Math Competitions

Alberta High School Mathematics
Competition 2015/16

Part 1

Question 1.
How many three digit numbers have the product of the three digits equal to 5?

(a)1 (b) 2 ()3 (d) 5 (e) 6

Question 2.
Let m, n be positive integers such that 23°33% = 89", Determine the value of m + n.

()15 (b) 20 (c) 25 (d) 30 (e) 35

Question 3.
The x-intercept, y-intercept, and slope of a certain straight line are three nonzero real numbers. The number of
negativenumbers among these three numbers is:

(a)Oorl (b)lor2 (c)2o0r3 (d)0or2 {feylor3

Question 4.
The length of a certain rectangle is increased by 20% and its width is increased by 30%. Then its area is increased
by:

(a) 25% (b) 48% (c) 50% (d) 56% (e) 60%

Question 5.

Each of Alan, Bailey, Clara and Diane has a number of candies. Compared with the average of the number of can-
dies each person has, Alan has 6 more than the average, Bailey has 2 more than the average, Clara has 10 fewer
than the average and Diane has k candies more than the average. Determine k.

(a) 1 (b) 2 (€3 (d)4 (e) not uniquely determined

Question 6.
Ellie wishes to choose three of the seven days (Monday, Tuesday...., Sunday) on which to wash her hair every week,
so that she will never wash her hair on consecutive days. The number of ways she can choose these three days is:

(a) 6 b)7 (c)8 (d) 10 (e) 14
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Question 7.
How many different sets of two or more consecutive whole numbers have sum 55?

(a) 2 (b)3 (c) 4 (d)5 {e) none of these

Question 8.
There are 5 boys and 6 girls in a class. A committee of three students is to be made such that there is a boy and a
girl on the committee. In how many different ways can the committee be selected?

(a) 100 (b) 135 (c) 145 (d) 155 (e) 165

Question 9.
In a class with 20 students, 14 wear glasses, 15 wear braces, 17 wear ear-rings and 18 wear wigs. What is the
minimum number of students in this class who wear all four items?

(a)4 (b) & @7 (d)9 (e) 10

Question 10.
Each person has two legs. Some are sitting on three-legged stools while the others are sitting on four-legged chairs
such that all the stools and chairs are occupied. If the total number of legs is 39, how many people are there?

{@) 5 (b) 6 (@7 (d)8 (e)9

Question 11.
. . LIS : .
The number of integers n for which the fraction gn_u is an integer is

(a) 503 (b) 504 (c) 1006 (d) 1007 (e) 1008

Question 12,
In the diagram below, which is not drawn to scale, the circles are tangent at A, the centre of the larger circle is at O
and the lines AB and CD are perpendicular.

N \
/ \
A | | \E | B
0.
\ )
\//
D
If EB =3 and FC = 2 then the radius of the smaller circle is
(a)4/3 {b}5/3 (c)5/2 (d)3 {e)7/2
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Question 13.
Consider the expansion

50]3 2 50

(L+x+x%+-+x0) =g+ x+ x° +--- + 50X 0.

The value of the coefficient ¢sq is

(a) 1274 (b) 1275 (c) 1326 (d) 1378 (e) none of these

Question 14,
A 1000 digit number has the property that every two consecutive digits form a number that is a product of four
prime numbers. The digit in the 500th position is

(a)2 (b) 4 (€)5 (d) 6 (e) 8

Question 15

EB 2 FG 1
Points E and F are on the sides BC and respectively CD of the parallelogram ABCD such that FEF and BT

AM
Let M be the intersection of AE and BF. The value of VIE is equal to

(@11 (b) 113 (c)12 (d) 123 (€) 123

Question 16.

Each of Alvin, Bob and Carmen spent five consecutive hours compasing problems. Alvin started alone, and was
later joined by Bab. Carmen joined in before Alvin stopped. When one person was working alone 4 problems were
composed per hour. When two people were working together, each only composed 3 problems per hour. When all
three were working, each composed only 2 problems per hour. No coming or going occurs during the composition
of any problem. At the end, 46 problems were composed. How many were composed by Bob?

(a) 14 (b) 15 (c) 16 (dy 17 (e) 18
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Solutions (Part 1)

Question 1.
How many three digit numbers have the product of the three digits equal to 5?

(a) 1 (b) 2 (c)3 (d)5 ()6

Solution:
The numbers are 115,151,511. The answer is (c).

Question 2.
Let m, n be positive integers such that 2°3%Y = 8™9”_ Determine the value of m + n.

(a) 15 (b) 20 (c) 25 (d) 30 (e) 35

Solution:
The equation can be written as 230-3" = 327-30 hence m = 10, n = 15, thus m + n = 25. The answer is (c).

Question 3.
The x-intercept, y-intercept, and slope of a certain straight line are three nonzero real numbers. The number of
negative numbers among these three numbers is:

(a)0orl (b)1or2 (c)2or3 (d)0or2 (e)lor3

Solution:
The slope of the line with the x- intercept at (a,0) and y-intercept at (b,0) is m = - ;f’;. If a, b are of the same sign, m
is negative and if they are of opposite sign m is positive. Hence the number of negative numbers among a, b, m is
1 or 3. The answer is (e).

Question 4.
The length of a certain rectangle is increased by 20% and its width is increased by 30%. Then its area is increased
by:

(a) 25% (b) 48% (c) 50% (d) 56% (e) 60%

Solution:
If I and w denote the length and width of the rectangle then its area is A = /- w while the area of the increased

rectangle is

201 30 156 156
B g o 100 g 190y g BB
100 100 100~ 100 100

Thus the area of the rectangle is increased by 56%. The answer is {d).

7+
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Question 5.

Each of Alan, Bailey, Clara and Diane has a number of candies. Compared with the average of the number of can-
dies each person has, Alan has 6 more than the average, Bailey has 2 more than the average, Clara has 10 fewer
than the average and Diane has k candies more than the average. Determine k.

(ayl (b) 2 (c)3 (d) 4 (e) not uniquely determined

Solution:
Let m be the average in question. Then the four people have a total of 4m candies. The Alan, Bailey, Clara has
m+6,m+2,m—- 10 candies, which totals 3m — 2 candies. Therefore, Diane has 4m — (3m —2) = m + 2 and thus has
2 more candies than the average.

An alternate approach: since the total of the differences from the average must be zero, Diane should have just
10-6-2=2 candies more than the average.

The answer is (b).

Question 6.
Ellie wishes to choose three of the seven days (Monday, Tuesday...., Sunday) on which to wash her hair every week,
so that she will never wash her hair on consecutive days. The number of ways she can choose these three days is:

(a) 6 (b) 7 (c)8 (d) 10 (e) 14

Solution:
Ellie can choose on of the following triplets: (M, W, F), (M, W, Sa}, (M, R, Sa), (T, R, Sa), (T, R, Su), (T, F, Su), (W, E
Su). There are seven possibilities.

Here is an alternate solution: In any such choice of three wash days, exactly one of them must be followed by
two non-wash days. The choice of this day will determine the other two wash days. There are seven possibilities
and thus the answer is (b).

Question 7.
How many different sets of two or more consecutive whole numbers have sum 557

(a) 2 (b)3 (c) 4 (d)5 (e) none of these

Solution:
The sum of k positive consecutive integers is

L Kk-1) _ kavk-1)

a+(a+1)+--{a+k-1)=ka >

and thus k(2a+ k—-1)=110=2-5.11. The solutions (k, a) are (2,27),(5,9), and (10, 1) for which
55=27+28=9+10+11+12+13=1+4+2+:-+10.

If one consider the set of whole numbers W = {1,2,3, ...} then there are three sets of consecutive whole numbers
having the sum 55. However, if W = {0,1,2,3,...} then also

S55=0+4+1+2+---+10.

and we find four sets with the required property.
The answer is (b) or (c¢).

Question 8.

There are 5 boys and 6 gitls in a class. A committee of three students is to be made such that there is a boy and a
girl on the committee. In how many different ways can the committee be selected?

(a) 100 (b} 135 (c) 145 (d) 155 (e) 165
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Solution:
The number of committees of 3 students made with 11 students is (13]) = 165. The number of committees of three

girls or three boys is (g) + (g) =20+ 10 = 30. The number of requested committees is 165-30=135. The answer is (b).

Question 9.
In a class with 20 students, 14 wear glasses, 15 wear braces, 17 wear ear-rings and 18 wear wigs. What is the
minimum number of students in this class who wear all four items?

(a) 4 (b} 6 (7 (d)9 (e) 10

Solution:
We have 6 students not wearing glasses, 5 students not wearing braces, 3 students not wearing ear-rings and 2
students not wearing wigs. Even if these are 6+5+3+2=16 different students, we still have 20 — 16 = 4 students
wearing all four items. The answer is (a).

Question 10.
Each person has two legs. Some are sitting on three-legged stools while the others are sitting on four-legged chairs
such that all the stools and chairs are occupied. If the total number of legs is 39, how many people are there?

(a) 5 (b) 6 ()7 {d) 8 €9

Solution:
Let the number of stools be m and the number of chairs be n. Then 5m + 6n = 39. Hence m is a multipie of 3 but
not a multiple of 6. Moreover, 5m < 39 so that m < 7. It follows that m = 3 and n = {39 -3 x 5) + 6 = 4, so that the
number of people is 3+4=7. The answer is (c).

Question 11,
. . . 215 . ;
The number of integers # for which the fraction 52,7—_1 is an integer is

(a) 503 (b) 504 (c) 1006 (d) 1007 (e} 1008

Solution:
We should have 51+ 1 = +2% where 0 < k <2015.1f 51+ 1 = 2¥, then 5/(2% — 1), which happens if k = 0,4,8---, hence
k = 45,0 < s = 503. For these values of k we obtain 504 nonnegative integers n. If 5n.+ 1 = —2* then 5/(2* + 1), which
happens if k = 2,6,10,---, hence k = 45+ 2, 0 = s = 503. For these values of k we obtain 504 negative integers n.
Therefore there are 1008 convenient values for n. The answer is (e).

Question 12,
In the diagram below, which is not drawn to scale, the circles are tangent at A, the centre of the larger circle is at O
and the lines AB and CD are perpendicular, c

If EB = 3 and FC = 2 then the radius of the smaller circle is

(a) 4/3 (b) 5/3 (c) 512 (d)3 (e)7/2
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Solution:

Let R, r denote the lengths of the large and respectively the small radius and EB = a, FC = b, First a = 2R - 2r so
2

that R = r + a/2. If O denotes the centre of the smaller circle then O'F? = 0'0* + OF? hence r? = % +(r+ g - b)z.
2b-a)* + a?

5
12b-a .Takinga=3 b=2wegetr= 5 The answer is (c).

Solving for r we get r =
Question 13.

Consider the expansion
50)3

(1+x+x2+---+x =co+erx+ext + o+ oysox

The value of the coefficient c¢sg is

(a) 1274 (b) 1275 (c) 1326 (d) 1378 (e) none of these

Solution:

(1+ 2+ 52 4o+ 250

=(lax+x o+ 20 (T x+x?+o+ 20 (L x4 x4+ x°7)

The coefficient of x* is just the number of x“x?x% = x*""*¢ with a+ b+ c¢=50,a,b,¢€{0,1,---.501. If a = 0 the
equation b+ ¢ =50 has 51 solutions, namely (0,50},(1,49),---,(50,0). Also, if a = 1, the equation b + ¢ = 49 has 50

solutions and so on. The number of all solutions is
514+50+---+1=1326

Hence c¢5g = 1326. The answer is (c).

Question 14.
A 1000 digit number has the property that every two consecutive digits form a number that is a product of four
prime numbers. The digit in the 500th position is

(a)2 (b) 4 ()5 (d) 6 (e)8

Solution:
The numbers of two digits which are written as product of four prime numbers are the following: 2-2-2-2 =
16,2:2-2-3=24,2.2-2:5=40,2.2-2-7=56,2-2-2-11=88,2-2-3-3=36,2-2-3-5=60,2-2-3-7=84,2-3-3-3=
54,2-3-3-5=90,3-3:3-3=81.
We conclude that the number that satisfies the conditions in the problem should have all its digits equal to 8. The
answer is (e)

Question 15

EB 2 FG, 1
Points E and F are on the sides BC and respectively CD of the parallelogram ABCD such that B and 5o 3

AM
Let M be the intersection of AE and BF. The value of WE is equal to

(a) 11 (b) 114 (c) 12 (d) 123 (e) 123

Solution:

50 delta-K, Volume 54, Number 1, June 2017



The parallel line to FB through C intercepts AB at P and AM intercepts CP at Q. Then

M
—Q=7ME_'—EQ=1+&=1+E=1+§=§
ME ME ME ERB 2 2
and
AM AB DC DF+FC DF
——:—:—:—:1+—=4+1=5
MQ BP FC FC FC
Hence —"Mﬂ = ﬁa - %ﬁ‘—g =5 -gl =12.5. The answer is {(d).

Question 16.

Each of Alvin, Bob and Carmen spent five consecutive hours composing problems. Alvin started alone, and was
later joined by Bob. Carmen joined in before Alvin stopped. When one person was working alone 4 problems were
composed per hour. When two people were working together, each only composed 3 problems per hour. When all
three were working, each composed only 2 problems per hour. No coming or going occurs during the compaosition
of any problem. At the end, 46 problems were composed. How many were composed by Bob?

(a) 14 (b) 15 (c) 16 (d) 17 (e) 18

Solution:

The total work period may be divided into five intervals by comings and goings. The respective numbers of people
working during these intervals are 1, 2, 3, 2 and 1 respectively. Note that the total length of any three consecutive
intervals is 5 hours. Hence the fourth interval has the same length as the first and the fifth interval has the same
length as the second. During each of the second, third and fourth interval, the number of problems composed was
6 per hour since 3+3=6=2+2+2. Hence 5 x 6 = 30 problems were composed when Bob was working. The number
of problems composed when Alvin or Carmen was working alone was 46-30=18. It follows that the total length of
these two intervals is equal to 16 + 4 = 4 hours. Hence the total length of the second and the fourth interval is also
4 hours, so that the length of the third interval is 5 — 4 = 1 hour. Thus the number of problems composed by Bob
was 1 x 2+4 x 3 = 14. The answer is (a).
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Part 2

Problem 1.
Find all linear polynomials f(x) = ax + b, where a and b are real constants, satisfying f(f(3)) =
3f(3)and f(f(4)) =4f(4).

Problem 2.

(a) Alya adds the following sequence of numbers together, one number at a time: 1,2, -3, -4,
5,6,—7,-8,9..., where the first two numbers are positive, the next two negative, the next
two positive, and so on. Thus she gets the totals 1,1+2,1+2-3,1+2-3-4,1+2-3-4+5,
and so on. Prove that she will get zero infinitely often.

(b) Suppose instead Alya adds together the numbers 1,2,3,-4,-5, —6,7,8... where the first
three numbers are positive, the next three negative, the next three positive, and so on.
Prove that she will never get zero as a sum.

Problem 3.
In arectangle of area 12 are placed 16 polygons, each of area 1. Show that among these polygons

; " ; 1
there are at least two which overlap in a region of area at least 0"

Problem 4.
Find all finite sets M of real numbers such that, whenever a number x is in M, then the number
x? =3|x| +41is also in M. (Note that | x| denotes the absolute value of the real number x.)

Problem 5.
In AABC, A is the largest angle and M, N are points on the sides [AB] and respectively [AC]
such that % = Q/—é Show that there is a point P on the side [BC] such that APMN and AABC
are similar.
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Solutions (Part 2)

Problem 1.
Find all linear polynomials f(x) = ax + b, where g and b are real constants, satisfying f{f(3})) =3f(3) and f(f(4)) =
4f1(4),
Solution:
The condition f(f(3}) = 3f(3) becomes a(3a + b) + b = 3(3a + b) which simplifies to

3a” +ab=9a+2b, (0
and similarly the condition f(f(4)) = 4 f (4) simplifies to
4a® + ab = 16a+3b. @

Subtracting (1) and (2) we get b = a* - 7a, which when plugged into (1) gives a° — 64° + 5a = 0. Factoring, we get
ala—1){(a-5) =0,s0 a=0,1,5. These give respectively b = 0,-6,-10, so the solutions for f are

flx)=0, flx)=x-6, f(x)=5x-10.

Problem 2.

(a) Alya adds the following sequence of numbers together, one number at a time: 1,2,-3,—4, 5,6,-7,-8,9...,
where the first two numbers are positive, the next two negative, the next two positive, and so on. Thus she
getsthe totals 1,1 +2,1+2-3,1+2-3-4,1+2-3-4+5, and 50 on. Prove that she will get zero infinitely
often.

(b) Suppose instead Alya adds together the numbers 1,2,3, -4, -5, —6,7,8... where the first three numbers are
positive, the next three negative, the next three positive, and so on. Prove that she will never get zero as a
sum.

Solution:

{a) Break the sequence into blocks of size four. Each bilock is of the form 1 +4k,2 + 4k, — (3 +4k), — (4 +4k) for some
non-negative integer k, and the sum of each such block is always —4. Thus if Alya adds up p blocks, she gets a sum
of —4p. The next three numbers in the sequence willbe 4p + 1,4p + 2, and — (4 p + 3}, so the sum after adding these
in will be respectively —4p+4p+1=1,1+{4p+2)=4p+3,and 4p+3)- (4p+3) = 0. So Alya will get a sum of zero
whenever she stops adding at a number of the form —(4 p + 3), for any value of p.

(b) Break the sequence into blocks of size six. Each block is of the form 1+6k,2+ 6k, 3+6k, —4—6k, -5-6k,—6—
6k for some non-negative integer k, and the sum of each such block is always —9. Thus if Alya adds up p blocks,
she gets a sum of —9p. The next five numbers in the sequence will bel+6p,2+6p,3+6p, —4—6p, and —-5—6p so the
sum after adding these in will be respectively -9p + (1+6p)=1-3p, 1 -3p+(2+6p)=3p+3,83p+3)+(3+6p) =
Ip+6,9p+6+(-4-6p)=3p+2, and 3p+2+(-5-6p) = —3p— 3. None of these sums can equal zero for any
nonnegative integer value of p, so Alya will never get a sum of zero.
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Problem 3.
In a rectangle of area 12 are placed 16 polygons, each of area 1. Show that among these polygons there are at least
1
two which overlap in a region of area at least e
Solution:
Let Py, Ps,..., P16 denote the given polygons of area 1. Assume that any two of them intersect in a region of area

1
% 3 Then, the area of the part of P; that is not covered by P; is of area > 1 - 30, the area of the part of P; that

is not covered by P| and P, is of area > 1 - & and so on, the part of P that is not covered by Py,...Pjs5 is of
area > 1— %. Therefore the area of the reglon obtained by considering the union of all 16 polygons would be
>1+(1-g5)+...+(1- ) =16- 118 =12, that is a contradiction.

Problem 4.

Find all finite sets M of real numbers such that, whenever a number x is in M, then the number x° —3|x|+4 is also
in M. (Note that |x| denotes the absolute value of the real number x.)

Solution:
The empty set satisfies the requested condition. So now we assume that M contains at least one element. For any
real number x, let f(x) = 12 —3|x| + 4, and notice the following:

(i) f(x) = (Ix]—3/2)? +7/4 = 7/4, in particular f(x) cannot equal 1 for any x.

(ii) If f(x) = 2 then x? —3|x| +2 = 0 which means (x| — 1){|x| - 2) = 0 which means |x| =1 or |x]| = 2. Conversely,
if x| =1 or|x| =2 then f(x) =

From (i), if M is nonempty then M must contain at least one element which is = 7/4. In fact, we claim that 1
and 2 are the only possible positive elements of M. For assume that ay € M where gy > 0, ag # 1 and ag # 2. Since
apisin M, sois a; = f(ag) = ag -3ap+4=1{ap— 2)2 + ap > ag. Also, from (i) @; # 1, and from (ii) ) # 2. Similarly
a)=fla)eM, a, #1, a; #2 and a, > a; > ay, and so on indefinitely, hence M is not finite. Consequently 1 and 2
are the only possible positive elements of M, as claimed.

Now if b€ M and b < 0 then f(b) > 0 (from (i)) and f(b) € M hence f(b) =1 or f(b) =2. From (i), f(b)=11is
impossible, so f(b) =2. From (ii), |[bj=1o0r2,so b=-lorb=—

From the above, any nonempty set M satisfying the condmon must contain 2, and may contain any subset of
{—2,-1,1}. Therefore the set M is one of the following sets:

@, 42 ,1-2,2),1-1,2}:01,2}1=2,=1,24,1-2, 1,2% -1, 1,2, [-2,~1,1,2}.

Problem 5.
In AABC, A is the largest angle and M, N are points on the sides [AB] and respectively | AC| such that MB %’—6
Show that there is a point P on the side [BC] such that APMN and A ABC are similar.

Solution:

|
]
!
}
[
|

r\._ o

B P D C

Let ND be parallel to AB, D € [BC). Since gf %—‘ Q;Ii it follows that DM || AC, hence MAND is a parallel-
ogram and thus A= MDN.

We remark that at least one of the inequalities BMN > B and MNC > C is true. Indeed, if we assume to the
contrary that BMN < B and MNC = C then

-~ -~ -~

360°=B+C+BMN+MNC<2(B+C) < 180°<B+C
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which is a contradiction. We may assume that BMN > B and let (MP be the ray inside BM N, with P on the ray
(BC such that PMN = B.

If P € [BC) (as in the above diagram), then PMN = B = NDC, hence the quadrilateral MNDP is cyclic and
therefore MDN = MPN. Consequently A = MPN and thus AABC is similar to APMN and P is the requested
point.

Notice that if P is such that C is between B and P (as in the diagram below), then similarly as above, we obtain
A= MPN. However, this is not possible since it leads to C > CPN > MPN = A, a contradiction.
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