
Math Competitions ___________ _ __ _ 

Part 1 

Question 1. 

Alberta High School Mathematics 
Competition 2015/16 

How man y three digit numb ers have the product of the three digits equal to 5? 

(a) 1 (b) 2 (C) 3 (d ) 5 (el 6 

Question 2. 
Let m, n be positive integers such that 230330 = 3m9" . Determin e the value of m + n. 

(a) 15 (b) 20 (cl 25 (d ) 30 (el 35 

Question 3. 
The x-intercept, y -int ercept , and slope of a certain straight line are three nonzero real number s. The number of 
negative numb ers among the se three number s is: 

(a) 0 orl (b) 1 or 2 (c) 2 or 3 (d)Oo r 2 (e) l or 3 

Question 4. 
The length of a certai n rectang le is increased by 20% an d its width is increase d by 30%. Then its area is increased 
by: 

(a) 25% (bl 48% (C) 50% (d) 56% (el 60% 

Question 5. 
Each of Alan, Bailey, Clara and Diane has a number of candies. Compared with the average of the number of can ­
dies each perso n has, Alan has 6 more than the average, Bailey has 2 more than the average, Clara has 10 fewer 
than the average and Diane has k can dies more than the average. Determine k . 

(a) I (b ) 2 (c) 3 (d ) 4 (e) not unique ly dete rmi ned 

Question 6. 
Ellie wishe s to choose three of the seven days (Monday, Tuesday, ... , Sunday ) on which to wash her hair every week, 
so that she will never was h her hair on consecutive days. The number of ways she can choose these thr ee days is: 

(a) 6 (bl 7 (c) 8 (d) 10 (e) 14 
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Question 7. 
How many different sets of two or more consecutive whole numbers have sum 55? 

(a) 2 (b) 3 (C) 4 (d) 5 (e) none of these 

Question 8. 
There are 5 boys and 6 girls in a class. A committee of three students is to be made such that there is a boy and a 
girl on the committee. In how many different ways can the committee be selected? 

(a) 100 (b) 135 (c) 145 (d) 155 (e) 165 

Question 9. 
In a class with 20 stu dent s, 14 wear glasses, 15 wear braces , 17 wear ear-rings and 18 wear wigs. What is the 
minimum number of students in this class who wear all four items? 

(a) 4 (b) 6 (cl 7 (d) 9 (e) 10 

Question 10. 
Each person has two legs. Some are sitting on three-legged stools while the others are sitt ing on four-legged chairs 
such that all the stools and chairs are occupied. If the total number of legs is 39, how many people are there ? 

(al 5 (b) 6 (c) 7 (d ) 8 (el 9 

Question 11. 
20 15 

The number of integers n for which the fraction ~n+ 1 is an integer is 

(a) 503 (b) 504 (c) 1006 (d) 1007 (e) 1008 

Question 12. 
In the diagram below, which is not drawn to scale, the circles are tangent at A, the centre of the larger circle is at O 
and the lines AB and CD are perp endicular. 

C 

A E B 

D 

If EB= 3 and FC = 2 then the radius of the smal ler circle is 

(a) 4/3 (bl 5 /3 (c) 5/2 (d) 3 {e) 7 /2 
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Question 13. 
Consider the expansion 

(1 2 so)3 2 150 + X + X + · · · + X = Co + CJ X + C2X + ···+C J so X • 

The value of the coefficient cso is 

(a) 1274 (b) 1275 (c) 1326 (d) 1378 (e) none of these 

Question 14. 
A 1000 digit number has the property that every rw·o consecutive digits form a number that is a product of four 
prime numbers. The digit in the 500th position is 

(al 2 (b ) 4 (c) 5 (d) 6 (e) 8 

Question 15 
. EB 2 FC l 

Pomts £and Fare on the sides BC and respectively CD of the parallelogram ABCD such that - = - and - = -. 
EC 3 FD 4 

Let M be the intersection of AE and BF. The value of AM is equal to 
ME 

(a) 11 (b) 1 I ½ (c) 12 (d) 12½ (e) 12¾ 

Question 16. 
Each of Alvin, Bob and Carmen spent five consecutive hours composing problems . Alvin started alone, and was 
lat er joined by Bob. Carmen joined in before Alvin stopped. When one person was working alone 4 problems were 
composed per hour. When two people we re working together, each only composed 3 problems per hour. When all 
three were working, each composed only 2 problems per hour. No coming or going occurs during the composition 
of any problem. At the end. 46 problems were composed. How many were composed by Bob? 

(a) 14 (bl 15 (cl 16 (d) 17 (el 18 
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Solutions (Part 1) 

Question l. 
How many three digit numb ers have th e produ ct of the three digits equal to 5? 

(a) 1 (b) 2 (c) 3 (d) 5 (el 6 

Solution: 
The numbers are 115,151 ,511. The answe r is (c). 

Question 2. 
Let m, n be positi ve integer s such th at 230 330 = amgn. Determine the value of m + n. 

(a) 15 (b) 20 (c) 25 (d) 30 (e) 35 

Solution: 
The equation can be written as z3o-3m = 32n- 3o hence m = 10, n = 15, thus m + n = 25. The answer is (c). 

Question 3. 
The x-int ercept, y-intercept, and slope of a certain straight line are thr ee non zero real numbers. The number of 
negative numbers among these thr ee numb ers is: 

(a) 0 orl (b) 1 or 2 (c) 2 or 3 (d)O or2 (el 1 or 3 

Solution: 
The slop e of the line with the x- inte rcept at (a, 0) and y-in tercept at (b, 0) is m = -t If a, ba re of the same sign, m 
is negative and if they are of opposite sign m is positive. Hence the number of negative numb ers among a, b, mi s 
1 or 3. The answer is (e) . 

Question 4. 
The length of a certain rectangle is incr eased by 20% and its width is increa sed by 30%. Then its area is increased 
by: 

(al 25% (b ) 48% (C) 50% (d) 56% (e) 60% 

Solution: 
If l and w denote the length and width of the recta ngle then its area is A = l · w while the area of the incr eased 
rectangl e is 

20! 30w 156 156 56 
(l+- ) · (w+-)= l ·w· - = A· - =A + A·-. 

100 100 100 100 100 

Thu s the area of the rectangl e is increased by 56%. The answer is (d). 
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Question 5. 
Each of Alan, Bailey, Clara and Diane has a number of candies. Compared with the average of the number of can­
dies each person has, Alan has 6 more than the average , Bailey has 2 more than the average, Clara has 10 fewer 
than the average and Diane has k candies more than the average. Det erm ine k. 

(a) 1 (b ) 2 (C) 3 (d) 4 (e) not uniquely determined 

Solution: 
Let m be the average in question. Then the four p eople have a total of 4m candies. The Alan, Bailey, Clara has 
m + 6, m + 2, m - 10 candies, which totals 3m - 2 can dies. Therefore , Diane has 4m - (3m - 2) = m + 2 and thus ha s 
2 more candies than the average . 

An alternate approach: since the total of the difference s from the average must be zero , Diane sho uld have ju st 
10-6-2=2 candies more than the average. 

The answer is (b). 

Question 6. 
Ellie wishes to choo se three of the seven days (Monda y, Tuesday, ... , Sunday) on which to wash her hair every wee k, 
so that she will never wash her hair on consecutive days . The numb er of ways she can choose these thre e da ys is: 

(a) 6 (b) 7 (c) 8 (d) 10 (e) 14 

Solution : 
Ellie can choo se on of the following triplets: (M, W, Fl, (M, W, Sal, (M , R, Sa), (T, R, Sa), (T, R, Su), (T, F, Su), (W, F, 
Su). There are seven possibilities . 

Here is an alternate solution: In any such choice of three wash da ys, exactly one of th em must be followed by 
two non-wash days. The choice of this da y \Nill det erm ine the other two wash da ys. There are seven possibilities 
and thus the answer is (b). 

Question 7 . 

How man y different sets of two or mor e consecutive whole numb ers ha ve sum 55? 

(a) 2 (b) 3 (c) 4 (d) 5 (e) none of thes e 

Solution: 
Th e sum of k positive consecutive int egers is 

k (k - l ) k(2a + k-1) 
a+ (a+l )+·· ·(a+k -l) = ka + --- = --- - - . 

2 2 

and thus k(2a + k- 1) = 110 = 2 · 5 · 11. The solutions (k, a) are (2, 27), (5, 9), and (10 , l ) for which 

55 = 27 + 28 = 9 + 10 + 11 + 12 + 13 = 1 + 2 + · · · + 10. 

If one consider the set of whole numb ers W = fl, 2, 3, ... } the n th ere are three sets of consec utive whole numbe rs 
havin g the sum 55. However, if W = (0, 1, 2, 3, ... } then also 

55 = 0 + 1 + 2 + · · · + 10. 

and we find four sets with the required property . 
The answer is (b) or (c). 

Question 8. 
There are 5 boy s and 6 girls in a class. A committee of three studen ts is to be made such th at th ere is a boy and a 
girl on th e committee. In how man y different ways can the committee be selected? 

(a) 100 (b) 135 (c) 145 (d) 155 (C) 165 
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Solution: 
The number of committees of 3 students made with 11 students is (1}) = 165. The number of committees of three 

girls or three boys is (~) + @ = 20 + 1 O = 30. The numb er of requested committees is 165-30= 135. The answer is (b). 

Question 9. 
In a class with 20 students, 14 wear glasses, 15 wear braces, 17 wear ear-rings and 18 wear wigs. What is th e 
minimum number of students in this class who wear all four items? 

(a) 4 (b) 6 (c) 7 (d) 9 (e) 10 

Solution: 
We hav e 6 students not wearing glasses , 5 students not wearing braces , 3 students not wearing ear-ring s and 2 
students not wearing wigs. Even if these are 6+5+3+2=16 different studen ts, we still have 20 - 16 = 4 student s 
wearing all four items . The answer is (a). 

Question I 0. 
Each person has two legs. Some are sitting on three-legged stools while the others are sitting on four-legged chairs 
such that all the stools and chairs are occupied. If the total number of legs is 39, how many people are there? 

(a) 5 (b) 6 (c) 7 (d) 8 (e) 9 

Solution: 
Let the number of stools be m and the number of chairs be n. Then Sm+ 612 = 39. Hence mis a multiple of 3 but 
not a multiple of 6. Moreover, Sm< 39 so that m::: 7. It follows that m = 3 and n = (39 - 3 x 5)-:-6 = 4, so that the 
number of people is 3+4=7. The answer is (c). 

Question 11. 
The number of integers n for which the fraction t0

~: is an integer is 

(a) 503 (b) 504 (c) 1006 (d) 1007 (e) 1008 

Solution: 
We shoul d have Sn+ 1 = ±2k where O 5 k 5 2015. If Sn+ 1 = 2k, then Sl(2k -1), whic h happens if k = 0,4, s ... , hence 
k = 4s, 0 5 s 5 503. For th ese values of k we obtain 504 nonnegative integers n. If 5 n + 1 = - 2k then 51 (2k + 1), which 
happens if k = 2, 6, 10, · · ·, hence k = 4s + 2, 0 5 s 5 503. For the se values of k we obtain 504 negative integers n. 
Therefore there are 1008 convenient values for n. The answer is (e) . 

Question 12. 
In the diagram below, wh ich is not drawn to scale, the circles are tangent at A, the centre of the larger circle is at O 
and the lines AB and CD are perpendicular . 

C 

A B 

D 

if EB= 3 and FC = 2 then the radiu s of the smal ler circle is 

(a) 4/3 {b) 5/3 (cl 5/2 (d) 3 (el 7/2 
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Solution : 
Let R, r denote the lengths of the large and respectively the small radiu s and EB = a, FC = b. First a= 2R - 2r so 

a2 a 
that R = r + a /2. If O' denotes the centre of th e smal ler circle then O' F2 = O' 0 2 + OF2 hence r 2 = - + (r + - - b)2. 

4 2 
(2b- a) 2 + a2 5 

Solving for r we get r = -----. Taking a= 3, b = 2 we get r = - . The answer is (c). 
4(2b- a) 2 

Question 13. 
Consider the expansion 

( z so)3 2 1 so l+x +x +···+X =Co+C1X+C2X +· ·· +C150X . . 

The value of the coefficient c50 is 

(a) 1274 (b) 1275 (C) 1326 (d) 1378 (el none of these 

Solution: 

(1 + x + x 2 + ... + xso)3 

= (1 + x + x 2 + · · · + x 50)- (1 + x + x 2 + · · · + x 50) · ( 1 + x + x 2 + ·. · + x 50
) 

The coefficient of x50 is just the num bcr of xa xb xc = xa-b-c with a+ b + c = 50, a, b, c e: {O, 1, · · ·, 50}. If a = 0 th e 
equat ion b + c = 50 has 51 solutions , namely (0, 50), (1, 49), · · ·, (50, 0). Also, if a= l , the equation b + c = 49 has 50 
so lutions an d so on. The number of all solutions is 

s 1 +so+ .. . + 1 = 1325 

Hence c5o = 1326. The answer is (c) . 

Question 14. 
A 1000 digit number has the property that every two consecu tive digits form a number that is a product of four 
prime numb ers. The digit in the 500th position is 

(a) 2 (b) 4 (c) 5 (d) 6 (e) 8 

Solution: 
The numb ers of two digits wh ich are written as product of four prim e num bers are the following: 2 · 2 · 2 · 2 = 
16, 2·2 ·2 ·3 = 24, 2-2-2-s = 40, 2-2 ·2· 7 = 56, 2-2-2- 11 = 88, 2 · 2 · 3 ·3 = 36, 2 ·2 ·3· 5 = 60, 2 ·2 ·3 · 7 = 84, z.3.3.3 = 
54, 2·3 ·3 · 5 = 90, 3 .3 .3.3 = 81. 
We conclu de th at the numb er th at satisfies the con dition s in the probl em should have all its digits equal to 8. The 
answer is (e) 

Question 15 
EB 2 FC 1 

Points E and Fare on the sides BC and respective ly CD of the parallelogram ABCD such that - = - and - = - . 
EC 3 FD 4 

Let M be the intersection of AE and BF. The value of AM i-s equal to 
ME 

(a) 11 (b) 11½ (c) 12 (d] 12½ (el 12¾ 

Solution: 
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A B p 

D F C 

The parallel line to FB through C intercepts AB at P and AM inte rcepts CP at Q. Then 

MQ ME+EQ EQ EC 3 5 
--=----=1+-=l+-=1+-=-
ME ME ME EB 2 2 

and 
AM AB DC DF+FC DF = = = =l+-=4+1=5 
MQ BP FC FC FC 

H AM - AM MQ - 5 - 2 Th . d) ence ME - MQ · ME - 5 · 2 - 1 .5. e answer 1s ( . 

Question 16. 
Each of Alvin, Bob and Carmen spent five consecutive hours composing problems. Alvin sta rted alone, and was 
later joined by Bob. Carmen joi ned in before Alvin stopped. When on e person was working alone 4 problems were 
composed per hour. When two people were working together, each only composed 3 problems per hour. When all 
three were working, each composed only 2 problems per hour . No coming or going occurs during the composition 
of any problem. At the end, 46 problems were composed. How many were composed by Bob? 

(a) 14 (b) 15 (c) 16 (d) 17 (e) 18 

Solution: 
The total work period may be divided into five intervals by comings and goings. The respecti ve numbers of people 
working during these intervals are 1, 2, 3, 2 and 1 respectively. Note that the total length of any three consecutive 
intervals is 5 hours. Hence the fourth interval has the same length as the first and the fifth interval has the same 
length as the second . During each of the second, third and fourth interval, the number of problems composed was 
6 per hour since 3+3=6=2+2+2. Hence 5 x 6 = 30 problems were composed when Bob was working. The number 
of problems composed when Alvin or Carmen was working alon e was 46-30 = 16. It follows that the total length of 
these two intervals is equal to 16 + 4 = 4 hours . Hence the total length of the second and the fourth interval is also 
4 hours, so that the length of the third interval is 5 - 4 = 1 hour . Thus the number of probl ems composed by Bob 
was 1 x 2 + 4 x 3 = 14. The answer is (a) . 
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Part 2 

Problem 1. 
Find all linear polynomials f (x) = ax+ b, where a and ba re real constants, satisfying /(/(3)) = 
3/(3) and /(/ (4)) = 4/(4). 

Problem 2. 

(a) Alya adds the following sequence of numbers together, one number at a time : 1, 2, -3, -4 , 
5, 6, -7, -8, 9 ... , where the first two numbers are positive, the next two negative , the next 
two positive, and so on . Thus she gets the totals I, 1 +2, 1 + 2-3, 1 + 2-3-4 , 1 +2-3-4+5, 
and so on. Prove that she ·will get zero infinite ly often. 

(b) Suppose instead Alya adds together the numbers 1,2,3 ,-4 , -5 , -6, 7,8 . .. where the first 
three numbers are positive, the next three negative , the next three positive , and so on . 
Prove that she will never get zero as a sum. 

Problem 3. 
In a rectang le of area 12 are placed 16 po lygons, each of area 1. Show that among these polygons 

1 
there are at least tv,.ro which overlap in a region of area at least - . 

30 

Problem 4. 
Find all finite sets M of real numbers such that, whenever a number xis in M, then the number 
x2 - 3 lxl + 4 is also in M. (Note that Jxl denotes the absolute value of the real number x.) 

Problem 5. 
In bABC, A is the largest angle and M, N are points on the sides [AB] and respectively [AC] 
such that '.~~= ~t:-Show that there is a point Pon the side [BC] such that bPMN and bABC 
are similar. 
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Solutions (Part 2) 

Problem 1. 
Find all linear polynomials f(x) = ax+ b, where a and bare real constants, satisfying f(/(3)) = 3/(3) and f(f(4)) = 
4f(4). 

Solution: 
The condition f(/(3)) = 3/(3) becomes a(3a + b) + b = 3(3a + b) which simplifies to 

3a 2 +ab= 9a+2b, (1) 

and similarly the condition f(/(4)) = 4/(4) simplifies to 

4a 2 +ab= 16a+ 3b. (2) 

Subtracting (1) and (2) we get b = a2 - 7a, which when plugged into (1) gives a3 - 6a 2 +Sa= 0. Factoring, we get 
a(a - I)(a - 5) = 0, so a= 0, 1,5. These give respect ively b = 0, -6, -10 , so th e solutions for fare 

f(x) = 0, f [x) = x-6, /(x) = Sx - 10. 

Problem 2. 

(a) Alya adds the following sequence of number s together, one number at a time: 1, 2, -3, -4 , 5, 6, - 7, -8, 9 ... , 
where the first two numbers are positive, the next two negative, the next two positi ve, and so on . Thus she 
gets th e totals 1, 1 + 2, 1 + 2 - 3, 1 + 2 - 3 -4, 1 + 2 - 3 - 4 + 5, and so on. Prove that she will get zero infinitely 
often. 

(bl Suppose instead Alya adds togethe r th e numbers 1, 2, 3, -4, -5, -6, 7, 8 ... where the first three numbers are 
positive, the next three negative, th e next three positi ve, and so on. Prove that she will never get zero as a 
sum. 

Solution: 
(a) Break the sequence into blocks of size four. Each block is of the form 1 +4k,2 +4k, -(3 +4k), -(4 +4k) for some 
non-negativ e intege r k, and the sum of each such block is always -4. Thus if Alya adds up p blocks, she gets a sum 
of -4 p. The next three numbers in the sequence ,viii be 4 p + 1, 4 p + 2, and -(4 p + 3), so the sum after adding these 
in will be respectively -4p+4p + 1 = 1, 1 + (4p+ 2) = 4p +3, and (4p + 3)- (4p +3) = 0. So Alya will get a sum of zero 
whenever she stops adding at a number of the form -(4p + 3), for any value of p. 

(b) Break the sequence into blocks of size six. Each block is of the form 1 +6k,2+6k, 3+6k, -4-6k, -5-6k, -6-
6k for some non-ne gative inte ger k, and the sum of each such block is always -9. Thus if Alya adds up p blocks , 
she gets a sum of -9p . The n ext five numbers in the sequence will b el +6p,2+6p,3 +6p, -4-6p, and -5- 6p so the 
sum after adding th ese in ·will be respectively -9p + (1 + 6p) = 1-3 p, 1 - 3p + (2 + 6p) = 3p + 3, (3p + 3) + (3 + 6p) = 
9p + 6,9p + 6 + (-4- 6p) = 3p + 2, and 3p + 2 + (-5- 6p) = -3p-3. None of these sums can equal zero for any 
nonnegative integer value of p, so Alya will never get a sum of zero. 
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Problem 3. 
In a rectangle of area 12 are placed 16 polygons, each of area I. Show that among these polygons there are at least 

I 
two which overlap in a region of area at least - . 

30 
Solution: 

Let P1, P2, ... ,Pi6 denote the given polygons of area 1. Assume that any two of them intersect in a region of area 
1 

< - . Then , the area of the part of P2 that is not covered by P1 is of area > 1 - ta, the area of the part of P3 tha t 
30 

is not covered by Pi and P2 is of area > l - fo and so on, the part of Pi6 that is not covered by Pi , ... Pi s is of 
area > 1 - ½i-Therefore, the area of the region obtained by consid ering the union of all 16 polygons would be 
> 1 + (1- :fol+ . .. + (1- ~ ) = 16- 1~·J6 = 12, that is a contradiction . 

Problem 4. 
Find all finite sets M of real numbers such that, whenever a number xis in M, then the number x 2 -3 lxl + 4 is also 
in M . (Note that lxl denotes the absolute value of the real number x.) 

Solution: 
The empty set satisfies the requested condition. So now we assume that M contains at least one element. For any 
real number x , let f (x) = x 2 - 3lxl + 4, and notic e the following: 

(i) f (x) = (lxJ - 3/2)2 + 714 ~ 714, in particular f (x ) cannot equal 1 for any x. 

(ii) If f(x) = 2 then x 2 -3 1xl + 2 = 0 which means (lxl - l )(lx l - 2) = 0 which means lxl = 1 or lxl = 2. Conversely, 
if lxl = 1 or lxl = 2 then f (x) = 2. 

From (i), if M is nonempty then M must contain at least one element which is ~ 7 / 4. In fact , we claim that 1 
and 2 are the only possible positive elements of M . For assume that a0 EM where ao > 0, ao t-1 and ao t-2. Since 
ao is in M , so is a 1 = f (ao) = a5 - 3ao + 4 = Cao - 2)2 + ao > ao. Also, from (i ) a1 f. 1, and from (ii) a1 =I-2. Similarly 
a2 = f (ai) EM , a2 t-1, a2 =I-2 and a2 > a 1 > a0, and so on indefinitel y, hence Mis not finite. Consequentl y 1 and 2 

are the only possible posi tive elements of M, as claimed. 
Now if b EM and b :5 0 then f (b) > 0 (from (i)) and f(b) EM, henc e f(b) = 1 or f(b ) = 2. From (i), f (b) = 1 is 

impossible, so f (b) = 2. From (ii), I bl = 1 or 2, so b = - 1 orb= -2. 
From the above, any non empty set M satisfying the condition must contain 2, and may contain an y subset of 

{- 2, -1 , l }. Therefo re the set Mis one of the following sets: 

</J, {21, {-2, 21. {-1, 2}, {l, 21. {-2, -1 , 2l, {-2, 1, 21, {-1. 1, 21, {-2, -1 , 1, 2). 

Problem 5. 
In 6.ABC, A is the largest angle and M, N are points on the sides [AB] and respectivel y IACI such that ~! = ~r 
Show that th ere is a point Pon the side [BC] such that 6.PMN and 6.ABC are similar . 

Solution: 

A 

B p D C 

Let ND be parallel to AB , DE [BC ]. Since ~f = :~) =:~:~ it follows that DM II AC, hence MAND is a pa rallel­
ogram and th us A= MDN. 

We remark that at least one of the inequalitie s BMN > B and MNC > E is true. Indeed, if we assume to the 
contrary that BMN :5 Ba nd MNC :5 C then 

360° =.a+ E + BMN + MNt :5 zc.a + CJ <=> 1so0 :s B + E 
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which is a contradiction. We may assume that BMN > jj and let (MP be the ray inside BMN, with P on the ray 
(BC such that PMN = B. 

If PE [BC] (as in the above diagram ). then PMN = B = NDC, hence the quadrilateral MNDP is cyclic and 
therefore MDIV= MPN. Consequently A= MPN and thus l:IABC is similar to l:IPMN and Pis the requested 
point. 

Notice that if Pi s such that C is betw een Band P (as in the diagram below ), then similarly as above , we obtain 
A= MPN. However, this is not possible since it lead s to C > CPN > MPN = A, a contradiction. 

A 

B D C p 
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