the chocolate bar. Sl summed up the group's 
suggestions by stating that "Oh, yeah, it would work, 
yeah because if John ," S2 interrupted an d comp le ted 
S l' s statement "gets 25 per cent, Alex ge ts 50 per 
cent, then there is 25 per cent left from the bar, we 
ju st give that to Zac." S3 noted that " I guess we just 
have to work with, Alex and John beca use Zac 
do esn ' t matt e r." 

The group agreed on S3's comment . To this end, 
the group was co llectively engaged in overcoming 
obstacles activities. They tried to understand the 
problem and to consider the condition s of it. They 
listen respectfull y to each other, and respond 
thoughtfully to the wanderings and sugge stion s that 
emerge throu gh the conversation . 

Divergent Thinking 
According to Webster' s online dictionary, diver ­

gent thinkin g is creative thinking that may follow 
man y line s of thought and tends to ge nerate or iginal 
solution s to problem s. There are four key compo nents 
of divergent thinking which can be co nsidere d co m­
ponent s of crea tivity ; these are fluency, flexibility, 
originality and elaboration. Herein , our gro up' s di­
vergent thinking started with S2's qu estion "O K, so 
how many other ways can we do thi s?" 
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Assembling Things in New Ways 
Creativity includes using what we have creative ly, 

which , in turn , may require finding connections, 
combining ide as and information, and assembling 
th in gs in new ways . Klein (2013) argued that our 
dis cove ries and our soluti ons to different problems 
are all based on the idea of combining and recombin­
ing pieces of information to produce new ideas or to 
understand anew. Witbin the same paradigm, insight 
may eventually be gained by engaging with severa l 
events to discover a pattern or other relationship . 

Route-Finding 
Koest ler ( 1964) argued that "the creative act is not 

an act of creation in the sense of the Old Testament. 
It doe s not create something out of nothing: it uncov­
ers, selects , re- shuffles, combines and synthesizes 
already exciting facts, ideas, facu lties, skills " (p 120) . 
Thi s vision of creativity is very close to Craft 's (20 03) 
"little c creativity," which may be understood as 
navigating new pathway s, manoeu vring , charting a 
new path , discovering, un cove ring or tracing. Stu ­
dent s in the participant group were curiously engaged 
in processes of negotiating, se lecting , combining and 
synthesizing differe nt ideas and information to find 
their routes around the problem . 

Expanding Possibilities 
To be creative , according to Norris (2012), means 

"to be in a state of openn ess to the unknown, a place 
of po ssibiliti es, a place that a playful env ironment 
fosters" (p 300). Craft (2000) argued that one of the 
engines for littl e-c creativity (everyday creativity) is 
possibilit y, that is, using imagination, askin g questi ons 
and play ing. Craft described "po ssibilit y thinkin g" as 
"refu sing to be stumped by circumstanc es, but bein g 
imaginative in order to find a way around a problem 
or in order to make sense of a puzzle" (p 3). 

The gro up' s starting point for building on, and 
expanding of their different suggestions and ide as 
was S 1 's wondering, "We cannot ha ve three ninth s?" 
S2 commented, "No, we cannot have three-ninths 
because then it won ' t be split into three ." SI inter ­
rup ted S2's comment and completed it by statin g that 
"because Alex would have six, John ha s three, and 
there is nothing left for Zac ." S3 wondered, "Zac and 
Alex don't ha ve to be equal, right?" SI replied , "No, 
but." Accordingly, S3 interrupted S 1 and noted that 
"so, Zac can have a tiny littl e piece [Pause 2 seconds] 
as long as Alex is twice as much as John." S 1 com­
pleted S3 's comment by statin g that "as long as Alex 
is twice as much as John , and John is no more than 
one-fourth and no less than one- tenth, Zac can get as 
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much as he wants or little as he needs." After a brief 
conversation, S 1 argued that "I don ' t think it can go 
forever. We cannot go more than one-fourth and we 
cannot go less than one-tenth." But S3 didn't agree 
with him , and he believed that "technically , if you 
just kept on zooming in, slicing like into three, then 
zooming in to the last section depressing into three 
that goes on forever then, it goes on forever." Later, 
SI agreed with him and suggested that "you can also 
do the opposite way by expanding [Pau se 2 seconds], 
well, no, expanding will work too but it would stop , 
but this zooming in will go on forever." S2 agreed 
with them and summarized their different basic op­
tions: "OK, so we have our ninths, and we have our 
eighths, now sevenths, sixths and fifths, yeah, these 
are our options for that." 

Collaborative Emergence 
Imagination and play can be considered improvi­

sational practices, because they involve uncertainty 
and unpredictability and because they are unscripted . 
Through the practice of improvisation, creativity may 
also be a collaborative emergence. Sawyer (1999) 
conceived of creativity as an emergent phenomenon 
that results "from the collective activity of social 
groups. Although collaborative emergence results 
from the interactions of individuals, these phenomena 
cannot be under stood by simply analysing the mem ­
bers of the group individually" (p 449). 

The previous accounts show us that the same 
characteristics that Martin and Towers (2009) aligned 
to improvisational coactions are applied to the math­
ematical inquiry of the participant group. These are: 

1. No one per son driving: "as the students work to­
gether and collaborate, no one student is able to 
lead the group to a solution" (p 13). 

2. An interweaving of partial fragment s of sugges­
tions and repre sentations : "the gro up, through 
offering fragment s of [different possibilities espe ­
cially concerning John's and Alex's parts], coact 
to make and develop confid ence in a new [emerg ­
ing possibiliti es]" (p 14 ). 

3. Listening to the group mind: During students' 
coacting and interacting , there were "several places 
where innovations are offered (often in fairly in­
coherent fragments) and where, by listening to the 
gro up mind, the grou p is able to pick up on ideas 
and interweave the fragments to build a collective 
[ideas and solutions] " (p 15). 

4 . Coll ectively building on the better idea: "w hen an 
image is challenged and an innovatio n offered, a 
coacting group must collectively determine 
whether the innovation is to be accepted into the 
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emerging performance. They achieve this by listen­
ing to the group mind" (p 15). 

According to Sawyer (2003), improvisation "exag­
gerates the key characteristic s of all group creativity: 
proce ss, unpredictability, intersubjectivity, complex 
communication, and emergence " (p 5). And this exag­
geration is completely demonstrated by the previous 
accounts of the participant group. The group coac­
tions and interactions triggered and sustained the 
emergence of "new ideas, suggestions, connections, 
paths, processes, etc." 

Originating, or Making Something New 
The word creativity, both in its origins and in most 

of its varied uses, reflects a kind of newness, originality 
or novelty . In addition, the new thing that is brought 
into being is seen as something valuable, fruitful, ef­
fective , appropriate and so on. For the purpo se of de­
scribing creativity in classroom settings, both Baer 
( I 997) and Starko (2009) suggested that a product or 
idea is original to the degree that it is original to the 
creator, and it is appropriate if it meets some goal, 
purpose or criteria within a sociocultural context. 

Students in the participant group demonstrated evi­
dence of newnes s and appropriateness of their actions 
and doings . Apparently , students were engaged in the 
task for its own sake. I didn't offer them any kind of 
extrinsic motivations to participate or to engage in 
doing the tasks. The previou s brief accounts from the 
problem -solving session with my participant group 
show many indications of new and effective things 
emerging during the flow. Flow is a notion used by 
Csikszentmihalyi ( 1990) to refer to the state of being 
completely involved in an activity for its own sake. 

Concluding Remarks 
These brief accounts (few minute conversations) 

show us the richness, the collective and the emergent 
nature of students' conversation. Here , I would like 
to advise the reader that there was no inter vention 
from anyone other than the three student s during the 
sessio n. The problem-solving session with this group 
of students can best be de scr ibed as a free yet con­
strained math ematical inquiry. The task was open­
ended with two constraints. Students' thou ghtful , 
and sometime s playful, arguments, talks and nego­
tiation s show us the conversational and dialo gica l 
natur e of mathe matical inquiry (Davi s 1996). Ob­
serving suc h a group of stud ent s while they were 
workin g on some mathematical tasks afforded me 
invaluable opportunities to und erstand what it really 
means to do and under sta nd mathematics. Student s 
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were free to make decision s, work on the task, ex­
periment, move , talk, min gle, play, and accept or 
reject. Adding some constraints to the task didn't 
hinder the task; rather they made it more interesting, 
challenging and intrin sicall y engaging. 

Despite the good work in the field of mathematical 
creativity, it remains unclear how it might look in a 
classroom setting. Herein, I presented a description 
of mathematical creative acts based on seven meta­
phor s. In addition, I introduced a brief desc ription of 
each metaphor. Two metaphor s were exemplified by 
some observations from a problem- solving sess ion 
with a group of sixth grade students . Thi s paper is an 
attempt to describe mathematical creativity as it may 
emerge in mathematic s learning environme nts. The 
metaphor s can be con sider ed design principles to 
support teacher s' efforts in creating and offe ring 
genuine cla ssroo m opportunities for their student s to 
exercise creativity--opportunities that have the po­
tential to transform the cla ssroo m into a space of 
expanding possibility. 
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Teaching Ideas 

When Is the World Going to Be Full? 

David Martin 

This project was designed to fit in the Alberta Math 
30-2 curriculum. Feel free to alter as you see fit. 

Pose the question: When is the world go ing to 
be full ? 

Give students five minutes to talk in groups, then 
discuss and share possible hypotheses. 

Next, ask for information that might be neede d to 
answer thi s question more accurately . Here are some 
other possible questions: 

1. How many people can fit on the planet? 
2. How many people can the planet sustain ? (Differ ­

ent question from the first. ) 
3. What is our current grow th rate? 
4 . What is our current popul ation ? 

Som e of the se que stion s will be easy to solve, 
while others might be more difficult. I would ask 
students to research the answers to their questions in 
groups. Some questions will have an answer all will 
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agree with, such as "What is our current population? ", 
while other questions might have a range of answers 
dependin g on the website found, such as "How many 
people can the planet sustain?" Create answer s that the 
whole class can agree with or common answers in 
different groups that the whole group can agree with. 

Body 

Creating an Extrapolation of 
Our Population 

Our current growth rate can be searched; however, 
this number mo st likely ha s no meaning or even 
under standing of how it was derived . As a class , pos­
sible growt h rates will be exp lored. On the next page 
is a chart of recent popul ation numbers on our planet. 
(You might want to use different or more years) . 
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Now the question become s, "W hat sort of dat a is thi s?" Thi s is when 
I would pause and teach exponential, sinusoidal , linear , quadratic, cubic 
and logar ithmic functions. Using this data, I would create an equation 
of each type of function. Below is a graph of the functions displayed 
together . (I used 1970 as year 0. Thi s occurred as I needed more data 
point s after deciding this . I also added a logistic curve to show what 
would happen if population growth becomes 0.) 

Here are some questions to ask during discus sion time: 
• Any general thoughts? 
• Any similarities? 
• Could you create a possible scenario in which each graph would be 

accurate ? 

The critical learning of each function could be embedded into this; 
for example , you could ask: 
• What are the amplitude, period and medi an values for the sine func­

tion ? What does that mean in this context? 
• What are the zeros of the cubic function ? What does this mean in thi s 

context? 
• What is the growth rate of the exponentia l function? What does this 

mean in this context? 

You may want to remove any function s in which the class agree s might 
be inaccurate, such as cubic , sinusoidal and linear. 

Using the remaining graphs determin e when the earth would be full, 
using the number the class researched earlier. The answers might be 
earlier or later than the class first hypothe sized. 

Conclusion 
Discuss "Should population growth be addressed? Why or why not?" 
Do not rush this project. Stop throu ghout to teach certain skills or 

conce pts. Also allow students to research on their own and pose their 
own questions throughout. 
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Trigonometry Workshop for High School 

Rosalind Carson 

For the Love of Triangles 
This approach to visualizing trigonometry is based 

on how the great mathematicians learned to measure 
chords in circles and use these measurements to ac­
curately map the celestial objects in the sky. It is my 
experience (in formal classrooms and tutoring) in 
teaching Grades 10, 11 and 12 that students have an 
easier time understanding and applying the trigonom­
etry concepts when given the opportunity to see and 
explore the origins of this mathematics. This is how 
I begin with the students: "Tell me all that you know 
about triangles." 

The story begins with the man responsible for 
today 's theme, ·'For the Love of Triangles." His name 
was Thales (640-546 BCE or 636-546 BCE). In 
written history , he is the first recorded mathematician. 
Of course there were earlier ones-Babylonian math 
was recorded on stone tablets 1,200 years before 
Thales , but there are no individual name s. Thale s was 
Greek and lived in Miletus, which was a prosperous 
colony on the coast of Asia Minor, a thriving trading 
port. Of the many stories told of Thales, his quest to 
understand things himself was most prevalent. A 
famous saying from these tales is "in order to seek 
wisdom , you must know thyself." He was prized for 
his logic and mathematical contributions by later 
Greek generations and was honoured with the title of 
being one of Seven Wise Men of Antiquity . Thales 
was the only mathematician to have this honour. 

In one of the many tales of how Thales used his 
knowledg e to be wise, he became a rich man. A poor 
friend was complaining about how the poor man al­
ways stays poor. Thales disagr eed strongly and told 
the man that if one sets one's mind to a task, he can 
becom e rich. Thales told his friend to give him six 
months to prove his point. At thi s time, there was a 
drought and many poor olive farmers. Thales put his 
observations to use, talked to old farmers and predicted 
a good year. Due to current economics, many farmers 
were willing to sell their olive presses at very low 
prices. When the rain came, the farmers had to rent 
the presses from Thales in order to handle the cro p, 
and Thales prospered. It is told that Thales was not in 
this for the money. Eventually he sold the presses back 
to the farmers and moved on to other pursuits. 
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Discoveries Made by Thales 
Below are the mathematical contribut ions that 

Thales made : 
• A circle is bisected by its diameter. 
• Angles at the base of an isosceles triangle are equal. 
• When two straight lines cut each other (intersect), 

the vertically opposite angles are equal. 
• The inscribed angle (triangle) in a semicircle is 

(has) a right angle. 
• The sides of simi lar triangles are proportional. 
• Two triangles are congruent if they have two angles 

and a respective side congrue nt (ASA) . 

Thales was the first mathematicia n to have a spe­
cific mathematical discovery named after him , 
Thales's Theorem: The triangle inscr ibed in a semi­
circle is a right triangle. 

Similar Triangles Activity 
Thal es travelled and studied in Babylon and in 

Egypt. In Babylonia, he learned astronomical measure ­
ment techniques. In Egypt, he learned about the geo­
metric surveying techniqu es, re-establishing the land 
boundaries after every flood of the Nile River. One of 
the stories states that when admiring the Great Pyramid 
of Giza, he asked the locals what the pyramid 's height 
was. He was surprised that people did not know the 
height of such a great structure, so he quickly calcu ­
lated it (to his spectator's surprise) by using similar 
triangles. He used indire ct measurement and the se 
simple tools: his shadow, his staff, knowled ge of simi­
lar triangle s and the sun. How did he do it? 

This is where I leave the students to think about 
how Thales performed this calculation. 

Thales' achievement was a small step for trigo­
nometry , the science of triangles , and a giant leap 
for mankind. By deducing a measurement logi­
cally from the intrinsic properties of a shape he 
was thinking differently from the Egyptians, who 
had shown remarkable skills in practical activities 
like pyramid-building but whose mathematical 
knowledge was esse ntiall y limited to rules of 
thumb and trian gles that actually existed. Thal es' 
calculation invol ve d a triangle that was an 
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abstraction of reality, made by the sun's rays. His 
insights marked the beginning of Greek rational 
thought , which we generally consider the founda­
tion of Western mathematic s, philosophy and 
science. (Bellas 2014, 59) 

Thales also knew that any triangle can be split into 
two right triangles. Did you know that? In fact, Greeks 
were obsessed with right triangles because of this fact. 
The Greeks learned the word hypotenuse from the 
Egyptians. In Egypt, a land surveyor would hire three 
slaves to stretch the special rope knotted in the desig­
nated lengths of what we know as Pythagorean Triples, 
typically the 3, 4, 5 triangle. This surveyor was called 
harpedonopta, literally meaning rope stretcher. The 
Greek word hypotenuse means stretched against. 

Three centuries later, Eratosthenes used similar 
triangles and logic to get a good abstract measurement 
for the circumference of the earth. 

Pythagoras 
According to various resources, Pythagoras was 

born between 560 and 580 BCE on the island of 
Samos in the Aegean Sea. He travelled most of his 
life as far as India, learning from the Babylonians and 
Egyptians. It has been said that Thales was one of his 
teachers. The Babylonian point of study is an interest­
ing one because of the fact that 1,200 years earlier 
the Babylonians knew the relationship of the sides in 
a right triangle (Pythagorean triples) because stone 
tablet s have been found written in Cuneiform (base 
60) with lists of these triples. 

If you want to create right triangles (side lengths 
that actually make right triangles), use the following : 

Let p and q be whole numbers; where p > q > 0, p and 
q have no common divisor (save 1), p and q are both not 
odd, then the following produce Pythagorean Triples: 

x= p2 - q\ y = 2pq; z = p2 + q2 
Google Plimpton 322 Babylonian Stone Tablet to 

get many result s on how to read and work in base 60, 
which is the reason why we use 60 as a base measure­
ment for degrees, time and so on. 

Pythagoras returned to Samos and started his 
school teachings at the age of SO. The society (that it 
became) was strict. There were many levels of teach­
ings. Entry level was for learn ers and above who 
contemplated and discussed mathematic s, tryin g to 
explain the universe with numbers-rational numbers 
since they only could work with whole numbers and 
factors-that is, any numb er that can be multiplied 
and divided, hence their version of fractions. Those 
who fo1Jowed his teachings did not eat meat or beans, 
did not drink wine nor wear wool or couch a white 
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rooster! Pythagoras died after refusing to run through 
a bean field when an angry mob was chasing him. 
The mob caught up and killed him. 

Here is another story about root 2. The Pythago­
reans explored mathematics to describe nature by 
writing in the sand or using pebbles. When they ex­
plored a square of side length one, it was said that the 
diagonal was impossible to determine , as a ratio ( of 
the diagonal to side length) of whole numbers could 
not be written to represent that diagonal. Hippasus 
tried to convince Pythagoras that there must be an­
other type of number, an irrational number. This was 
so absurd that they threw him overboard to his end. 
This was the first sign of irrational behaviour. 

As the Pythagoreans studied harmony with the 
univers e, they studied astronomy, music , numbers 
(number theory ) and geometry. They believed that all 
matter was composed of four elements: fire, water, 
air and earth. These elements were closely associated 
with the numbers assigned. All four together were 
the holy tetractys whose sum 1 + 2 + 3 + 4 = 10, the 
number for the universe . Two represented female, 
three was male, five was marriage, four was justice 
(a square deal) and six was the creation of the uni­
verse, and is a perfect number (perfect numbers are 
those that are the sum of their proper factors). The 
pentagram was held sacred for all the hidden penta­
grams within the structure, and all the ratios of sides 
that repre sent the Golden Ration (not that they knew 
a number for that because the Golden Ration is an 
irrational numb er !) but that they knew this ratio is 
aesthetically pleasing, as it was used in all current 
and ancient art and architecture. 

Pythagora s (or one of his students) created the 
word mathematics, which means science . 

Handout: Pythagorean Theorem Discovery­
Chinese way. 

Show picture on page 22 in Euclid's Window, 
by Leonard Mlodinow or Bedside Book of 
Geometry, by Mike Askew and Sheila Ebbutt. 

Invention of Trigonometry: 
Hipparchus of Rhodes 

Hipparchus of Rhodes (Greece, 170-126 BCE) 
created trigonomet ry (no t called that until 1600s) 
because the main focus was the mapping and 
movement of the celestial objects. Trigonome try was 
used for astronomy-plai n and simple . It was not 
used for surveying until the 1600s (first noted in a 
book in 1595 ). He used similar triangle s and the chord 
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length in a circle to measure the movement of stars 
or distance between celestial objects. 

There are many different accounts of why we use 
360 degrees for a full rotation of a circle. Basically, 
the Babylonian method has stood the test of time! They 
used a base 60 number system. The word degrees refers 
to the measurement of movement. Dividing the arc 
length of a circle by 60 leaves 6 equilateral triangles. 
Angle measurements were arc length measurements 
and a degree was divided into 60 smaller units each 
called pars minuta prima, meaning the first minute 
part. Those were then divided into 60 units, each called 
pars minuta secunda, meaning second minute part and 
translated into seconds, hence the basis of time keep­
ing. The Chinese originally divided the circle into 365 
¼ parts making the sun movement one degree per 

Pythagorean Theorem Discovery­
Chinese Way 
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day-nice! But that made other calculations difficult, 
so we stuck with the Babylonians. 

Hipparchus created huge tables of values of de­
grees and chord lengths that were readily used by all 
astronomers. In the second century, Ptolemy compiled 
a table of chords for a circle with radius = 60 units 
and every half degree angle. These tables were invalu­
able to western astronomers. 

Astronomy was expanding in India because they 
(like the Babylonians) had a place value number 
system allowing large and small calculations. In­
dian plac e value was base 10. They took the knowl­
edg e of chords further and created tables of half­
chord lengths. By using half -chords, there was the 
need to utilize the exciting and popular relationship 
of the sides of a right triangle (Babylonian 

r 

delta-K, Volume 54, Number 1, June 2017 



Theorem-oo ps!- Pythagorean The orem). The Ara­
bian s learned from the Indians and translated the 
Sanskrit word jya-ardha (string-hal f) to ji ba in Ara­
bian, which sounded the same but was meaningless. 
Since jiba looked like an Arab word j aib (meaning 
bosom or bay), that was the word recorded for the 
half-chord length. Only when Fibonacci studied in 
Arabian countries, learning and hence promoting the 
use of Arabian numerals, zero and the line that sepa­
rates the numerator and denomin ator in fractions, did 
the Europeans finally adopted the half-chord knowl­
edge. The Latin translation for j aib was sinus (mean­
ing the fold of cloth of a toga over the woman's chest), 
which became sine . 

It was Georg Joachim Rheticus (1550) who pushed 
the idea (that stuck ) of focu sing the vision of trigo­
nometry to be ju st a close look at right triangles. 
Rheticus also established sine, cosine and tangent as 
the names for the ratio of the sides of triangles that 
we now memorize and apply. 

Show photo on page 90 of A Mathematical 
Myster y Tour, by A K Dewdney, to visualize the 
3-D sense of mapping stars and how we then 
transform that image onto a 2-D plane = the 
coordinate plane . Explore the length of the chord 
to measure the location of the stars. 

We can easily see the sine , cosine and tangent of 
an angle when the stretched side (hypotenu se) = l. 

Now let us look at similar triangle s: ( draw all 
examples and how that transcends into fiv e 
sections of workbook or textbook topics). 

Let us look at triangles without right angles. 
Remember, all triangles can be split into two right 
triangles . Let us do that in the triangle we drew! 
Voila! Law of Cosines. 

Draw another triangle that is not a right triangle. 
Split it into two right triangles . Label with sines. 
Voila! Law of Sines! 
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Mapping using trigonometry: You just learned how 
to do all the calculations y our phone does to find 
the nearest coffee shop! You are a genius! (Pages 
74-76 of The Grapes of Math, by Alex Bellos.) 

Questions to ponder: 

1. Kevin argues that there is no need for knowin g 
trigonometr y. He states that all you have to do is 
use a ruler to find the side lengths . Do you agree 
or disagree? Explain . 

2. The sine of an angle in a right triangle is quite large. 
What might the two acute angles be? Explain . 

3. The cosine of an angle in the right trian gle is ap­
proximately 0.707 . What might the dimensions of 
the triangle be? 

4 . Jason said, 'T he sine of angle A in a right triangle 
cannot be larger than the cosine of angle B in the 
same triangle." Do you agree ? Explain. 

5. The cosine of angle A (think of side length of 
trian gle) is a lot more than the sine of that angle. 
What do you kn ow about angle A (in a right 
triangle)? 
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Sarah Quebec Fuentes 

How much 
do the tiles cost? 

The August 2015 problem scenario presents students with a 
design composed of square and triangular tiles as well as the 
total cost of th e tiles needed to make the design. Students must 
determine the cost for one squar€ tile and one triangular tiiE' Go 
to http//:www.nctm.org/tcm, All Issues to access thP full-size 
activity sheet . 

Algebraic reasoning should be incor­
porated throughout the K-grade 12 cur­
riculum. The How Much Do the Tiles Cost? 

problem is a high-level task that fosters algebraic 
reasoning and problem solving, is accessible to 
students across the elementary school grades, 
and can be solved in multiple ways. Rachael 
Quebec implemented the problem in her first­
grade class at Joseph Estabrook Elementary 
School in Lexington, Massachusetts, providing a 
window into students' algebraic reasoning in the 
early elementary grades. 

Introducing the problem 
Quebec regularly uses a workshop model. While 
she works with a small group of students, the 
others freely move to and participate in various 
activities that preview, develop, reinforce, and 
extend the current focal mathematics learning 
goals . During the week before implementing 
the How Much Do the Tiles Cost? problem, 
Quebec previewed the task by presenting the 
10¢ Designs activity to her class. Students 
received prices for various tiles and had to deter ­
mine the total cost of several tile designs (see 
fig. I). Because the total cost of each tile design 
was 10¢, as Quebec introduced the tiles task, sh e 
simultaneous ly reinforced the early number­
sense ideas of part-part-whole and benchmarks 
of ten . 

To launch the How Much Do the Tiles Cost? 
problem, Quebec met her first graders on the 
carpet and shared the tile design (from the activ­
ity sheet) with this story: 

Suppose you and your friend are using tiles 
for an art project. Your friend goes to a craft 
stor e and purchases the set of five tiles for 
231!:. If the same typ e of tiles cost the same 
amount, how much could each triangle tile 
and square tile cost? 

Quebec reminded her students about the 
10¢ Designs activity and emphasized that 
in stea d of being given the tile prices and 
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During the previous week, this first-grade teacher had used the 10¢ Designs 
activity to reinforce the early number-sense concepts of part-part-whole and 
benchmarks of ten, simultaneously preparing her class for the How Much Do the 
Tiles Cost7 task. 
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determining the tota l cost of a design, they 
were being given the tota l cost of the tile design 
and must determine the cost of individual 
tiles. Before dismissing students to work on 
the problem, Quebec reviewed her group­
work expectations , such as listening actively, 
evaluating others ' ideas , and explaining one's 
reason ing. Students ret urned to th eir table 
groups of four with a copy of the activity sheet 
to record their solution strateg ies. 

Working on t he prob lem 
While groups tackled th e task, Quebec walked 
around the classroom, monitoring students' 
strat egies for solvin g the problem. To maintain 
the problem 's high level of cognit ive demand, 
she made sure not to tell students how to solve 
the probl em. Inst ead, Quebec asked question s 
that built on the ways that stud ents were already 
thinkin g about the problem. For example , one 
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group equate d th e tile's number of sides with 
its cost (i.e., square tiles cost 4ct:, and triangle 
tiles cost 3ct:) and determined that th e total cost 
of the design was 4 + 3 + 3 + 3 + 3 = 16ct:. Quebec 
prompted these children to reread the probl em 
and evaluate their answer. After the group real­
ized that the total cost of the tiles must be 23ct:, 
Quebec encourag ed students to con sider alter­
native strateg ies for solving the probl em. Most 
groups initiall y genera ted one possible price 
combination tota ling 23ct:. Quebec circu lated 
among the groups, asking quest ions to prompt 
stud ents to find add itional pric e combination s: 

• Is there anothe r possible combination of 
costs for th e tri angular and square tiles? 
Why or why not ? 

• How could you determin e anoth er 
combinat ion of cos ts for th e triangular 
and square tiles? 
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Student groups represented their solutions in various ways: 
. . . . . i 

! 

(a) Some groups labeled the tile design and 
wrote the corresponding number sentence. 
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(bl Other students marked each number in a 
number sentence with its corresponding shape. 

Probl~m Act lvltyS h Ht 
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(c) Some children simply wrote a number sentence 
only. 
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(d) These first graders equated the two shapes 
with their cost. 
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While monitoring her students at work, 
Quebec noted student approaches to the prob­
lem, their various price combinations, and 
representations of their solutions: 

• Many group s assigned a price to the 
triangl e tile, found the total cost of the four 
triangl e tiles, and then counted on to 23 to 
determine the cost of the square tile. 

• Each group found two or thre e of the five 
possible cost com binations. 

• All groups found the price combination 
of Sil: for a triangle tile and 3il: for a squar e 
tile. Using benchmarks of five and ten, the 
students easily determined th e total cost for 
the triangle tiles (5 + 5 + 5 + 5 = ZOil:). 

• None of the groups identified the price 
combination of21J: for a triangle tile and 151!: 
for a square tile. 

The groups represented their solutions in 
various ways: labeling the tile design and writ­
ing the correspo nding number sentence (sec 
fig. 2a), marking each number in a number sen­
tence with its corresponding shape (see fig. 2b). 
writing a number sentence only (see fig. 2c), 
and equating the two shap es with their cost (see 
fig. 2d). Quebec used these observation s to help 
structure the whole-class closing discussion 
about the probl em. 

Sharing and summarizing 
the problem 
Students returned to the carpet. where Quebec 
asked them to share th eir problem -so lving 
strategies and any patterns they noticed in the 
price combin ations. One student conjectur ed 
that as the cost of th e triangle increased, the 
cost of the square decreased. Quebec recorded 
thi s conjecture and collected student s' various 
price combinations in a table on chart paper 
(see fig. 3). She introduced the table as a way to 
organize and repres ent the price combinat ions. 
As a class, students completed the tab le, start­
ing with the last row for the Sil: triangle tile pri ce 
comb ination (i.e., the most commonly found 
comb ination) and add ing the rows for th e 4ct, 
3¢, and J IJ: triangl e tile price combinations . After 
realizing that the cost of th e square tile for the 2il: 
triangle tile was missing, students determ ined 
this cost and added it to the tab le. Referencing 
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Although none of the small groups had recorded the cost of 
the square tile when the triangle tile was 2q., students noticed 
it was missing when the teacher recorded a table of possible 
price combinations during their whole-class discussion. 
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.. --------·· 
After students had determined the cost of each tile in the I 

! Shapes for Sale! activ ity, Quebec presented another task, 
Make a Design, during which students created designs to 
meet different criteria. 
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the table of all possible price combinations , 
students were able to explicitly articulate and 
justify how a change in the cost of a triangle tile 
affects the cost of a squa re tile (see the second 
and third observations in fig. 3). 

Extending the problem 
For the next severa l days, Quebec incorporated 
two related acti vities into her mathematics 
workshop. The first gave students the cost of 
various tile designs. Using this information, 
students determined the cost of each tile shape 
(see fig. 4). The second activity built on the first. 
On the basis of the determined costs of each tile, 
students created tile designs meeting different 
crit eria (see fig. 5). 

Quebec commented that the How Much Do 
the TIies Cost? problem gave her student s the 
chanc e to develop their algebraic reasoning 
through engaging with a problem that presented 
a realistic scenario, did not have an obvious and 
imm ediate answe r, and had multiple solutions. 
Additional experiences with similar high-le vel 
tasks will give her students opportunities to 

enha nce their ability to identify relationships 
ben-veen variables and expand their repertoire 
of representations. 
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__ __ El~mentary. Mathematics_Professional Learni~~----- ­
Apprentissage professionnel en mathematiques a l'elementaire 

Understanding the Equal Sign Matters at 
Every Grade 

Geri Lorway 

As a K-6 mathematics teacher, have you logged 
on to the Elementary Mathematics Professional 
Learning website at http://learning.arpdc.ab.ca/ ? This 
site provides you with a variety of resources, materi­
als, professional learning and coaching ideas arranged 
around three big topics: 

• Curricular Content (subdivided into Equality, Ad­
ditive Thinking and Multiplicative Thinking) 

• Instructional Practice s 
• Assessment 

These free materials are being developed to ex­
plicitly meet the expec tations of the Alberta program 
of studies. This article highlight s a small snippet of 
materials drawn from the Content Module: Equality. 
The exa mples provide focus on key foundation al 
pieces that students are exposed to in the early grades. 
We encourage you to visit the Elementary Mathemat­
ics Profes sional Learnin g (EMPLO) website to de­
velop a deeper under standing of this topic . 

What Is Equality? 
In mathematic s, equal refer s to a relationship not 

an action or an opera tion. Equal is used to descr ibe 
a compa ri son. We compare amounts, values and 
measurement like length, volume, capacity and so on. 
If a unit is not identified, the comparison is how much 
or how many in each set or how much each set is 
worth. For examp le, I = IO wou ld be not equal 
whereas 1 cm= JO mm is equal because it has units. 

The equal sign indicates that the items being com­
pared represent the same amount, quantity, value or 
measure. The equa l sign does not mean here comes 
the answer. The equal sign should be read as "is the 
same amount as" or "represents the same amou nt or 
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value as." Once students under stand the meaning of 
the equal sign and expressions, they under stand that 
either side of the equation can be read first. The values 
are not affected. For example, 3 + 4 = 7 can be read 
as 7 = 3 + 4, and 3x - 2 = 9 can be read as 9 = 3x - 2. 
Once the meaning of the equal sign has been intro­
duced, teacher s in subs equent grade s must help 
students extend and transf er that meanin g to new 
applications, for examp le 7 x 8 = 8 x 7 ; 48 = 6 x 8; 
24 _ 12 
8 - 4 . 

Researchers agree that by introducin g stude nts to 
the relational meaning of the equa l sign as in 9 = 9 
or 5 = 5 before they are expected to write equa tions , 
teachers can reduce the potential for student s develop­
ing misconceptions (Capraro et al 2007, Watson, 
Jones and Pratt 2013 ). Teachers and textbooks often 
only represent equations in the form of 6 + 2 = 8. The 
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left side has the operations while the right side has 
the answer. To help students develop a more complete 
under standing , teachers should consider how often 
they expose students to equation s written as 8 = 6 + 2. 
In this case, the left side has the answer, and the right 
side has the operation. A simple idea to think about: 
Every time students read or write an equation, ask 
them to state it in another format. For example, a 
student says 3 + 2 = 5. How many ways could you 
reco rd that equation without changing the meaning? 
2 + 3 = 5; 5 = 3 + 2; 5 = 2 + 3. Look at all the 
practice! 

Why Is Equality Important? 
The understanding of equality as a relationship 

forms the basis for all number propertie s. The under­
standing and application of number properti es is a 
significant factor in students building efficient strate­
gies for computation and forms a foundation for 
succe ss in algebra. 

However , if you asked students to explain what the 
equal sign means, what would they say? Current re­
sea rch confirms that students who demonstrate a 
correct understanding of the equal sign show the 
greatest achievement in mathematics (Ca praro et al 
2007) . When asked to explain the equal sign, the 
majorit y of North American student s, across K-1 2, 
are apt to say, "It means here comes the answer." This 
makes it difficult, if not impossible for learners to 
accept equations in the form 7 = 7; 8 = 3 + 5; 3 + 4 
= 2 + 5; or x = x. 

Why Begin with Equality? 
It is important that students first understand rela­

tionship s between numbers before they are asked to 
operate with them. Operations emerge as a thinking 
and communication tool to help us in our quest to 
determine and prove equality and inequality. The 
equal sign naturally arises throu gh a need for the 
formal presentation of determining equa lity. 

During a research study conducted by Falkner, Levi 
and Carpenter ( 1999), students were asked to make the 
following statement true : 8 + 4 = _ + 5. Student re­
sponses varied and many were simply incorrect. 

1. Some created a run-on equation : 8 + 4 = 12 + 5 = 17. 
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This is incorrect thinking and notation because 8 + 
4 does not equal 12 + 5. The convention is that there 
should be one equal sign per equation. One exception 
would be an example such as l + 5 = 2 + 4 = 3 + 3. 
In this case, all three expressions are equi\ale nt. 

2. Some wrote 8 + 4 = 12 and then crossed out the+ 5, 
claiming the author made a mistake in the print. 
Imagine a student in junior high applying this error 
to a que stion such as 3x + 4 = 2x + 9 ! 

3. Some changed the symbols to 8 + 4 + 12 + 5 = 29, 
claiming the author forgot to finish the equation . 

4. Some understood equality as a relationship and 
realized that 8 + 4 = 7 + 5. 

Undoing a misconception is way more work than 
teaching it well the first time. 

What 's a Teacher to Do? 
In kinder garte n and Grade 1, set up opportunities 

for students to compare two sets as equal as studen ts 
work on basic recognition of quantity. 

In Figure 1, the teacher places the blocks down at 
the same time in each set. Students identify how many 
in each set. The teacher replaces the blocks with the 
numerals and plac es the equal sign between the nu­
merals. The last step is to read the equation out loud. 
Two equa ls two. Two is the same amount as two . The 
left side equals the same value as the right side. The 
left set has the same amount as the right set. Practice 
with this idea should include maintaining the same 
quantity but varying the items in one of the sets, for 
example, 2 blocks= 2 bingo chips. 

2 D 2 

Figure 1. 
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I saw 6 + 2. You saw 5 + 3 

lcansay6+Z==5+3, 

They are both in 8. 

Figure 2. 

As students in Grades 1 to 3 develop fluency with 
number s to 20, their practice can include a variety of 
equations that describe equality such as tho se in 
Figure 2. Practice should include explaining and 
writing equations in a variety of ways. Activities like 
this help students recognize that an expression can 
equal an expression. 

In Figure 3 students are comparing two equal sets 
rather than a single set as in Figure 2. In this example , 
students were presented with the model and asked to 
create the equations. 

• •• •••• 
Figure 3. 

7=7 

5+2=4+3 

7 =4 +3 

3+3+1=7 

Ask student s to help you use materi als to prove 
whether or not equation s are true. In Figure 4, students 
were presented with the equation (an equality) and 
asked to prove it with a model. 

.., r r r o = 

3+4=s+2 1 

•rr rro 
111 ttf~ I~_ r I I. 

Figure 4. How do these students use models to prove 
the equation ? 
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The understanding of equality as a relationship 
forms the basis for all number properties. From 
Grades 2 to 6, the understanding and application of 
number properties is a significant factor in students 
building efficient strategies for computation. For 
example, building multiplication facts as area models 
is one way to demonstrate 3 x 4 = 4 x 3. In Figure 5, 
students can manipulate their models to explore the 
idea of the commutative property as an equality. 

Figure S. The array for 3 x 4 also represents 4 x 3. 
They cover the same area. 3 x 4 = 4 x 3 

Anot her significant number property is the dis­
tributive property which is introduced in Grade 4. In 
Figure 6, students can manipulate an area model to 
explore the idea of the distributive property as another 
demonstration of an equality . 

(5 

8 

7 

+ 2) 

Figure 6. The array f or 7 x 8 is used to demonstrare 
7 X 8 = (5 + 2) X 8 
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The Balance Metaphor 
At Grade 1, the curriculum states that students be 

introduced to the metaphor of balance in the Patterns 
and Relations outcome number 4: "Describe equality 
as a balance and inequality as an imbalance, con­
cretely and pictorially (0 to 20)." Teachers need to be 
cautious as students' understanding of weight may 
interfere with their ability to consider whether or not 
two sets or expressions balance. When two lengths 
or two volumes are being compared, the metaphor 
"balance" has no meaning. We really use balance 
when we 're talking about equations that are balanced. 
In order to address all aspects of equality , teachers 
need to use a variety of models and/or metaphors. 
When using the balance metaphor, we want to ensure 
students understand that we use the term as an adjec­
tive to describe the state of equality rather than a verb. 

Note: The Alberta K-9 Mathematics Achie1•ement 
Indicators (Alberta Leaming 2016) suggest that stu­
dents using a balance 

• construct two equal sets, using the same objects 
(same shape and mass), and demonstrate their 
equality of number, using a balance (limited to 20 
elements); and 

• construct two unequal sets, using the same objects 
(same shape and mass), and demon strate their 
inequality of number, using a balance (limited to 
20 elements). 

The balance metaphor is one way to develop strate­
gies for setting up and solving equation s. Working 
with balances (as in Figure 7) allows students to 
practise number facts as they learn what it means to 
"balance equations." 
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Where would you start to decide what numbers 
are missing on the right-hand side of the balance in 
Figure 7? 
Student A: I am thinking 28 = 12 + something x 2 
Student B: I am thinking subtract the 12 on the right 
and 12 from 28 and you will still have equal. I think 
I would write that 28 - 12 = something x 2. 

Consider Figure 8. What would you do? 
Ask your students, "How would you represent 

Figure 8 as an equation? " What do you think about 
this challenge? 

a 

Figure 8. 

The revisions to the Alberta curriculum in 2007 
introduced the topic of equalit y in Grade 1. Equality 
was not part of the Grade I outcomes prior to this 
point. The intent of thi s article was to draw the 
reader's focus to the importance of the equal sign 
indicating a relationship. Students need to under stand 
the equal sign thoroughly as a relationship before ever 
using it to write equations. 

The example s to this point have only dealt with 
equality as a relationship between quantities: how 
much or how many? But equal is a relationship that 

Figure 7. 
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applies to a comparison of any measure : equal length ; 
equal distance around; equal weight, equivalent units 
as in cm"?m and so on. 

Where is equality specifically identified in the 
Alberta Program of Studies? 

Grade 1: 

• Describe equality as a balance and inequality 
as an imbalance, concretely and pictorially. (0 
to 20) [ C, CN, R, V] 

• Record equalities, using the equal symbol. [ C, 
CN, PS, V] 

Grade 2: 

• Demonstrate and explain the meaning of equal­
ity and inequality, concretely and pictorially. 
[C, CN, R, V] 

• Record equalities and inequalitie s symbolically, 
using the equal symbol or the not equal symbol. 
[C, CN, R, V] 

Grade 6: 

• Demonstrate and explain the meaning of pres­
ervation of equality, concretely and pictorially . 
[C, CN. PS, R, V] 

However , under standing equals forms the basis for 
success with all operations in K-12 mathematics. 

During the 2015/16 school year, the Elementary Math­
ematics Professional Leaming Opportunities (EMPLO) 
website was launched. A grant from Alberta Education 
provided an opportunity for collaborative teams to provide 
access to free resources as part of a coordinated effort to 
ensure that K--0 education stakeholders share common 
understandings around the expectations of the Alberta 
Mathematics Program of Studies. 
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During the 2016/17 year, this website will continue 
to morph and grow through the addition of resources, 
activities, research and evidence of learner under­
standing. Once you visit, check back often. If you are 
on Twitter , follow us at @EMPL_AB in order to 
receive update alerts and contest announcements. 
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Math Competitions ___________ _ __ _ 

Part 1 

Question 1. 

Alberta High School Mathematics 
Competition 2015/16 

How man y three digit numb ers have the product of the three digits equal to 5? 

(a) 1 (b) 2 (C) 3 (d ) 5 (el 6 

Question 2. 
Let m, n be positive integers such that 230330 = 3m9" . Determin e the value of m + n. 

(a) 15 (b) 20 (cl 25 (d ) 30 (el 35 

Question 3. 
The x-intercept, y -int ercept , and slope of a certain straight line are three nonzero real number s. The number of 
negative numb ers among the se three number s is: 

(a) 0 orl (b) 1 or 2 (c) 2 or 3 (d)Oo r 2 (e) l or 3 

Question 4. 
The length of a certai n rectang le is increased by 20% an d its width is increase d by 30%. Then its area is increased 
by: 

(a) 25% (bl 48% (C) 50% (d) 56% (el 60% 

Question 5. 
Each of Alan, Bailey, Clara and Diane has a number of candies. Compared with the average of the number of can ­
dies each perso n has, Alan has 6 more than the average, Bailey has 2 more than the average, Clara has 10 fewer 
than the average and Diane has k can dies more than the average. Determine k . 

(a) I (b ) 2 (c) 3 (d ) 4 (e) not unique ly dete rmi ned 

Question 6. 
Ellie wishe s to choose three of the seven days (Monday, Tuesday, ... , Sunday ) on which to wash her hair every week, 
so that she will never was h her hair on consecutive days. The number of ways she can choose these thr ee days is: 

(a) 6 (bl 7 (c) 8 (d) 10 (e) 14 
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Question 7. 
How many different sets of two or more consecutive whole numbers have sum 55? 

(a) 2 (b) 3 (C) 4 (d) 5 (e) none of these 

Question 8. 
There are 5 boys and 6 girls in a class. A committee of three students is to be made such that there is a boy and a 
girl on the committee. In how many different ways can the committee be selected? 

(a) 100 (b) 135 (c) 145 (d) 155 (e) 165 

Question 9. 
In a class with 20 stu dent s, 14 wear glasses, 15 wear braces , 17 wear ear-rings and 18 wear wigs. What is the 
minimum number of students in this class who wear all four items? 

(a) 4 (b) 6 (cl 7 (d) 9 (e) 10 

Question 10. 
Each person has two legs. Some are sitting on three-legged stools while the others are sitt ing on four-legged chairs 
such that all the stools and chairs are occupied. If the total number of legs is 39, how many people are there ? 

(al 5 (b) 6 (c) 7 (d ) 8 (el 9 

Question 11. 
20 15 

The number of integers n for which the fraction ~n+ 1 is an integer is 

(a) 503 (b) 504 (c) 1006 (d) 1007 (e) 1008 

Question 12. 
In the diagram below, which is not drawn to scale, the circles are tangent at A, the centre of the larger circle is at O 
and the lines AB and CD are perp endicular. 

C 

A E B 

D 

If EB= 3 and FC = 2 then the radius of the smal ler circle is 

(a) 4/3 (bl 5 /3 (c) 5/2 (d) 3 {e) 7 /2 
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Question 13. 
Consider the expansion 

(1 2 so)3 2 150 + X + X + · · · + X = Co + CJ X + C2X + ···+C J so X • 

The value of the coefficient cso is 

(a) 1274 (b) 1275 (c) 1326 (d) 1378 (e) none of these 

Question 14. 
A 1000 digit number has the property that every rw·o consecutive digits form a number that is a product of four 
prime numbers. The digit in the 500th position is 

(al 2 (b ) 4 (c) 5 (d) 6 (e) 8 

Question 15 
. EB 2 FC l 

Pomts £and Fare on the sides BC and respectively CD of the parallelogram ABCD such that - = - and - = -. 
EC 3 FD 4 

Let M be the intersection of AE and BF. The value of AM is equal to 
ME 

(a) 11 (b) 1 I ½ (c) 12 (d) 12½ (e) 12¾ 

Question 16. 
Each of Alvin, Bob and Carmen spent five consecutive hours composing problems . Alvin started alone, and was 
lat er joined by Bob. Carmen joined in before Alvin stopped. When one person was working alone 4 problems were 
composed per hour. When two people we re working together, each only composed 3 problems per hour. When all 
three were working, each composed only 2 problems per hour. No coming or going occurs during the composition 
of any problem. At the end. 46 problems were composed. How many were composed by Bob? 

(a) 14 (bl 15 (cl 16 (d) 17 (el 18 
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Solutions (Part 1) 

Question l. 
How many three digit numb ers have th e produ ct of the three digits equal to 5? 

(a) 1 (b) 2 (c) 3 (d) 5 (el 6 

Solution: 
The numbers are 115,151 ,511. The answe r is (c). 

Question 2. 
Let m, n be positi ve integer s such th at 230 330 = amgn. Determine the value of m + n. 

(a) 15 (b) 20 (c) 25 (d) 30 (e) 35 

Solution: 
The equation can be written as z3o-3m = 32n- 3o hence m = 10, n = 15, thus m + n = 25. The answer is (c). 

Question 3. 
The x-int ercept, y-intercept, and slope of a certain straight line are thr ee non zero real numbers. The number of 
negative numbers among these thr ee numb ers is: 

(a) 0 orl (b) 1 or 2 (c) 2 or 3 (d)O or2 (el 1 or 3 

Solution: 
The slop e of the line with the x- inte rcept at (a, 0) and y-in tercept at (b, 0) is m = -t If a, ba re of the same sign, m 
is negative and if they are of opposite sign m is positive. Hence the number of negative numb ers among a, b, mi s 
1 or 3. The answer is (e) . 

Question 4. 
The length of a certain rectangle is incr eased by 20% and its width is increa sed by 30%. Then its area is increased 
by: 

(al 25% (b ) 48% (C) 50% (d) 56% (e) 60% 

Solution: 
If l and w denote the length and width of the recta ngle then its area is A = l · w while the area of the incr eased 
rectangl e is 

20! 30w 156 156 56 
(l+- ) · (w+-)= l ·w· - = A· - =A + A·-. 

100 100 100 100 100 

Thu s the area of the rectangl e is increased by 56%. The answer is (d). 
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Question 5. 
Each of Alan, Bailey, Clara and Diane has a number of candies. Compared with the average of the number of can­
dies each person has, Alan has 6 more than the average , Bailey has 2 more than the average, Clara has 10 fewer 
than the average and Diane has k candies more than the average. Det erm ine k. 

(a) 1 (b ) 2 (C) 3 (d) 4 (e) not uniquely determined 

Solution: 
Let m be the average in question. Then the four p eople have a total of 4m candies. The Alan, Bailey, Clara has 
m + 6, m + 2, m - 10 candies, which totals 3m - 2 can dies. Therefore , Diane has 4m - (3m - 2) = m + 2 and thus ha s 
2 more candies than the average . 

An alternate approach: since the total of the difference s from the average must be zero , Diane sho uld have ju st 
10-6-2=2 candies more than the average. 

The answer is (b). 

Question 6. 
Ellie wishes to choo se three of the seven days (Monda y, Tuesday, ... , Sunday) on which to wash her hair every wee k, 
so that she will never wash her hair on consecutive days . The numb er of ways she can choose these thre e da ys is: 

(a) 6 (b) 7 (c) 8 (d) 10 (e) 14 

Solution : 
Ellie can choo se on of the following triplets: (M, W, Fl, (M, W, Sal, (M , R, Sa), (T, R, Sa), (T, R, Su), (T, F, Su), (W, F, 
Su). There are seven possibilities . 

Here is an alternate solution: In any such choice of three wash da ys, exactly one of th em must be followed by 
two non-wash days. The choice of this da y \Nill det erm ine the other two wash da ys. There are seven possibilities 
and thus the answer is (b). 

Question 7 . 

How man y different sets of two or mor e consecutive whole numb ers ha ve sum 55? 

(a) 2 (b) 3 (c) 4 (d) 5 (e) none of thes e 

Solution: 
Th e sum of k positive consecutive int egers is 

k (k - l ) k(2a + k-1) 
a+ (a+l )+·· ·(a+k -l) = ka + --- = --- - - . 

2 2 

and thus k(2a + k- 1) = 110 = 2 · 5 · 11. The solutions (k, a) are (2, 27), (5, 9), and (10 , l ) for which 

55 = 27 + 28 = 9 + 10 + 11 + 12 + 13 = 1 + 2 + · · · + 10. 

If one consider the set of whole numb ers W = fl, 2, 3, ... } the n th ere are three sets of consec utive whole numbe rs 
havin g the sum 55. However, if W = (0, 1, 2, 3, ... } then also 

55 = 0 + 1 + 2 + · · · + 10. 

and we find four sets with the required property . 
The answer is (b) or (c). 

Question 8. 
There are 5 boy s and 6 girls in a class. A committee of three studen ts is to be made such th at th ere is a boy and a 
girl on th e committee. In how man y different ways can the committee be selected? 

(a) 100 (b) 135 (c) 145 (d) 155 (C) 165 
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Solution: 
The number of committees of 3 students made with 11 students is (1}) = 165. The number of committees of three 

girls or three boys is (~) + @ = 20 + 1 O = 30. The numb er of requested committees is 165-30= 135. The answer is (b). 

Question 9. 
In a class with 20 students, 14 wear glasses, 15 wear braces, 17 wear ear-rings and 18 wear wigs. What is th e 
minimum number of students in this class who wear all four items? 

(a) 4 (b) 6 (c) 7 (d) 9 (e) 10 

Solution: 
We hav e 6 students not wearing glasses , 5 students not wearing braces , 3 students not wearing ear-ring s and 2 
students not wearing wigs. Even if these are 6+5+3+2=16 different studen ts, we still have 20 - 16 = 4 student s 
wearing all four items . The answer is (a). 

Question I 0. 
Each person has two legs. Some are sitting on three-legged stools while the others are sitting on four-legged chairs 
such that all the stools and chairs are occupied. If the total number of legs is 39, how many people are there? 

(a) 5 (b) 6 (c) 7 (d) 8 (e) 9 

Solution: 
Let the number of stools be m and the number of chairs be n. Then Sm+ 612 = 39. Hence mis a multiple of 3 but 
not a multiple of 6. Moreover, Sm< 39 so that m::: 7. It follows that m = 3 and n = (39 - 3 x 5)-:-6 = 4, so that the 
number of people is 3+4=7. The answer is (c). 

Question 11. 
The number of integers n for which the fraction t0

~: is an integer is 

(a) 503 (b) 504 (c) 1006 (d) 1007 (e) 1008 

Solution: 
We shoul d have Sn+ 1 = ±2k where O 5 k 5 2015. If Sn+ 1 = 2k, then Sl(2k -1), whic h happens if k = 0,4, s ... , hence 
k = 4s, 0 5 s 5 503. For th ese values of k we obtain 504 nonnegative integers n. If 5 n + 1 = - 2k then 51 (2k + 1), which 
happens if k = 2, 6, 10, · · ·, hence k = 4s + 2, 0 5 s 5 503. For the se values of k we obtain 504 negative integers n. 
Therefore there are 1008 convenient values for n. The answer is (e) . 

Question 12. 
In the diagram below, wh ich is not drawn to scale, the circles are tangent at A, the centre of the larger circle is at O 
and the lines AB and CD are perpendicular . 

C 

A B 

D 

if EB= 3 and FC = 2 then the radiu s of the smal ler circle is 

(a) 4/3 {b) 5/3 (cl 5/2 (d) 3 (el 7/2 
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Solution : 
Let R, r denote the lengths of the large and respectively the small radiu s and EB = a, FC = b. First a= 2R - 2r so 

a2 a 
that R = r + a /2. If O' denotes the centre of th e smal ler circle then O' F2 = O' 0 2 + OF2 hence r 2 = - + (r + - - b)2. 

4 2 
(2b- a) 2 + a2 5 

Solving for r we get r = -----. Taking a= 3, b = 2 we get r = - . The answer is (c). 
4(2b- a) 2 

Question 13. 
Consider the expansion 

( z so)3 2 1 so l+x +x +···+X =Co+C1X+C2X +· ·· +C150X . . 

The value of the coefficient c50 is 

(a) 1274 (b) 1275 (C) 1326 (d) 1378 (el none of these 

Solution: 

(1 + x + x 2 + ... + xso)3 

= (1 + x + x 2 + · · · + x 50)- (1 + x + x 2 + · · · + x 50) · ( 1 + x + x 2 + ·. · + x 50
) 

The coefficient of x50 is just the num bcr of xa xb xc = xa-b-c with a+ b + c = 50, a, b, c e: {O, 1, · · ·, 50}. If a = 0 th e 
equat ion b + c = 50 has 51 solutions , namely (0, 50), (1, 49), · · ·, (50, 0). Also, if a= l , the equation b + c = 49 has 50 
so lutions an d so on. The number of all solutions is 

s 1 +so+ .. . + 1 = 1325 

Hence c5o = 1326. The answer is (c) . 

Question 14. 
A 1000 digit number has the property that every two consecu tive digits form a number that is a product of four 
prime numb ers. The digit in the 500th position is 

(a) 2 (b) 4 (c) 5 (d) 6 (e) 8 

Solution: 
The numb ers of two digits wh ich are written as product of four prim e num bers are the following: 2 · 2 · 2 · 2 = 
16, 2·2 ·2 ·3 = 24, 2-2-2-s = 40, 2-2 ·2· 7 = 56, 2-2-2- 11 = 88, 2 · 2 · 3 ·3 = 36, 2 ·2 ·3· 5 = 60, 2 ·2 ·3 · 7 = 84, z.3.3.3 = 
54, 2·3 ·3 · 5 = 90, 3 .3 .3.3 = 81. 
We conclu de th at the numb er th at satisfies the con dition s in the probl em should have all its digits equal to 8. The 
answer is (e) 

Question 15 
EB 2 FC 1 

Points E and Fare on the sides BC and respective ly CD of the parallelogram ABCD such that - = - and - = - . 
EC 3 FD 4 

Let M be the intersection of AE and BF. The value of AM i-s equal to 
ME 

(a) 11 (b) 11½ (c) 12 (d] 12½ (el 12¾ 

Solution: 
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A B p 

D F C 

The parallel line to FB through C intercepts AB at P and AM inte rcepts CP at Q. Then 

MQ ME+EQ EQ EC 3 5 
--=----=1+-=l+-=1+-=-
ME ME ME EB 2 2 

and 
AM AB DC DF+FC DF = = = =l+-=4+1=5 
MQ BP FC FC FC 

H AM - AM MQ - 5 - 2 Th . d) ence ME - MQ · ME - 5 · 2 - 1 .5. e answer 1s ( . 

Question 16. 
Each of Alvin, Bob and Carmen spent five consecutive hours composing problems. Alvin sta rted alone, and was 
later joined by Bob. Carmen joi ned in before Alvin stopped. When on e person was working alone 4 problems were 
composed per hour. When two people were working together, each only composed 3 problems per hour. When all 
three were working, each composed only 2 problems per hour . No coming or going occurs during the composition 
of any problem. At the end, 46 problems were composed. How many were composed by Bob? 

(a) 14 (b) 15 (c) 16 (d) 17 (e) 18 

Solution: 
The total work period may be divided into five intervals by comings and goings. The respecti ve numbers of people 
working during these intervals are 1, 2, 3, 2 and 1 respectively. Note that the total length of any three consecutive 
intervals is 5 hours. Hence the fourth interval has the same length as the first and the fifth interval has the same 
length as the second . During each of the second, third and fourth interval, the number of problems composed was 
6 per hour since 3+3=6=2+2+2. Hence 5 x 6 = 30 problems were composed when Bob was working. The number 
of problems composed when Alvin or Carmen was working alon e was 46-30 = 16. It follows that the total length of 
these two intervals is equal to 16 + 4 = 4 hours . Hence the total length of the second and the fourth interval is also 
4 hours, so that the length of the third interval is 5 - 4 = 1 hour . Thus the number of probl ems composed by Bob 
was 1 x 2 + 4 x 3 = 14. The answer is (a) . 
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Part 2 

Problem 1. 
Find all linear polynomials f (x) = ax+ b, where a and ba re real constants, satisfying /(/(3)) = 
3/(3) and /(/ (4)) = 4/(4). 

Problem 2. 

(a) Alya adds the following sequence of numbers together, one number at a time : 1, 2, -3, -4 , 
5, 6, -7, -8, 9 ... , where the first two numbers are positive, the next two negative , the next 
two positive, and so on . Thus she gets the totals I, 1 +2, 1 + 2-3, 1 + 2-3-4 , 1 +2-3-4+5, 
and so on. Prove that she ·will get zero infinite ly often. 

(b) Suppose instead Alya adds together the numbers 1,2,3 ,-4 , -5 , -6, 7,8 . .. where the first 
three numbers are positive, the next three negative , the next three positive , and so on . 
Prove that she will never get zero as a sum. 

Problem 3. 
In a rectang le of area 12 are placed 16 po lygons, each of area 1. Show that among these polygons 

1 
there are at least tv,.ro which overlap in a region of area at least - . 

30 

Problem 4. 
Find all finite sets M of real numbers such that, whenever a number xis in M, then the number 
x2 - 3 lxl + 4 is also in M. (Note that Jxl denotes the absolute value of the real number x.) 

Problem 5. 
In bABC, A is the largest angle and M, N are points on the sides [AB] and respectively [AC] 
such that '.~~= ~t:-Show that there is a point Pon the side [BC] such that bPMN and bABC 
are similar. 
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Solutions (Part 2) 

Problem 1. 
Find all linear polynomials f(x) = ax+ b, where a and bare real constants, satisfying f(/(3)) = 3/(3) and f(f(4)) = 
4f(4). 

Solution: 
The condition f(/(3)) = 3/(3) becomes a(3a + b) + b = 3(3a + b) which simplifies to 

3a 2 +ab= 9a+2b, (1) 

and similarly the condition f(/(4)) = 4/(4) simplifies to 

4a 2 +ab= 16a+ 3b. (2) 

Subtracting (1) and (2) we get b = a2 - 7a, which when plugged into (1) gives a3 - 6a 2 +Sa= 0. Factoring, we get 
a(a - I)(a - 5) = 0, so a= 0, 1,5. These give respect ively b = 0, -6, -10 , so th e solutions for fare 

f(x) = 0, f [x) = x-6, /(x) = Sx - 10. 

Problem 2. 

(a) Alya adds the following sequence of number s together, one number at a time: 1, 2, -3, -4 , 5, 6, - 7, -8, 9 ... , 
where the first two numbers are positive, the next two negative, the next two positi ve, and so on . Thus she 
gets th e totals 1, 1 + 2, 1 + 2 - 3, 1 + 2 - 3 -4, 1 + 2 - 3 - 4 + 5, and so on. Prove that she will get zero infinitely 
often. 

(bl Suppose instead Alya adds togethe r th e numbers 1, 2, 3, -4, -5, -6, 7, 8 ... where the first three numbers are 
positive, the next three negative, th e next three positi ve, and so on. Prove that she will never get zero as a 
sum. 

Solution: 
(a) Break the sequence into blocks of size four. Each block is of the form 1 +4k,2 +4k, -(3 +4k), -(4 +4k) for some 
non-negativ e intege r k, and the sum of each such block is always -4. Thus if Alya adds up p blocks, she gets a sum 
of -4 p. The next three numbers in the sequence ,viii be 4 p + 1, 4 p + 2, and -(4 p + 3), so the sum after adding these 
in will be respectively -4p+4p + 1 = 1, 1 + (4p+ 2) = 4p +3, and (4p + 3)- (4p +3) = 0. So Alya will get a sum of zero 
whenever she stops adding at a number of the form -(4p + 3), for any value of p. 

(b) Break the sequence into blocks of size six. Each block is of the form 1 +6k,2+6k, 3+6k, -4-6k, -5-6k, -6-
6k for some non-ne gative inte ger k, and the sum of each such block is always -9. Thus if Alya adds up p blocks , 
she gets a sum of -9p . The n ext five numbers in the sequence will b el +6p,2+6p,3 +6p, -4-6p, and -5- 6p so the 
sum after adding th ese in ·will be respectively -9p + (1 + 6p) = 1-3 p, 1 - 3p + (2 + 6p) = 3p + 3, (3p + 3) + (3 + 6p) = 
9p + 6,9p + 6 + (-4- 6p) = 3p + 2, and 3p + 2 + (-5- 6p) = -3p-3. None of these sums can equal zero for any 
nonnegative integer value of p, so Alya will never get a sum of zero. 
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Problem 3. 
In a rectangle of area 12 are placed 16 polygons, each of area I. Show that among these polygons there are at least 

I 
two which overlap in a region of area at least - . 

30 
Solution: 

Let P1, P2, ... ,Pi6 denote the given polygons of area 1. Assume that any two of them intersect in a region of area 
1 

< - . Then , the area of the part of P2 that is not covered by P1 is of area > 1 - ta, the area of the part of P3 tha t 
30 

is not covered by Pi and P2 is of area > l - fo and so on, the part of Pi6 that is not covered by Pi , ... Pi s is of 
area > 1 - ½i-Therefore, the area of the region obtained by consid ering the union of all 16 polygons would be 
> 1 + (1- :fol+ . .. + (1- ~ ) = 16- 1~·J6 = 12, that is a contradiction . 

Problem 4. 
Find all finite sets M of real numbers such that, whenever a number xis in M, then the number x 2 -3 lxl + 4 is also 
in M . (Note that lxl denotes the absolute value of the real number x.) 

Solution: 
The empty set satisfies the requested condition. So now we assume that M contains at least one element. For any 
real number x , let f (x) = x 2 - 3lxl + 4, and notic e the following: 

(i) f (x) = (lxJ - 3/2)2 + 714 ~ 714, in particular f (x ) cannot equal 1 for any x. 

(ii) If f(x) = 2 then x 2 -3 1xl + 2 = 0 which means (lxl - l )(lx l - 2) = 0 which means lxl = 1 or lxl = 2. Conversely, 
if lxl = 1 or lxl = 2 then f (x) = 2. 

From (i), if M is nonempty then M must contain at least one element which is ~ 7 / 4. In fact , we claim that 1 
and 2 are the only possible positive elements of M . For assume that a0 EM where ao > 0, ao t-1 and ao t-2. Since 
ao is in M , so is a 1 = f (ao) = a5 - 3ao + 4 = Cao - 2)2 + ao > ao. Also, from (i ) a1 f. 1, and from (ii) a1 =I-2. Similarly 
a2 = f (ai) EM , a2 t-1, a2 =I-2 and a2 > a 1 > a0, and so on indefinitel y, hence Mis not finite. Consequentl y 1 and 2 

are the only possible posi tive elements of M, as claimed. 
Now if b EM and b :5 0 then f (b) > 0 (from (i)) and f(b) EM, henc e f(b) = 1 or f(b ) = 2. From (i), f (b) = 1 is 

impossible, so f (b) = 2. From (ii), I bl = 1 or 2, so b = - 1 orb= -2. 
From the above, any non empty set M satisfying the condition must contain 2, and may contain an y subset of 

{- 2, -1 , l }. Therefo re the set Mis one of the following sets: 

</J, {21, {-2, 21. {-1, 2}, {l, 21. {-2, -1 , 2l, {-2, 1, 21, {-1. 1, 21, {-2, -1 , 1, 2). 

Problem 5. 
In 6.ABC, A is the largest angle and M, N are points on the sides [AB] and respectivel y IACI such that ~! = ~r 
Show that th ere is a point Pon the side [BC] such that 6.PMN and 6.ABC are similar . 

Solution: 

A 

B p D C 

Let ND be parallel to AB , DE [BC ]. Since ~f = :~) =:~:~ it follows that DM II AC, hence MAND is a pa rallel­
ogram and th us A= MDN. 

We remark that at least one of the inequalitie s BMN > B and MNC > E is true. Indeed, if we assume to the 
contrary that BMN :5 Ba nd MNC :5 C then 

360° =.a+ E + BMN + MNt :5 zc.a + CJ <=> 1so0 :s B + E 
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which is a contradiction. We may assume that BMN > jj and let (MP be the ray inside BMN, with P on the ray 
(BC such that PMN = B. 

If PE [BC] (as in the above diagram ). then PMN = B = NDC, hence the quadrilateral MNDP is cyclic and 
therefore MDIV= MPN. Consequently A= MPN and thus l:IABC is similar to l:IPMN and Pis the requested 
point. 

Notice that if Pi s such that C is betw een Band P (as in the diagram below ), then similarly as above , we obtain 
A= MPN. However, this is not possible since it lead s to C > CPN > MPN = A, a contradiction. 

A 

B D C p 
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Calgary Junior High Mathematics 
Competition 2015/16 

:\"A:\IE: -- --- ---- --- ---- -- ----- GE:\"DER: __ _ 

PLE ASE PRI:'.\T (Fir st name Last name ) 

SCHOOL: ____ __ _________ __ _ GRADE: 
(9,8.7 , ... ) 

• You have 90 minutes for the exam ination. The test has 
two parts : PART A short answer: and PART B -
long ani:iwer. The exam has 9 pages incl udin g thi s one. 

• Each correct answ er to PART A will score 5 po int.s. 
I MARKERS' USE ONLY I 

You must put. the answer in th e space provided. :\"o 
part marks are given . PART A has a total possible 
score of 45 points. 

• Each problem in PART B car r ies 9 points. You shou ld 
show all yo ur work . Some credit for each problem is 
based on the clarit y and completeness of your answer . 
You sho uld mak e it clear wh:-· th e ans,,.·cr is correct . 
PART B has a total pos:;ible scorc of 0-:l points. 

• You are pcrmith •d the use of rough paper . Geom e­
try instrumen ts a re not necessary. Reference s ind ud· 
ing mathenrntical tables and formu la sheets are not 
permitted. Simpl e calculator:; without programming 
or grap hic cRpabilitit's are allowed. Diag rams arc not 
drawn to scale : the y arc intended as visua l hiu ts only. 

I 
' 

I 
PART A 

x5 

Bl 

B2 

133 

B4 

B5 

BG 

• \Yh eu t he teacher tells yon to Rt ar t work you shou ld 
read all the problems and select t.hos e you ha ve the 
best chance to do first . You should answer as many 
prob lems a:; possible. but you may not have time to 
answe r ull the problems. 

• Hint: Read a ll the problem:,; and select those you haw 
the best chance to solve first. You mciy 11ot haw time 
to solve all th e probl ems . 

TOTAL 

(max: 99) 

BE SURE TO MARK YOUR NAME AND SCHOOL 
AT THE TOP OF THIS PAGE. 

THE EXAM HAS 9 PAGES INCLUDING THIS COVER PAGE. 

Please return the entir e exam to your supervising tea ch er 
at th e e nd of 90 minut es. 

I 
I 

I 

delta-K, Volume 54, Number I , Jun e 20 17 



Part A 

Al 

A2 

A rectangle with integer length and integer \Yidth has area 13 crn2 . Vv'hat is the 
perimeter of the rectangle in cm? 

A nice fact about the current year is that 2016 is equal to the sum 1 + 2 + 3 + · · · + 63 
of the first 63 positive integer1-;. \Vhen Richard told thi::; to his grandmother, she 
said: Interesting! I was born in a year which is also the sum of the first X positive 

I 
integers, where X is some positive integer . In what year was Richard ·s grandmother 
born? (You may assume that Richard's grandmother is less than 100 years old.) 

Al 

A2 

A3 Suppose you reduce each of the following 64 fractions to lowest terms : ! A3 

1 2 3 64 
64. 64 64 ... ' 64 

How many of the resulting 64 reduced fractions have a denominator of 8? 

A4 Peppers come in four coloun;: green, red . yellow and orange. In how many wayi; ran 
you make' a bag of six peppers so that there is at leas t one of each colour? 

A4 

A5 In the following addition of four -di git numbers. X . Y and Z stand for digits (not i A5 

necessarily different ) . If the addition is correct. what digit doe s Y stand for? I 

2 X 

+ 3 X 
z y 

X y 
y z 
X X 
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A6 How man y equilateral triangles of any sizP are the re in the figur e below ? 

A 7 A number ,vas decre ased by 20%. and the res ulting numbP.r incr pascd by 20%. , vhat 
per centa ge of the orig iual number is the final result ? 

A8 A gro up of gradP 7 students and gra de !) :;tudeuts arc at a banqu et. Th e average 
height of th e grade 9 stu dents is 180 cm. The aw rngc height of th e grade 7 st udent s 
is 160 cm. If the average h0ight of all students at th e banquet is 168 cm and the re 
arc 72 grade 9 students . how man y grade 7 students arP ther e'? 

A9 If th P straigh t-lin e cfo;tance from onC' ro rn er of a cube to the opposite corner (i.P .. 
th e length of th e long diago nal or b ody-diagonal of a rnb e) is 9 cm, wha t is th e area 
(in cm 2 ) of one of it:- faces? 

A6 

A7 

AS 

A9 
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Part B 

B 1 When th e Cookie ~fonster visits the cookie jars, he takes from as many jars as he 
likes, but always takes the same number of cookies from each of th e jars that he 
does select. 

(i) Suppose that there are four jar s containing 11, 5, 4 and 2 cook ies. Th en . for 
example, he might take 4 from each of the first three jars, leaving 7, 1, 0 and 2; then 
2 from the first and last, leavin g 5, l. 0 and 0, and he will need two more visits to 
empty all the jars. Show how he could have emptied these four cookie jars in less 
than four visits. 

(ii) Suppose instead that the four jars contained a, b, c and d cookies. respectively, 
with a 2:'. b 2 c 2 d. Show that if a = b + c + d, then three visits are enough to 
empty all the jars. 

B2 Th e number 102564 has the property that if the last digit is moved to the front, the 
resultin g number, namely 410256. is 4 times bigger than the original numbN: 

410256 = 4 X 102564. 

Find a six-digit number whose last digit is 9 and which hf'com es 4 times bigger when 
we move this 9 to th e front. 
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B3 In a sequence. each term after the fin;t is the sum of squares of the digits of the 
previons term. For example. if the first term is 42 then the next tnm is 42 + 22 = 20. 
Th e next term after 20 is then 22 +0 2 = 4, followed by 42 = 16. which is then followed 
by 12 + 62 = 37, and so on. giv ing the sequence 42, 20. 4. 16. 37. and so on. 

(a) If the first term i::; 44. what is the 2016th term? 

(b) If the first term is 2G. what is the 2016th term? 

B4 Is it possible to pack 8 balls of diameter 1 into a 1 by 3 by 2.8 box? Exp lain why or 
why not. 

? 

2.8 j 

3 
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B5 Th e tr iangle ABC has edge- lengths BC = 20. 
CA = 21, and AB = 13. \Vha t is it::; heigh t h 
shown in the figure? 

A 

B 

B6 Find all positive integer solution s a. b, c, with a :S b :S c such that 

and sh ow that ther e are no other solutions . 
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Solutions (Part A) 

A 1 A rectangle with int eger length and integ er width has area 13 cm 2 . \,\'h at is the 
perimeter of the rect angle in cm'? 

A2 A nice fact about the current year is that 2016 is equal t o the sum 1 + 2 + 3 + · · · + 63 
of the first 63 positive integcn;. When Richa rd told thii; to his grandm ot her. she 
sa id : Int eresting .' I was born in a. year which i8 also the sum of the first X posit ive 
in tegers, where X is some positiv e in teger. 111 what year was Rich ard' s grandmother 
born? (You may assume that Ri cha rd' s gran dm oth er is less than 100 years old. ) 

.. A..3 Suppos e you reduc e each of th e following 6-1 fractious to lowest terms: 

1 2 3 64 
64. 64 . 64 : ... ' 64 . 

How man y of the resultin g 64 reduced. frac tions haw a denominator of 8'? 

A4 Peppers come in four colours: green. red, ye llow and orange. Ju how many ways can 
you ma ke a bag of six pC'ppers so that th en• i::; at least one of earh colour ? 

Al 

A2 

A3 

A4 

AS In the following additi ou of four-digit numbers. X. Y and Z stand for digit s (not A 5 

neccssari l)' d ifferent) . If the add iti on is correct. what digit does Y sta nd for? 

2 X X Y 
+ 3 X Y Z 

Z Y X X 

28 

1953 

4 

10 

9 
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A6 How many equilateral triangles of any size are there in the figur e below? 

A 7 A number was decreased by 20%, and the resulting number increased by 20%. \Vhat 
percent age oft he original number is the final result? 

A8 A group of grade 7 stndent1:1 and grade 9 students are at a banqu et . The average 
height oft he grade 9 students is 180 cm. The average height oft he gm.de 7 st ud ent::; 
is 160 cm . If the average height of all stud ents at the banquet is 168 cm and th ere 
are 72 grade 9 students. how many grade 7 students are there? 

A9 If t he straight-line distance from one corner of a cube to the opposite corner (i.e., 

A6 

A7 

A8 

the length of the long diagonal or body-diagonal of a cube) is 9 cm, what is the area A9 

(in cm2 ) of one of its faces? 
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Solutions (Part 8) 

Bl \\'hen the Cookie ).fonster visits the cookie jars. hP tak('S from as many jars as he 
likes, but always takes the same number of cookies from Pach of the jars that he 
does select. 

64 

(i) Suppose that the re are four j ars coutaining 11. 5. 4 and 2 cookies. Then. for 
example, he migh t take 4 from ('ach of the first. th ree jars. le;:rving 7. 1. 0 and 2: then 
2 from the first and last, leaving 5, 1. 0 and 0. and he will need two more visits to 
empty all the jam. Show how he could have emptied th ese four C'OOkie jars in Jess 
than four visits. 

Solution . Take 5 from each of the first two jars . leaving 6. 0, 4 . 2: then 4 from 
the first and third; and finally 2 from the first and last: and he has done it in three 
visitl'i. 

(ii) Suppose instead that the four jars contained a. b, c and d cook ies, resp ectively, 

with a 2: b 2 c 2 d. Show that if a = b + c + d. then three visits arP enough to 
empty all the jars. 

Solu t ion . Take b from each of the first two jars . leavin g r + d, 0, c. d: then c from 
the first and third : m1d finally d from the first and last: and he has done it in three 
visits. 
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B2 The number 102564 has the property that if the last digit is moved to the front, the 
resulting number, name ly 410256 . is 4 times biggE'r than the original number: 

410256 = 4 X 102564. 

Find a six-digit number whose last digit is 9 and which becomes 4 times bigger when 
we move this 9 to the front. 

Solution 1. We must find a, b, c, d. e so that 

a b c d e 9 
X 4 

9 a b c d e 

::-..Iultiplying gives e = 6. d = 7. c = 0, b = 3 and a = 2. Thus. a six-digit number 
whose last digit is 9 and wh ich becomes 4 times bigger when we move this 9 to the 
front is 230769. 

Solution 2. Consider a six-digit number whose last digit is 9: ab c de 9. 
Letting x = ab c de gives 

Thus, the number is 230769. 

900000 + X = 4(10x + 9) 

39x = 899964 

3x = 69228 

X = 23076 
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B3 In a sequence. each term after the first is the sum of squares of the digits of the 
previous term. For example, if the first term is 42 then the next t erm is 42 + 22 = 20. 
Th e next term after 20 is then 22 +0 2 = 4, followed by 42 = 16, which is then followed 
by 12 + 62 = 37, and so on, giving th e sequence 42. 20. 4, 16. 37, and so on . 

66 

(a) If the first term is 44 , what is the 2016th term? 

(b) If the first t erm is 2,5. what is the 2016th term? 

Solu t ion. 
(a) St~ut.ing with 44 gives 

42 + 42 = 16 + 16 = 32 -t 

-t 12 +0 2 =1+0 =1 -t 

Th e sC'quence is then 

32 + 22 = 9 + -l = 13 -t 

12 = 1 -t 12 = 1 

{44,32.13,10. 1. 1. l .... } 

with 2016th term equal to ] . 

(b) Starting with 25 gives 

12 + 32 = 1 + 9 = 10 

22 + 52 = 4 + 25 = 29 -t 22 + 92 = 4 + 81 = 85 -t 82 + 52 = 64 + 25 = 89 
-t 82 + 92 = 64 + 81 = 145 -t 12 + 42 + 52 = 1 + 16 + 25 = 42 
-t 42 + 22 = 16 + 4 = 20 -t 22 + 02 = 4 + 0 = 4 -t 42 = 16 
-t 12 +6 2 = 1+36 = 37 -t 32 + 72 = 9+49 = 58 -t 52 +8 2 = 25+64 = 89 
The 1:wquence is then 

{25, 29. 85. 89, 145.4 2 . 20 . 4. 16 , 37. 58. 89, .. . } 

and rep eats with a p eriod of 8. Sinc e 2013 = 251 x 8 + 5. the 2016th term in the 
sequence is 4. 

delta-K. Volume 54, Number 1, June 20 17 

l 



B4 Is it possible to pack 8 balls of diameter 1 into a 1 by 3 by 2.8 box? Explain why or 
why not. 

7 

2.8 

3 

Solution . 

Yes. it is possible> to pack 8 balls . 

The triangle ABC has f'dge-lengths AB= 2 
and AC = 1. Using Pythagor as's theorem. 
BC = v13. Thus. th e dist ance from 
the bottom of the bottom row of balls to 
the top of the top row of balls is 
½ + v13 + ½ = 1 + v13 = 2.732 . .. < 2.8. 
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B5 The triangle ABC has edge-lengths BC= 20. 
CA = 21. and AB = 13. \Vhat is its height h 
shown in the figure? 

B 

Solution 1. Using Pythagoras's theorem we have 
J13 2 - h2 + J2 12 - h2 = 20 
20 - J13 2 - h2 = J21 2 - h2 

400 - 40 Jl3 2 - h2 + 132 - h2 212 - h2 

128 = 40 J13 2 - h2 
3.2 = Jl3 2 - h2 

h2 = 132 - 3.22 = 9.8 X 16.2 
h = 12.6 

A 

h? 
21 

20 

Solution 2. Heron's form ula states that the area of a triangle ,\·hose sides have 
lengths a , b, and c is 

Area= Js(s - a)(s - b)(s - c) . 

wheres= (a+b+c)/2 is the semiperimeter of the triangle. Then a= 13. b = 21 and 
c = 20 gives s = (13 + 21 + 20)/2 = 27. Thus, the triangle has area -/27 · 7 · 6 · 14 = 

32 . 7. 2 = 126. Using the base of the triangle as 20. we have 126 = ½(20)h implying 

h = 126/(} 20) = 12.6. 

Solution 3. Turn the tr iangle over and not e that 
it is mad e up of two Pythagorean tr iang les . 

It is then immediate that tht ' area is 126. 
and division by half the base . 10. gh -es 12.6. 

A 
5 

B 

20 

16 
21 

C 

C 
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36 Find all po sit ive int eger solutions a, b, c, with a S b S c such that 

and show that there are no other solu tions. 

Solution. Xote that 
1 1 1 3 6 
4 + 4 + 4 = 4 < 7· 

hence a S 3. If a= 3, the n b = 3 since a Sb and 

1 1 1 5 6 -+ - +-=-<-. 
3 4 4 6 7 

This impli es c = 27 / 4 which is not an int eger . thus a= 2. :'\ow 

1 1 1 5 6 
-+-+-=-<-
2 6 6 6 7 

implies b S 5. This gives four cases. 
If b = 2, then c = - 7. 
If b = ~3, then c = 42. 
If b = 4. the n c = 28/ 3. 
If b = 5. then c = 70/ 11. 
Th e on ly solut ion cons isting of positive integers is (a. b, c) = (2, 3, 42). 
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Edmonton Junior High 
Mathematics Competition 2015/16 

Part A: Multiple Choice: Each correct answer is worth 4 points . Each unanswered question is worth 2 
points to a maximum of 3 unanswered questions . 

1. On a contest with 30 questions: 

• Each correct answer is awarded 6 points; 

• Each incorrectly answered question is penalized 2 points; 

• Each unanswered question is penalized 1 point. 

Abby answered 70% of the questions . The ratio of correct answers to incorrect answers to 
unanswered question is 5:2:3. How many points did she receive? 

A. 45 B. 126 C. 63 D. 81 E. 69 

2 . Working at a constant rate, if Ben can cut a meta l pipe into 5 pieces in 30 minutes , how many 

minutes would it take to cut a sim ila r pipe into 15 pieces? 

A. 210 B. 170 C. 105 D. 90 E. 65 

3. Each of the first 6 prime numbers is written on the 6 different faces of a red cub e. Each of the first 

6 composite numbers is written on the 6 different faces of a blue cube . The two cubes are 

tossed/rolled once . What is the probability that the sum of the numbers rolled is 13? 

A. 
1 

18 
B. 

1 

12 
C. ! 

9 

1 
D. -

6 

4. The distance from home to school is a total of 4 blocks. Jane 

must stay on the pathways and walk either east or north, as 

shown in the diagram. 

How many ways are there in total for Jane to walk from home 

to school and back again , if she must return us ing a different 
path? 

A.5 B. 6 C. 11 D. 30 

E. 
1 

3 

E. 36 

Home 
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5. Two rectangles with integer dimensions each have an area of 216 cm2. The length of the first 
rectangle is 30 cm greater than that of the second rectangle. However , the width of the first 
rectangle is 5 cm less than that of the second rectangle . What is the difference in the perimeters 
in centimetres, of the two rectangles? 

A. 25 B. 35 C. 50 D. 60 E. 70 

6. A family agreed to share the total cost of buying a $2268 (including GST} gaming computer. 

• Dad paid for ! of the total cost. 
6 

• Then the oldest daughter , Kylee, paid for! of the remaining cost. s 
• Then the son , Shawn , paid for ! of the remaining cost. 

4 

• Then the middle daughter , Erin, paid for ! of the remaining cost. 
3 

• Then the youngest daughter , Kassidy, paid for ¼ of the remaining cost. 

If Mom paid for the remaining amount , then approxima tely how much more did the children pay 
compared to the amount paid by the parents? 

A. $300 B. $450 C. $600 D. $750 

7. The net of the square pyramid shown at the right would consist of 4 
congruent isosceles triangles (each with sides measuring 30 cm, 30 
cm, 20 cm} and one square base . 

What is the total surface area, to the nearest whole cm2, of the 
pyramid? 

A. 1531 B. 1585 C. 1600 D. 1665 
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Part B: Short Answer: Place the answer in the blank provided on the answer sheet. Each correct 
answer is worth 5 points . 

8. Two different digits from 1 to 9 are chosen randomly to form a 2-digit number. By reversing the 
order of the digits, a second 2-digit number is formed. What is the probability that the sum of these 
two numbers will be a multiple of the sum of the digits? 

9. How many positive proper fractions in lowest terms have a denominator of 90? 

10. A circle is inscribed in a right triangle as shown . 
What is the radius of this circle? 

5cm 

12c m 

11. A carpenter stores his nails in a metal box in the shape of a rectangular prism with a square base 
that measures 5 cm by 5 cm by 9 cm. To the nearest tenths of a cm, what is the length of the 
longest nail that can be stored inside the box? 

12. What is the difference between the sum of all multiples of 3 less than 50 and the sum of all 
multiples of 4 less than 50? 

13. How many 9s are in the product 999 999 999 x 20 162 016? 
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Part C: Short Answer: Place the answer in the blank provided on the answer sheet. Each correct 
answer is worth 7 points. 

14. Three people are coloring the same piece of sf by 14 paper. 

Abby starts on the left side and painted.: of the paper red. 
2 

Ben starts on the right side and painted~ of the entire paper green. 
4 

Cathy starts in the middle and painted ~ of the entire paper , evenly on either side of the centre 
3 

line, using blue color. 

What fraction of the paper has all three color painted on it? 

15. AB is a diameter of the base of a cylinder and T is point on the opposite base of the cylinder 

directly above B. Mis the midpoint of TB . If MB= 8 and AB= 
30

, what is the shortest distance 
Tr 

between A and M along the curved surface of the cylinder? 

16. The fraction~ ,when expressed as a repeating decimal , is equal to 0.142857142857 ... 
7 

Note that 1 is in the tenths place, 4 is in the hundredths place and so on. Let m be the 20th digit to 
the right of the decimal point and n be the 104th digit to the right of the decimal point , find n - m. 

17. There were 11 baskets of Easter eggs, containing 14, 15, 19, 20, 22 , 23 , 24, 26, 27, 34 and 40 
eggs respectively. John and Mary took all but one basket, each getting several baskets. John 
had twice as many eggs as Mary at this point. Mary then gave one of her baskets to John and 
now John had three times as many eggs as Susan . Which basket , indicated by the number of 
eggs above, did Mary give to John? 

18. How many copies of the digit O are there among the digits of the first 2016 positive integers? 

19. E and F are the respective midpoints of the sides AB and BC of a rectangle ABCD of area 2016. 
G is the point of intersection of AF and CE. What is the area of the quadrilateral AGCO? 
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Solutions 

Part A: Multiple Choice: Each correct answer is worth 4 points. Each unanswered quest ion is worth 2 
points to a maximum of 3 unanswered questions. 

1. On a contest with 30 questions: 

• Each correct answer is awarded 6 points ; 

• Each incorrectly answered question is penalized 2 points; 

• Each unanswered question is penalized 1 point. 

Abby answered 70% of the questions. The ratio of correct answers to incorrect answers to 
unanswered question is 5:2 :3. How many points did she receive? 

A. 45 

Solution: 

B. 126 c. 63 D. 81 

Abby answered 0.70 x 30 = 21 questions . With the ratio 5:2:3 , it translates to 15 questions correct , 6 
questions incorrect, 9 questions unanswered. The total points earned is 15(6) - 6(2)- 9(1) = 69. 

2. Working at a constant rate , if Ben can cut a metal pipe into 5 pieces in 30 minutes, how many 
minutes would it take to cut a similar pipe into 15 pieces? 

A. 210 

Solution: 

B. 170 C.@ D. 90 E. 65 

5 pieces requires 4 cuts (in 30 min). Since 15 pieces requires 14 cuts, then: 
· 30( 14 ) . 

Minut es: Cuts= 30 : 4 = m: 14. Therefore m = -.- = 105 mm. 

3. Each of the first 6 prime numbers is written on the 6 different faces of a red cube. Each of the first 
6 composite numbers is written on the 6 different faces of a blue cube . The two cubes are 
tossed/rolled once. What is the probability that the sum of the numbers rolled is 13? 

A. 

Solution: 

1 

18 
B.r:I\ 

\E) C. 
1 

9 
D. 

1 

6 
E. 

1 

3 

Red = {2, 3, 5, 7, 11, 13} Blue = {4, 6, 8, 9, 10, 12} Favourable outcomes = {(3, 10), (5,8), (7,6)} 
3 1 

P(Sum = 13) = - = -
6(6) 12 
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N 4. The distance from home to school is a total of 4 blocks. Jane 

must stay on the pathways and walk either east or north, as 
shown in the diagram. 

How many ways are there in total for Jane to walk from home 
to school and back again, if she must return using a different 
path? 

W ~ 'EESchool 
s I : 

A. 5 

Solution: 

B. 6 C. 11 

There are a total of 6 differen t path ways from Home to Schoo l. 

Therefo re, there are 6 - 1 = 5 different path ways back. 
Therefo re, the total different pathways for the return trip = 6(5) = 30. 

Home 

E. 36 

5. Two rectangles with integer dimensions each have an area of 216 cm2. The length of the first 
rectangle is 30 cm greater than that of the second rectangle. However, the width of the first 
rectangle is 5 cm less than that of the second rectangle. What is the difference in the perimeters , 
in centimetres, of the two rectangles? 

A. 25 B. 35 

Solution: 

Poss ible Dimension s: 

c.@ D. 60 

L 216 108 72 54 36 27 24 18 
W 2 3 4 6 8 9 12 

E. 70 

The only two possi bilities for the rectangles' dimensions with lengths differing by 30 and wid ths 
differin g by 5 are: 
Rectangle # 1: 24 x 9 (with perimeter= 66 cm) and Recta ngle #2: 4 x 54 (with perimeter= 116 cm) . 
Therefo re, the differe nce in their perimeters = 116 - 66 = 50 cm 

Alternate solution: 
Let dimens ions of Rectang le #2 be : Leng th = L; and W idth = W . Therefore: Perimeter = 2L + 2W . 
Therefo re, dimensio ns of Rectangle # 1 are: 

Length = (L + 30); and Width = (W - 5). Therefo re: P = 2( L + 30) + 2(W - 5) = 2L + 2W + 50 
Therefo re, the Diffe rence in perimeters is: (2L + 2W + 50) - (2L + 2W) = 50 cm. 

6. A family agreed to share the total cost of buying a $2268 (including GST) gam ing computer . 

• Dad paid fo r.: of the total cost. 
6 

• Then the oldest daughter , Kylee , paid for ¼ of the remaining cost. 

• Then the son , Shawn , paid for .: of the remaining cost. 
4 
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• Then the middle daughter , Erin, paid for~ of the remaining cost. 
3 

• Then the youngest daughter, Kassidy, paid for~ of the remaining cost. 
2 

If Mom paid for the remaining amount, then approximately how much more did the children pay 
compared to the amount paid by the parents? 

A. $300 B. $450 C. $600 E. $900 

Solution : 

2268 
Dad's Share = -- = $378 

6 

2268 -3 78 
Kylee's Share= ---= $378 

5 

1890-378 
Shawn 's Share = --- = $378 

4 

1512- 378 1134 - 378 
Erin's Share = --- = $378 Kassidy 's Share= --- = $378 Mom's Share= $378 

3 2 

Note: Each person paid $378! Since there were 4 children and 2 parents: 

The 4 children paid a total of(4 - 2)(378) = 2(378) = S756 more than what the parents paid together. 

Therefore , the closest answer is $750. 

7. The net of the square pyramid shown at the right would consist of 4 
congruent isosceles triangles (each with sides measuring 30 cm, 30 
cm, 20 cm) and one square base. 

What is the total surface area, to the nearest whole cm2, of the 
pyramid? 

A. 8 B. 1585 C. 1600 D. 1665 E. 2800 

Solution : 

Using the Pythagorean Theorem, the altitude of each isosceles triangle = ..J900 - 100 = -Jsoo cm. 

. 4(v'800)(20) 
Therefore , SA = 4 tnangl es + Square base = --- + (20)(20) = 40( ..JSOO) + 400 = 1531.3 7 :::: 1531 

2 

Part B: Short Answer: Place the answer in the blank provided on the answer sheet. Each correct 
answer is worth 5 points. 

8. Two different digits from 1 to 9 are chosen randomly to form a 2-dig it number. By reversing the 
order of the digits, a second 2-digit number is formed . What is the probability that the sum of these 
two numbers will be a multip le of the sum of the digits? 
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Solution: 

Let the units digit be U, and the tens digit be T. Therefore the va lue of the 2-digit number = 1 OT + U. 

By rev ersing the digit s, the value of that 2-digit number= 1 OU+ T. 
Therefore , the sum of the two 2-digit numbers = (lOT + U) + ( JOU + T) = 11 U + I IT = 1 l( U + T). 
Ther efore , the sum must be eleven times the sum of the two digits. Therefor e, the Pro babi lity = 100% . 

9. How many positive proper fractions in lowest terms have a denominator of 90? 

Solution : 

Th e numerator of a ba sic fraction (with a denominator of 90) must be either 1, or any prime number less than 

90 that is not a factor of 90. (The prime factors of 90 are: 2, 3, and 5. The quantity of pos sible num erators can 

be determined without listing a ll of them ; ju st eliminate all multiples of thes e thre e prime numb ers, as follow s: 

To begin wit h, there a re 90 number s from I to 90, inclusiv e. 

Of these 90 nu mbers , eliminate all multipl es of 2. That leaves 45 remaining po ssibilitie s (all are odd) . 

Now eliminate all odd multip les of 3: (3, 9, 15, 2 1, 27, 33 , 39, 45 , 51, 57, 63, 69, 75, 8 1, 87). There are 15 

of them. Therefore , the remaining number of possible num erators = 45 - 15 = 30 number s. 

Now elim inat e a ll remaining odd multiple s of 5: (5, 25, 35, 55, 65, 85). There are onl y 6 of them. 

Ther efore , the remainin g number of poss ible numerat ors= 30 - 6 = 24 numbers! 

If you would like the list of all 24 possible numerat ors, they are : { 1, 7, 11, 13, 17, 19, 23, 29 , 3 1, 3 7, 41 , 

43 , 47 , 49 ,5 3, 59,6 1, 67,71,73,77, 79, 83, 89}. 

10. A circle is inscribed in a right triangle as shown. What is the radius, in cm, of this circle? 

Solution: 

A Y = AZ = 12-r 

BX = BZ = 5-r 
AB = AZ+ BZ 
13 = (12 - r ) + (5 - r) 
2r = 12 + 5 - 13 
Therefore , r = 2 cm 

B 

11. A carpenter stores his nails in a metal box in the shape of a 
rectangular prism with a square base that measures 5 cm by 5 cm 
by 9 cm. To the nearest tenths of a cm, what is the length of the 
longest nail that can be stored inside the box? 

Solution: 

The longest nail is repre sente d by AC. 

A B = .J2 5 + 25 = .Js5 cm . 
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AC = -JSO +Bl = -J131 = 11.4 cm 

12. What is the difference between the sum of all multiples of 3 less than 50 and the sum of all 
multiples of 4 less than 50? 

Solution : 

(3 + 6 + 9 + ... + 48) - ( 4 + 8 + 12 + .. . + 48) 

= 8(5 1 ) - 6(52) = 408 - 312 = 96 

13. How many 9s are in the product 999 999 999 x 20 162 016? 

Solution : 

(1000000000- 1) X 20162016 = 20162016000000000- 20162016 = 201620 15979837983 . 
Therefore , three 9's. 

Part C: Short Answer: Place the answer in the blank provided on the answer sheet. Each correct 
answer is worth 7 points. 

14. Three people are coloring the same piece of 8.: by 14 paper. 
2 

Abby starts on the left side and painted .: of the paper red. 
2 

Ben starts on the right side and painted ~ of the entire paper green . 
4 

Cathy starts in the middle and painted .: of the entire paper, evenly on either side of the centre 
3 

line, using blue color. 

What fraction of the paper has all three color painted on it? 

Solution: 
The least common multiple of 2, 4 and 3 is twelve. We could divide the paper into twelve equal 
sections and label each color accordin gly. 

Red Red Red Red Red Red 
Green Green Green Green Green Green Green Green 

Blue Blue Blue Blue 

From the diagram we could see that two of the vert ical sections contain all three color, 2- = .:.. 
12 6 

Green 
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15. AB is a diameter of the base of a cylinder and T is point on 
the opposite base of the cylinder directly above B. M is the 

- -- -- 30 
midpoint of TB. If MB= 8 and AB= - , what is the shortest 

rr 
distance between A and M along the curved surface of the 
cylinder? 

Solution: Cut the cylinder along TB and unrolled it into the 
rectangle TBBT. Then A is the midpoint of BB'. Since the 

T' T 

A H 

radius of the base of the cylinder is ~ , BB ' =2 rr(~) = 30 so that AB = 15 in the rectangle . The 

shortest path between A and M along the curved surface of the cylinder becomes the segment 

AM in the rectangle. By Pythagoras' Theorem, AM = .J M B2 + AB 2 = 17. 

16. The fraction.: ,when expressed as a repeating decimal , is equal to 0.142857142857 ... 
7 

Note that 1 is in the tenths place, 4 is in the hundredths place and so on. Let m be the 20th digit to 
the right of the decimal point and n be the 104th digit to the right of the decimal point , find n - m. 

Solution 

Any one of the digits (1, 4 , 2, 8, 5 and 7) will reappear six places later. Note that 20 + 6(14) = 20 + 84 
= 104. This means the two digits are the same; hence , n - m = 0. 

17. There were 11 baskets of Easter eggs, containing 14, 15, 19, 20, 22, 23, 24, 26, 27 , 34 and 40 
eggs respectively. John and Mary took all but one basket, each getting several baskets. John 
had twice as many eggs as Mary at this point. Mary then gave one of her baskets to John and 
now John had three times as many eggs as Susan . Which basket , indicated by the number of 
eggs above , did Mary give to John? 

Solution 

There are 264 Easter eggs in total. Firstly , John had twice as many eggs as Mary. This means the 
total number of eggs between them is divisible by 3. After the exchange, John had three times as 
many eggs as Mary. This also means the total number of eggs between them is divisib le by 4. 

Let J, M be the number of Easter eggs that John and Mary have. L be the number of Easter eggs left 
behind. Since (J + M) + L = 264, we have both (J + M) and 264 divisible by 3 and 4, it follows that the 
basket not taken is also a multiple of 3 and of 4. The only basket that is divisible by 3 and 4 is 24. 

Between John and Mary, they share 264 - 24 = 240 Easter eggs. At start, John would have 160 eggs 
and Mary 80 eggs. After the exchange , John would have 180 eggs and Mary 60 eggs. Therefore , 
Mary gave away the basket that contains 20 eggs. 
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18. How many cop ies of the digit O are there among the dig its of the first 2016 positive integers? 

Solution : 

Among the units digits , the copies of Os are in 10, 20, ... , 2010 , so that there are 201 of them. Among 
the tens digits , the copies of Os are in 100 to 109,200 to 209 , ... , 2000 to 2009 , so that there are 200 
of them . Among the hundreds digits , the copies of Os are in 1000 to 1099 and 2000 to 2016 , so that 
there are 117 of them. The total is 201 + 200 + 117 = 518 . 

19. E and F are the respective midpoints of the sides AB and B C of a rectangle ABCD of area 2016 . 

G is the point of intersection of AF and CE. What is the area of the quadrilateral AGCO? 

Solution : 

80 

Denote the area of the polygon P by [P]. Then [ABCD] = 2016 . Let [GEB] = x and [GFB] = y. 
Since AE = EB and BF = FC, [AGE] = x and [CGF] = y. 

1 
Now 2x + y = [ABF] = -[ABC] = [CBE] = x + 2y. 

2 

Hence x = y. Since [ABC] = 1008 , x = y = 168 , so that [AGCO] = [ABCO] - 2x - 2y = 1344 

F 
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Book Review --- - --------- - --------------

The Math Olympian 
by Richard Hoshino 
Friesen Press , 2015 

Reviewed by Marc Chamberland 

The book opens with an atypical scene: a teenage 
girl waits nervously as she is about to participate in 
the Canadian Mathematical Olympiad. Moments 
later, the reader is present ed with a set of five math 
problems . As someone who has delighted in math 
contest problems since I was a student, my attention 
was immediately ensnared. Indeed , I stopped reading 
and plunged into solving the problems! After some 
succe ss, it dawned on me that the author probably 
didn ' t expect his readers to put down his novel, pull 
out a pad of paper and start doing math. Or did he? 

Thi s is the fictional story of a teenage girl named 
Bethany who, after seeing a news report about na­
tional and international math contests , realizes that 
there is a community of far-flung young people who, 
like her, unabashedly love mathemati cs. She wants 
to be one of them : a math olympian. From the outset, 
the context reveals that she will succeed, but her path 
is anything but clear. How does one become a math 
olymp ian'? The author Richard Hoshino would know, 
having compe ted for Canada in the International Math 
Olympiad in 1996. 

Hoshino has written a human story about Bethany's 
journe y from being a naive girl who knows little about 
math or herself to someon e who comes to know both 
much better. The chapters are struct ured around the 
five problems that Hoshino pre sents at the beginning 
of the book . 

Ho shino does a masterful job of weav ing the 
mathematic s into the narrativ e . For eac h of the five 
main contest problems, he gently motivate s the tech­
niques that will be helpful , develops the compone nts 
of the solution and lastly offers an economica l, pol­
ished write-up. Hoshino makes the problem-solving 
process accessible by having the character s ask ques­
tions, explore and surmount dead ends , and express 
their mathematical epiphanies. We witness Bethany 's 
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thought processes, an informative lesson for both 
students and teachers alike. 

Don't be misled , however , into thinking that this 
is principally a problem-solving book in disguise. It 
is a novel detailin g how an esteem-challenged teen­
ager, throu gh diligence , support and serendipity, 
become s a star at math contests. One read s not only 
about how the world of mathematics is opened up to 
her, but also about Bethany' s normal experiences as 
a young person, including the complexity of teenage 
relationships (with friends , enemie s, lovers, coaches 
and parent s), overcoming her anxieties , and overall, 
navigating the challen ges of growing up. 

Hoshino also do es not limit the mathematic s to 
the problems that are solved. While one encounters 
standard mat eria l- always presented in an engag ­
ing way-such as summing consecutiv e integ ers 
to produce the triangular numbers , telesco pin g 
series, the use of symmetr y to solve algebraic equa ­
tions and some classical planar geometry, the reader 
is also expo sed to Newcomb's Law (usually called 
Benford 's Law), the idea of groups via Rubik 's 
Cub e (eve n a mention of Burn side's Probl em) and 
dimen siona l analysis. Hoshino pre sents mathemat­
ics as it should be seen for the uninitiated : a taste 
of fascinating mathematical idea s without too much 
symbolic clutter. 

As a Canadian who has lived outside the country 
for almost 20 years , it was also a treat to "tour" 
Canada. Bethany is from Sydney, Nova Scotia, and, 
until her involvement with math contests, had never 
left her home province . She soon brin gs us along to 
Ottawa and for a longer visit to Ho shino' s current 
province, British Columbia. It has been said that an 
author' s first novel is usually autobiographical , and 
there is enough evidence to suggest that The Math 
Olymp ian is no exception. Hoshino takes us to his 
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current institution (Quest University), escorts us into 
the world of competitive math contests and, I suspect, 
shows us other elements of his personal life, all em ­
bodied in Bethany's experience. If you 're looking for 
a young person's embrace of mathematics as she 
navigates the uneven road of growing up, you'll find 
an enjoyable read here . And some math problems to 
solve along the way 

82 

Marc Chamberlain is author of Single Digits-In 
Praise of Small Numbers, which was reviett·ed in 
CMS Notes, Volume 47, Number 6. 

This article was originally published in CMS Notes, 
Volume 48, Number 3, June 2016 and is reprinted 
with the permission of the Canadian Mathematical 
Society. Minor amendments have been made in ac­
cordance with ATA style. 
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Website Highlight ______________ _ 

Math Munch 
www.mathmunch.org 

Lorelei Boschman 

Math Munch is a tremendous resource that com­
bines games, puzzles and tools, math art and videos, 
all stemming from the creators ' love of mathematics 
and their de sire to share this with others. 

The math games are engaging and relate to many 
math levels. They present many different branches of 
mathematic s to fit in all curricular areas. 

··. You(D :,. 

• 

The math art tools are fabulous and will captivate 
your student s. 

Contributors' back gro und s and stories are 
highli ghted-thi s help s to make the person and the 
math real. Submis sions are encouraged! 

Watch their TEDx Talk to hear about Math Munch 
and the creators' goals. 

Q 

Featured on Math Munch 

II.II LOST LANDER Wonderful World 
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