
--------- ---- --------------- -- -· . -

56 

Calgary Junior High Mathematics 
Competition 2015/16 

:\"A:\IE: -- --- ---- --- ---- -- ----- GE:\"DER: __ _ 

PLE ASE PRI:'.\T (Fir st name Last name ) 

SCHOOL: ____ __ _________ __ _ GRADE: 
(9,8.7 , ... ) 

• You have 90 minutes for the exam ination. The test has 
two parts : PART A short answer: and PART B -
long ani:iwer. The exam has 9 pages incl udin g thi s one. 

• Each correct answ er to PART A will score 5 po int.s. 
I MARKERS' USE ONLY I 

You must put. the answer in th e space provided. :\"o 
part marks are given . PART A has a total possible 
score of 45 points. 

• Each problem in PART B car r ies 9 points. You shou ld 
show all yo ur work . Some credit for each problem is 
based on the clarit y and completeness of your answer . 
You sho uld mak e it clear wh:-· th e ans,,.·cr is correct . 
PART B has a total pos:;ible scorc of 0-:l points. 

• You are pcrmith •d the use of rough paper . Geom e
try instrumen ts a re not necessary. Reference s ind ud· 
ing mathenrntical tables and formu la sheets are not 
permitted. Simpl e calculator:; without programming 
or grap hic cRpabilitit's are allowed. Diag rams arc not 
drawn to scale : the y arc intended as visua l hiu ts only. 
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• \Yh eu t he teacher tells yon to Rt ar t work you shou ld 
read all the problems and select t.hos e you ha ve the 
best chance to do first . You should answer as many 
prob lems a:; possible. but you may not have time to 
answe r ull the problems. 

• Hint: Read a ll the problem:,; and select those you haw 
the best chance to solve first. You mciy 11ot haw time 
to solve all th e probl ems . 

TOTAL 

(max: 99) 

BE SURE TO MARK YOUR NAME AND SCHOOL 
AT THE TOP OF THIS PAGE. 

THE EXAM HAS 9 PAGES INCLUDING THIS COVER PAGE. 

Please return the entir e exam to your supervising tea ch er 
at th e e nd of 90 minut es. 

I 
I 

I 

delta-K, Volume 54, Number I , Jun e 20 17 



Part A 

Al 

A2 

A rectangle with integer length and integer \Yidth has area 13 crn2 . Vv'hat is the 
perimeter of the rectangle in cm? 

A nice fact about the current year is that 2016 is equal to the sum 1 + 2 + 3 + · · · + 63 
of the first 63 positive integer1-;. \Vhen Richard told thi::; to his grandmother, she 
said: Interesting! I was born in a year which is also the sum of the first X positive 

I 
integers, where X is some positive integer . In what year was Richard ·s grandmother 
born? (You may assume that Richard's grandmother is less than 100 years old.) 

Al 

A2 

A3 Suppose you reduce each of the following 64 fractions to lowest terms : ! A3 

1 2 3 64 
64. 64 64 ... ' 64 

How many of the resulting 64 reduced fractions have a denominator of 8? 

A4 Peppers come in four coloun;: green, red . yellow and orange. In how many wayi; ran 
you make' a bag of six peppers so that there is at leas t one of each colour? 

A4 

A5 In the following addition of four -di git numbers. X . Y and Z stand for digits (not i A5 

necessarily different ) . If the addition is correct. what digit doe s Y stand for? I 

2 X 

+ 3 X 
z y 

X y 
y z 
X X 
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A6 How man y equilateral triangles of any sizP are the re in the figur e below ? 

A 7 A number ,vas decre ased by 20%. and the res ulting numbP.r incr pascd by 20%. , vhat 
per centa ge of the orig iual number is the final result ? 

A8 A gro up of gradP 7 students and gra de !) :;tudeuts arc at a banqu et. Th e average 
height of th e grade 9 stu dents is 180 cm. The aw rngc height of th e grade 7 st udent s 
is 160 cm. If the average h0ight of all students at th e banquet is 168 cm and the re 
arc 72 grade 9 students . how man y grade 7 students arP ther e'? 

A9 If th P straigh t-lin e cfo;tance from onC' ro rn er of a cube to the opposite corner (i.P .. 
th e length of th e long diago nal or b ody-diagonal of a rnb e) is 9 cm, wha t is th e area 
(in cm 2 ) of one of it:- faces? 

A6 

A7 

AS 

A9 
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Part B 

B 1 When th e Cookie ~fonster visits the cookie jars, he takes from as many jars as he 
likes, but always takes the same number of cookies from each of th e jars that he 
does select. 

(i) Suppose that there are four jar s containing 11, 5, 4 and 2 cook ies. Th en . for 
example, he might take 4 from each of the first three jars, leaving 7, 1, 0 and 2; then 
2 from the first and last, leavin g 5, l. 0 and 0, and he will need two more visits to 
empty all the jars. Show how he could have emptied these four cookie jars in less 
than four visits. 

(ii) Suppose instead that the four jars contained a, b, c and d cookies. respectively, 
with a 2:'. b 2 c 2 d. Show that if a = b + c + d, then three visits are enough to 
empty all the jars. 

B2 Th e number 102564 has the property that if the last digit is moved to the front, the 
resultin g number, namely 410256. is 4 times bigger than the original numbN: 

410256 = 4 X 102564. 

Find a six-digit number whose last digit is 9 and which hf'com es 4 times bigger when 
we move this 9 to th e front. 
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B3 In a sequence. each term after the fin;t is the sum of squares of the digits of the 
previons term. For example. if the first term is 42 then the next tnm is 42 + 22 = 20. 
Th e next term after 20 is then 22 +0 2 = 4, followed by 42 = 16. which is then followed 
by 12 + 62 = 37, and so on. giv ing the sequence 42, 20. 4. 16. 37. and so on. 

(a) If the first term i::; 44. what is the 2016th term? 

(b) If the first term is 2G. what is the 2016th term? 

B4 Is it possible to pack 8 balls of diameter 1 into a 1 by 3 by 2.8 box? Exp lain why or 
why not. 

? 

2.8 j 

3 
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B5 Th e tr iangle ABC has edge- lengths BC = 20. 
CA = 21, and AB = 13. \Vha t is it::; heigh t h 
shown in the figure? 

A 

B 

B6 Find all positive integer solution s a. b, c, with a :S b :S c such that 

and sh ow that ther e are no other solutions . 
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Solutions (Part A) 

A 1 A rectangle with int eger length and integ er width has area 13 cm 2 . \,\'h at is the 
perimeter of the rect angle in cm'? 

A2 A nice fact about the current year is that 2016 is equal t o the sum 1 + 2 + 3 + · · · + 63 
of the first 63 positive integcn;. When Richa rd told thii; to his grandm ot her. she 
sa id : Int eresting .' I was born in a. year which i8 also the sum of the first X posit ive 
in tegers, where X is some positiv e in teger. 111 what year was Rich ard' s grandmother 
born? (You may assume that Ri cha rd' s gran dm oth er is less than 100 years old. ) 

.. A..3 Suppos e you reduc e each of th e following 6-1 fractious to lowest terms: 

1 2 3 64 
64. 64 . 64 : ... ' 64 . 

How man y of the resultin g 64 reduced. frac tions haw a denominator of 8'? 

A4 Peppers come in four colours: green. red, ye llow and orange. Ju how many ways can 
you ma ke a bag of six pC'ppers so that th en• i::; at least one of earh colour ? 

Al 

A2 

A3 

A4 

AS In the following additi ou of four-digit numbers. X. Y and Z stand for digit s (not A 5 

neccssari l)' d ifferent) . If the add iti on is correct. what digit does Y sta nd for? 

2 X X Y 
+ 3 X Y Z 

Z Y X X 

28 

1953 

4 

10 

9 
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A6 How many equilateral triangles of any size are there in the figur e below? 

A 7 A number was decreased by 20%, and the resulting number increased by 20%. \Vhat 
percent age oft he original number is the final result? 

A8 A group of grade 7 stndent1:1 and grade 9 students are at a banqu et . The average 
height oft he grade 9 students is 180 cm. The average height oft he gm.de 7 st ud ent::; 
is 160 cm . If the average height of all stud ents at the banquet is 168 cm and th ere 
are 72 grade 9 students. how many grade 7 students are there? 

A9 If t he straight-line distance from one corner of a cube to the opposite corner (i.e., 

A6 

A7 

A8 

the length of the long diagonal or body-diagonal of a cube) is 9 cm, what is the area A9 

(in cm2 ) of one of its faces? 
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Solutions (Part 8) 

Bl \\'hen the Cookie ).fonster visits the cookie jars. hP tak('S from as many jars as he 
likes, but always takes the same number of cookies from Pach of the jars that he 
does select. 

64 

(i) Suppose that the re are four j ars coutaining 11. 5. 4 and 2 cookies. Then. for 
example, he migh t take 4 from ('ach of the first. th ree jars. le;:rving 7. 1. 0 and 2: then 
2 from the first and last, leaving 5, 1. 0 and 0. and he will need two more visits to 
empty all the jam. Show how he could have emptied th ese four C'OOkie jars in Jess 
than four visits. 

Solution . Take 5 from each of the first two jars . leaving 6. 0, 4 . 2: then 4 from 
the first and third; and finally 2 from the first and last: and he has done it in three 
visitl'i. 

(ii) Suppose instead that the four jars contained a. b, c and d cook ies, resp ectively, 

with a 2: b 2 c 2 d. Show that if a = b + c + d. then three visits arP enough to 
empty all the jars. 

Solu t ion . Take b from each of the first two jars . leavin g r + d, 0, c. d: then c from 
the first and third : m1d finally d from the first and last: and he has done it in three 
visits. 
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B2 The number 102564 has the property that if the last digit is moved to the front, the 
resulting number, name ly 410256 . is 4 times biggE'r than the original number: 

410256 = 4 X 102564. 

Find a six-digit number whose last digit is 9 and which becomes 4 times bigger when 
we move this 9 to the front. 

Solution 1. We must find a, b, c, d. e so that 

a b c d e 9 
X 4 

9 a b c d e 

::-..Iultiplying gives e = 6. d = 7. c = 0, b = 3 and a = 2. Thus. a six-digit number 
whose last digit is 9 and wh ich becomes 4 times bigger when we move this 9 to the 
front is 230769. 

Solution 2. Consider a six-digit number whose last digit is 9: ab c de 9. 
Letting x = ab c de gives 

Thus, the number is 230769. 

900000 + X = 4(10x + 9) 

39x = 899964 

3x = 69228 

X = 23076 
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B3 In a sequence. each term after the first is the sum of squares of the digits of the 
previous term. For example, if the first term is 42 then the next t erm is 42 + 22 = 20. 
Th e next term after 20 is then 22 +0 2 = 4, followed by 42 = 16, which is then followed 
by 12 + 62 = 37, and so on, giving th e sequence 42. 20. 4, 16. 37, and so on . 

66 

(a) If the first term is 44 , what is the 2016th term? 

(b) If the first t erm is 2,5. what is the 2016th term? 

Solu t ion. 
(a) St~ut.ing with 44 gives 

42 + 42 = 16 + 16 = 32 -t 

-t 12 +0 2 =1+0 =1 -t 

Th e sC'quence is then 

32 + 22 = 9 + -l = 13 -t 

12 = 1 -t 12 = 1 

{44,32.13,10. 1. 1. l .... } 

with 2016th term equal to ] . 

(b) Starting with 25 gives 

12 + 32 = 1 + 9 = 10 

22 + 52 = 4 + 25 = 29 -t 22 + 92 = 4 + 81 = 85 -t 82 + 52 = 64 + 25 = 89 
-t 82 + 92 = 64 + 81 = 145 -t 12 + 42 + 52 = 1 + 16 + 25 = 42 
-t 42 + 22 = 16 + 4 = 20 -t 22 + 02 = 4 + 0 = 4 -t 42 = 16 
-t 12 +6 2 = 1+36 = 37 -t 32 + 72 = 9+49 = 58 -t 52 +8 2 = 25+64 = 89 
The 1:wquence is then 

{25, 29. 85. 89, 145.4 2 . 20 . 4. 16 , 37. 58. 89, .. . } 

and rep eats with a p eriod of 8. Sinc e 2013 = 251 x 8 + 5. the 2016th term in the 
sequence is 4. 
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B4 Is it possible to pack 8 balls of diameter 1 into a 1 by 3 by 2.8 box? Explain why or 
why not. 

7 

2.8 

3 

Solution . 

Yes. it is possible> to pack 8 balls . 

The triangle ABC has f'dge-lengths AB= 2 
and AC = 1. Using Pythagor as's theorem. 
BC = v13. Thus. th e dist ance from 
the bottom of the bottom row of balls to 
the top of the top row of balls is 
½ + v13 + ½ = 1 + v13 = 2.732 . .. < 2.8. 
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B5 The triangle ABC has edge-lengths BC= 20. 
CA = 21. and AB = 13. \Vhat is its height h 
shown in the figure? 

B 

Solution 1. Using Pythagoras's theorem we have 
J13 2 - h2 + J2 12 - h2 = 20 
20 - J13 2 - h2 = J21 2 - h2 

400 - 40 Jl3 2 - h2 + 132 - h2 212 - h2 

128 = 40 J13 2 - h2 
3.2 = Jl3 2 - h2 

h2 = 132 - 3.22 = 9.8 X 16.2 
h = 12.6 

A 

h? 
21 

20 

Solution 2. Heron's form ula states that the area of a triangle ,\·hose sides have 
lengths a , b, and c is 

Area= Js(s - a)(s - b)(s - c) . 

wheres= (a+b+c)/2 is the semiperimeter of the triangle. Then a= 13. b = 21 and 
c = 20 gives s = (13 + 21 + 20)/2 = 27. Thus, the triangle has area -/27 · 7 · 6 · 14 = 

32 . 7. 2 = 126. Using the base of the triangle as 20. we have 126 = ½(20)h implying 

h = 126/(} 20) = 12.6. 

Solution 3. Turn the tr iangle over and not e that 
it is mad e up of two Pythagorean tr iang les . 

It is then immediate that tht ' area is 126. 
and division by half the base . 10. gh -es 12.6. 

A 
5 

B 

20 

16 
21 

C 

C 
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36 Find all po sit ive int eger solutions a, b, c, with a S b S c such that 

and show that there are no other solu tions. 

Solution. Xote that 
1 1 1 3 6 
4 + 4 + 4 = 4 < 7· 

hence a S 3. If a= 3, the n b = 3 since a Sb and 

1 1 1 5 6 -+ - +-=-<-. 
3 4 4 6 7 

This impli es c = 27 / 4 which is not an int eger . thus a= 2. :'\ow 

1 1 1 5 6 
-+-+-=-<-
2 6 6 6 7 

implies b S 5. This gives four cases. 
If b = 2, then c = - 7. 
If b = ~3, then c = 42. 
If b = 4. the n c = 28/ 3. 
If b = 5. then c = 70/ 11. 
Th e on ly solut ion cons isting of positive integers is (a. b, c) = (2, 3, 42). 
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